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Preface

In this book, we intend to give an extensive treatment of the basic theory of gen-
eral near polygons. The subject of near polygons has been around for about 25
years now. Excellent handbooks have appeared on certain important subclasses of
near polygons like generalized quadrangles ([82]) and generalized polygons ([100]),
but no book has ever occurred dealing with the topic of general near polygons.
Although generalized polygons and especially generalized quadrangles are indis-
pensable to the study of near polygons, we do not aim at giving a profound study
of these incidence structures. In fact, this book can be seen as complementary to
the two above-mentioned books.

Although generalized quadrangles and generalized polygons were intensively
studied since they were introduced by Tits in his celebrated paper on triality
([96]), the terminology near polygon first occurred in a paper in 1980. In [91],
Shult and Yanushka showed the connection between the so-called tetrahedrally
closed line-systems in Euclidean spaces and a class of point-line geometries which
they called near polygons. In [91], also some very fundamental results regarding the
geometric structure of near polygons were obtained, like the existence of quads,
a result which was later generalized by Brouwer and Wilbrink [16] who showed
that any dense near polygon has convex subpolygons of any feasible diameter. The
paper [16] gives for the first time a profound study of dense near polygons. Other
important papers on near polygons from the 1980s and the beginning of the 1990s
deal with dual polar spaces, the classification of regular near polygons in terms
of their parameters and the classification of the slim dense near hexagons. The
subject of near polygons has regained interest in the last years. Important new
contributions to the theory were the theory of glued near polygons, the theory of
valuations and important breakthrough results regarding the classification of dense
near polygons with three and four points on every line. These new contributions
will be discussed extensively in this book.

This book essentially consists of two main parts. In the first part of the
book, which consists of the first five chapters, we develop the basic theory of
near polygons. In Chapters 2, 3 and 4, we study three classes of near polygons:
the dense, the regular and the glued near polygons. Our treatment of the dense
and glued near polygons is rather complete. The treatment of the regular near



x Preface

polygons is concise and results are not always accompanied with proofs. More
detailed information on regular near polygons can be found in the book Distance-
regular graphs [13] by Brouwer, Cohen and Neumaier. In that book regular near
polygons are considered as one of the main classes of distance-regular graphs. In
Chapter 5, we discuss the notion of valuation of a near polygon which is a very
important tool for classifying near polygons.

The second main part of this book, which consists of Chapters 6–9, discusses
the problem of classifying all slim dense near polygons. These are dense near poly-
gons with three points on every line. There is a conjecture which states that all
these near polygons can be obtained by applying the direct product and the glue-
ing construction to a list of near polygons which consists of five infinite classes and
three exceptional near hexagons. In Chapter 6, we will discuss all the near polygons
of that list, thereby providing information on their convex subpolygons, spreads
of symmetry and valuations. The first main result with respect to the above-
mentioned classification was obtained by Brouwer, Cohen, Hall and Wilbrink [12]
who succeeded in classifying all slim dense near hexagons. Their proof relies on
Fisher’s theory of groups generated by 3-transpositions [72] and Buekenhout’s ge-
ometric interpretation of that theory [18]. In Chapter 7, we will give a purely
combinatorial proof of the classification of the slim dense near hexagons. In Chap-
ter 8, we classify all slim dense near polygons with a so-called nice chain of convex
subpolygons. All known slim dense near polygons, except for the ones with a so-
called E1- or E2-hex, have such a chain of subpolygons. In Chapter 9, we will give
a complete classification of all slim dense near octagons. In order to obtain the
classification results mentioned in Chapters 7, 8 and 9, we must invoke almost the
whole theory of near polygons which we developed in the earlier chapters. It is our
sincere hope that the techniques provided in Chapters 1–9 will ultimately lead to
a complete classification of all slim dense near polygons.

In the final chapter we will discuss nondense slim near hexagons and in the
appendix we will give an overview of what is known on the classification of dense
near polygons with four points on each line.

The study of near polygons is rather interesting and some of the tools which
we developed for dealing with general near polygons seem to have nice applications
to some specific classes of near polygons. We give two examples.

Admissible triples were originally introduced for the study of glued near
hexagons. One of the advantages of these structures was that they allowed a unified
construction for several classes of generalized quadrangles ([29]). Recently, these
structures have also been used to obtain some interesting characterization results
regarding the symplectic generalized quadrangle W (q) ([49], [55]).

Several of the near polygon techniques which we will discuss throughout this
book turn out to be useful for the study of certain important substructures of
dual polar spaces. E.g., the study of valuations of dual polar spaces has led to
two new classes of hyperplanes in dual polar spaces ([61]). Hyperplanes of dual
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polar spaces are often near polygons themselves and/or contain near polygons as
substructures, see e.g. [57].

Finally, I want to thank all my co-authors; it was a pleasure to work with
them on the subject of near polygons. I list them in alphabetical order: R. J. Blok,
I. Cardinali, F. De Clerck, U. Meierfrankenfeld, A. Pasini, S. E. Payne, H. Pralle,
K. Thas and P. Vandecasteele. Special thanks goes to my former Ph.D. student P.
Vandecasteele who was involved in realizing several of the results to be discussed
in this book. A large part of this book was written while the author was visiting
Antonio Pasini at the University of Siena in the first half of 2005. During this
visit, the author enjoyed his and several other people’s warm hospitality. I am also
very grateful to the Fund for Scientific Research – Flanders (Belgium) for financial
support during the last eight years.

Ghent, December 2005 Bart De Bruyn





Chapter 1

Introduction

1.1 Definition of near polygon

Let Γ = (V, E) be a simple undirected graph without loops. The adjacency relation
in Γ will usually be denoted as ∼. A clique of Γ is a set of mutually adjacent
vertices. A clique is called maximal if it is not properly contained in another
clique. We will denote the distance between two vertices x and y of Γ by d(x, y).
If X1 and X2 are two nonempty sets of vertices, then we denote by d(X1, X2) the
minimal distance between a vertex of X1 and a vertex of X2. If X1 is a singleton
{x1}, then we will also write d(x1, X2) instead of d({x1}, X2). For every i ∈ N

and every nonempty set X of vertices, we denote by Γi(X) the set of all vertices
y for which d(y, X) = i. If X is a singleton {x}, then we also write Γi(x) instead
of Γi({x}).

A near 2d-gon is a connected graph of finite diameter d with the property
that for every vertex x and every maximal clique M there exists a unique vertex
x′ in M nearest to x. A near 0-gon consists of one vertex and a near 2-gon is just
a complete graph with at least two vertices.

A (point-line) incidence structure is a triple S = (P ,L, I), with P a nonempty
set whose elements are called points, L a possibly empty set whose elements are
called lines and I a subset of P × L, called the incidence relation. If (p, L) ∈ I,
then we say that p is incident with L, that p is contained in L, that L contains p,
etc. . . A point-line incidence structure is called a partial linear space (respectively
a linear space) if every line is incident with at least two points and if every two
different points are incident with at most (respectively exactly) one line. The point
graph or collinearity graph of a point-line incidence structure S is the graph whose
vertices are the points of S with two different points adjacent whenever they are
collinear, i.e. whenever there exists a line incident with these points.

There is a bijective correspondence between the class of near polygons and
a class of partial linear spaces. If a graph Γ is a near polygon, then the point-line
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incidence structure with points, respectively lines, the vertices, respectively max-
imal cliques, of Γ (natural incidence) is a partial linear space S. The graph Γ can
easily be retrieved from S: Γ is the point graph of S. Because of this bijective
correspondence, we will call the partial linear spaces which correspond with near
polygons also near polygons. In the sequel we will always adopt the geometric
point of view. A near 0-gon is then a point and a near 2-gon a line. In the sequel
we will denote the line with s + 1 points by Ls+1. If x is a point and L a line
of a near polygon, then we denote by πL(x) the unique point of L nearest to x.
The diameter of a near polygon S is the diameter of its point graph and will be
denoted by diam(S).

A near 2d-gon, d ≥ 2, is called a generalized 2d-gon if |Γ1(y) ∩ Γi−1(x)| = 1
for every i ∈ {1, . . . , d− 1} and every two points x and y at distance i from each
other. The generalized quadrangles (GQ’s) are precisely the near quadrangles. A
generalized 2d-gon is called degenerate if it does not contain ordinary 2d-gons as
subgeometries. For more background information on generalized quadrangles and
generalized polygons, we refer to [82], [95] and [100].

1.2 Genesis

Consider the n-dimensional Euclidean space with origin O. A line system of type
(a1, a2, . . . , ak) is a set A of lines through O with the property that | cosα| ∈
{a1, a2, . . . , ak} for any two different lines of A at angle α. A system of vectors of
type (a1, a2, . . . , ak) is a set Σ of vectors satisfying:

(i) Σ = −Σ := {−x|x ∈ Σ};
(ii) the norm (x, x) of x is a nonzero constant c for all x ∈ Σ;
(iii) if x, y ∈ Σ and x �= ±y, then | (x,y)

c | ∈ {a1, a2, . . . , ak}.
Line systems of type (a1, . . . , ak) are clearly equivalent to systems of vectors of
type (a1, . . . , ak). In [91], E. Shult and A. Yanushka discussed line systems of
type (0, 1

3
) and showed that they were related to a class of point-line incidence

structures which they called near polygons. The angle α for which cosα = − 1
3 is

the angle subtended by two chords drawn from the barycenter of a tetrahedron
to two of its corner vertices. A line system of type (0, 1

3 ) is called tetrahedrally
closed if it has 0, 1, 2 or 4 lines in common with every set of four lines obtained by
connecting the barycenter of an arbitrary tetrahedron centered at O with its four
corner vertices. A system of vectors of type (0, 1

3 ) is called a tetrahedrally closed
(0, 1

3
) system of vectors if the corresponding line system is tetrahedrally closed.

Let Σ be a tetrahedrally closed (0, 1
3 ) system of vectors with norm 3. Fix a

vector u ∈ Σ and let Σ−1(u) be the set of vectors of Σ having inner product −1
with u. If Σ−1(u) �= ∅, then we can define the following incidence system S: the
point set is equal to Σ−1(u); a triplet of three vectors {y1, y2, y3} ⊆ Σ−1(u) is a
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line if and only if u, y1, y2, y3 define the four vertices of a tetrahedron centered at
O.

Theorem 1.1 ([91, Proposition 3.10]). If for every two vectors of Σ−1(u) having
inner product 1, there exists at least one vector of Σ−1(u) having inner product
−1 with both vectors, then S is a near 2d-gon with d ≤ 3. Moreover, every line of
S is incident with precisely three points.

1.3 Near polygons with an order

A near 2n-gon, n ≥ 1, is said to have order (s, t) if every line is incident with
precisely s + 1 points and every point is incident with precisely t+ 1 lines. Here,
s and t are allowed to be infinite. If s = t, then we also say that the near polygon
has order s.

Theorem 1.2. Let S = (P ,L, I) be a finite near 2n-gon, n ≥ 1, of order (s, t) and
let x be a point of S, then

∑
y∈P(− 1

s
)d(x,y) = 0.

Proof. Since every line L of S contains a unique point nearest to x, the sum∑
yIL(− 1

s
)d(x,y) is equal to 0. Hence,

0 =
∑
L∈L

∑
yIL

(−1
s
)d(x,y) =

∑
y∈P

∑
LIy

(−1
s
)d(x,y) = (t+ 1) ·

∑
y∈P

(−1
s
)d(x,y),

which proves the theorem. �

1.4 Parallel lines

The notion of parallel lines was introduced in [16].

Theorem 1.3. If K and L are two lines of a near polygon, then precisely one of
the following cases occurs.

(a) There exists a unique point k∗ on K and a unique point l∗ on L such that
d(k, l) = d(k, k∗) + d(k∗, l∗) + d(l∗, l) for every point k on K and every point
l on L.

(b) For every point k on K, there exists a unique point l on L such that d(k, l) =
d(K, L).

Proof. We will make use of the following obvious observation, see also Lemma 1.8.

If u and v are two collinear points such that d(u, L) = d(v, L) − 1, then
πL(u) = πL(v).

We distinguish the following two possibilities.
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(a) All points πL(u), u ∈ K, are equal, say to l∗. Let k∗ denote the unique
point of K nearest to l∗. Then for all points k ∈ K and l ∈ L, we have
d(k, l) = d(k, l∗) + d(l∗, l) = d(k, k∗) + d(k∗, l∗) + d(l∗, l).

(b) There exist points u1, u2 ∈ K for which πL(u1) �= πL(u2). By the above
observation, d(u1, L) = d(u2, L). Also by the above observation, every point
u ∈ K has distance precisely d(u1, L) from L (otherwise πL(u1) = πL(u) =
πL(u2)). So, d(K, L) = d(u, L) for every point u of K. In a similar way one
proves that every point v of L has distance d(K, L) from K. �

Definition. If case (b) of Theorem 1.3 occurs, then the lines K and L are called
parallel and we will write K ‖L.

1.5 Substructures

A nonempty set X of points of a partial linear space S = (P ,L, I) is called a
subspace if every line meeting X in at least two points is completely contained
in X . A subspace X of S is called geodetically closed or convex if every point
on a shortest path between two points of X is also contained in X . Obviously,
the intersection of two (convex) subspaces is again a (convex) subspace. Having
a subspace X , we can define a subgeometry SX of S by considering only those
points and lines of S which are completely contained in X .

If X is a convex subspace of a near polygon S, then SX clearly is a sub-near-
polygon of S. In the sequel, we will use the word “subpolygon” as a shortening of
“sub-near-polygon”. If the convex subpolygon SX is a nondegenerate generalized
quadrangle, then X (and often also SX) will be called a quad. For every point
x of a near polygon S, we can define the following point-line incidence structure
L(S, x): the points of L(S, x) are the lines through x, the lines of L(S, x) are the
quads through x and incidence is containment. L(S, x) is called the local space at
x. The modified local space ML(S, x) at a point x is obtained from L(S, x) by
deleting all lines of size 2.

Theorem 1.4. L(S, x) is a partial linear space.

Proof. Suppose that two different lines L1 and L2 through x are contained in two
different quads Q1 and Q2. Without loss of generality, we may suppose that Q1

contains a point u not contained in Q2. If all points of Q2 are collinear with x,
then Q2 has no ordinary subquadrangles and hence is degenerate, a contradiction.
Hence, there exists a point x′ in Q2 noncollinear with x. Let xi, i ∈ {1, 2}, denote
the unique point of Li collinear with x′. The point x′ belongs to Q1 since it is
on a shortest path between x1 ∈ Q1 and x2 ∈ Q1. Hence, also the line x′x2

belongs to Q1. Let u′, respectively u′′, denote the unique point of xx1, respectively
x′x2, nearest to u. Since Q2 is convex and u′, u′′ ∈ Q2, also u belongs to Q2, a
contradiction. �
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Every nonempty set X of points is contained in a unique minimal convex
subpolygon C(X), namely the intersection of all convex subpolygons through X .
We define C(∅) := ∅. If X1, . . . , Xk are sets of points, then C(X1 ∪ · · · ∪Xk) is also
denoted by C(X1, . . . , Xk). If one of the arguments of C is a singleton {x}, we will
often omit the braces and write C(· · · , x, · · · ) instead of C(· · · , {x}, · · · ).

A point x of a near polygon is called classical with respect to a convex
subpolygon F if there exists a (necessarily unique) point πF (x) ∈ F such that
d(x, y) = d(x, πF (x)) + d(πF (x), y) for every point y of F . We call πF (x) the
projection of x on F . If x is a point of a near polygon and L a line, then x is
always classical with respect to L.

Theorem 1.5. If x is a point of a near polygon and F is a convex subpolygon such
that d(x, F ) ≤ 1, then x is classical with respect to F .

Proof. Obviously, the theorem holds if x ∈ F . So, suppose x �∈ F . Since F is
convex, there exists a unique point x′ in F collinear with x. Suppose there exists
a point y in F such that d(y, x) �= 1+d(y, x′). Then d(y, x) ≤ d(y, x′). Hence, the
unique point z of the line xx′ nearest to y lies at distance d(y, x′)− 1 from y. So,
z is contained on a shortest path between the points y and x′ of F . This would
imply that z ∈ F and x′z ⊆ F , contradicting x �∈ F . �

A convex subpolygon F of S is called classical in S if every point of S is
classical with respect to F . This means that F is gated in the sense of [69]. A
convex subpolygon F of S is called big in S if F �= S and if every point of S \F is
collinear with a (necessarily unique) point of F . By Theorem 1.5, every big convex
subpolygon of S is classical in S.
Theorem 1.6. The intersection of two classical convex subpolygons F1 and F2 is
either empty or again a classical convex subpolygon.

Proof. For an arbitrary point x of S, let x′ denote the unique point in F1 nearest to
x and let x′′ denote the unique point of F2 nearest to x′. Suppose that F1∩F2 �= ∅
and let u denote an arbitrary point of F1∩F2. Since F2 is classical, x′′ is contained
on a shortest path between x′ ∈ F1 and u ∈ F1. Since F1 is convex, x′′ ∈ F1

and hence x′′ ∈ F1 ∩ F2. Now, let y denote an arbitrary point of F1 ∩ F2. Then
d(x, y) = d(x, x′) + d(x′, y) = d(x, x′) + d(x′, x′′) + d(x′′, y) = d(x, x′′) + d(x′′, y).
Hence x is classical with respect to F1 ∩ F2. Since x was arbitrary, F1 ∩ F2 is
classical. �

Theorem 1.7. Let F be a big convex subpolygon of a near polygon S. Then every
convex subpolygon F ′ which meets F either is contained in F or intersects F in a
big convex subpolygon of F ′.

Proof. Suppose that F ′ is not contained in F and let x denote a common point
of F and F ′. Let y denote an arbitrary point of F ′ not contained in F ∩ F ′

and let y′ denote the unique point of F collinear with y. Since F is classical,
d(y, x) = d(y, y′) + d(y′, x). Hence, the point y′, which is contained on a shortest
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path between the points x and y of F ′, also belongs to F ′. So, every point of F ′

not contained in F ∩F ′ is collinear with a unique point of F ∩F ′. This proves the
theorem. �
Lemma 1.8. Let F be a convex subpolygon of a near polygon S which is classical
in S. If x1 and x2 are collinear points of S such that d(x1, F ) = d(x2, F )−1, then
πF (x1) = πF (x2).

Proof. The point πF (x1) has distance at most d(x1, πF (x1))+d(x1, x2) = d(x1, F )
+1 = d(x2, F ) from x2 and hence coincides with πF (x2). �

Theorem 1.9. Let K be a line of a near polygon S and let F denote a convex
subpolygon of S which is classical in S. Then one of the following holds.

• Every point of K has the same distance from F . In this case πF (K) :=
{πF (x) |x ∈ K} is a line of F parallel with K.

• There exists a unique point on K nearest to F . In this case all points πF (x),
x ∈ K, are equal.

Proof. Suppose that all points πF (x), x ∈ K, are equal, to u say. Then there exists
a unique point on K nearest to F , namely the unique point of K nearest to u.
Suppose therefore that there exist points x1, x2 ∈ K such that πF (x1) �= πF (x2).
By Lemma 1.8, d(x1, F ) = d(x2, F ). Put i := d(x1, F ). Since d(πF (x1), πF (x2)) =
d(x1, πF (x2)) − d(x1, πF (x1)) ≤ d(x1, x2) + d(x2, πF (x2)) − d(x1, πF (x1)) = 1,
πF (x1) and πF (x2) are contained in a line K ′. If u is a point of K different from
x1 and x2, then u has distance at most i+1 from the points πF (x1) and πF (x2) of
K ′. Hence there exists a point u′ on K ′ at distance at most i from u. By Lemma
1.8, d(u, F ) = i and πF (u) = u′. This proves that πF (K) ⊆ K ′ and that every
point of K has the same distance i from F . Suppose now that there exists a point
u′ in K ′ \ πF (K). Then u′ has distance at most i+ 1 from at least two points of
K and hence distance at most i from a point u of K, showing that u′ = πF (u), a
contradiction. �

In Section 1.4 we defined the notion of parallel lines. We will now generalize
this notion to arbitrary subpolygons. Two convex subpolygons F1 and F2 of a
near polygon are called parallel (notation: F1‖F2) if the following holds for every
i ∈ {1, 2} and every point x of Fi:

• x is classical with respect to F3−i;

• d(x, πF3−i(x)) = d(F1, F2).

By Theorem 1.5 every two disjoint big convex subpolygons of a near polygon are
parallel.

Theorem 1.10. Let F1 and F2 be two parallel convex subpolygons of S. Then the
map πi,3−i : Fi → F3−i, i ∈ {1, 2}, which maps a point x of Fi to the unique point
of F3−i nearest to x, is an isomorphism. Moreover, π2,1 = π−1

1,2.
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Proof. (a) We first show that π1,2 and π2,1 are bijections and that π2,1 = π−1
1,2. Let

x denote an arbitrary point of F1. Since d(x, π1,2(x)) = d(F1, F2), x is the unique
point in F1 nearest to π1,2(x). Hence, π1,2 is injective and x = π2,1 ◦π1,2(x). Since
x was arbitrary, π2,1 is surjective. By symmetry, π1,2 and π2,1 are bijections and
π2,1 = π−1

1,2.
(b) Next, we show that π1,2 and π2,1 determine isomorphisms between F1

and F2. Let x and y denote two different collinear points of F1. Since π1,2(y) is the
unique point of F2 at minimal distance d(F1, F2) from y, we have d(y, π1,2(x)) ≥
d(F1, F2) + 1. Now, d(y, π1,2(x)) ≤ d(y, x) + d(x, π1,2(x)) ≤ 1 + d(F1, F2). So,
1 + d(F1, F2) = d(y, π1,2(x)) = d(y, π1,2(y)) + d(π1,2(y), π1,2(x)) = d(F1, F2) +
d(π1,2(y), π1,2(x)), namely d(π1,2(x), π1,2(y)) = 1. So, π1,2 determines an isomor-
phism between the point graphs of F1 and F2 and hence also between F1 and F2

themselves. �

Definition. The map πi,3−i defined in Theorem 1.10 is called the projection from
Fi to F3−i.

Definition. Let S = (P ,L, I) be a near polygon with three points on each line
and let F be a big convex subpolygon of S. For every point x of F , we define
RF (x) := x. If x is a point of S not contained in F , then we put RF (x) equal to
the unique point of the line xπF (x) different from x and πF (x). Obviously, πF is
a permutation of P . We call RF the reflection about F .

Theorem 1.11. RF is an automorphism of S.

Proof. It suffices to show that RF maps two different collinear points x and y to
collinear points RF (x) and RF (y). Obviously, this holds if the line xy meets F .
Suppose therefore that xy is disjoint from F . By Theorem 1.9, πF (x) and πF (y)
are collinear. Consider the lines Lx := xπF (x) and Ly := yπF (y). Since d(x, y) = 1
and d(πF (x), πF (y)) = 1, Lx ‖Ly and d(Lx, Ly) = 1. Hence d(RF (x),RF (y)) = 1.
This proves the theorem. �

1.6 Product near polygons

For any two graphs Γ1 = (V1, E1) and Γ2 = (V2, E2), a new graph Γ1 × Γ2 can be
defined. The vertices of Γ1×Γ2 are the elements of the cartesian product V1×V2.
Two vertices (x1, x2) and (y1, y2) of Γ are adjacent if and only if either (x1 = y1

and x2 ∼ y2) or (x1 ∼ y1 and x2 = y2). The graph Γ1 × Γ2 is called the direct
product of Γ1 and Γ2.

If S1 = (P1,L1, I1) and S2 = (P2,L2, I2) are two near polygons, then we can
define the following incidence structure S = (P ,L, I):

• P = P1 × P2;

• L = (P1 × L2) ∪ (L1 × P2);
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• the point (x, y) of S is incident with the line (z, L) ∈ P1 × L2 if and only
if x = z and y I2 L, the point (x, y) of S is incident with the line (M, u) ∈
L1 × P2 if and only if x I1 M and y = u.

Let di(·, ·), i ∈ {1, 2}, denote the distance in Si and let d(·, ·) denote the distance
in S. One easily verifies that d[(x1, x2), (y1, y2)] = d1(x1, y1) + d2(x2, y2) for all
points (x1, x2) and (y1, y2) of S. From this it follows that S is a near polygon. We
denote S also by S1 × S2 and call it the direct product of S1 and S2. The point
graph of S1 × S2 is isomorphic to the direct product of the point graphs of S1

and S2. Since S1 × S2
∼= S2 × S1 and (S1 × S2) × S3

∼= S1 × (S2 × S3), also the
direct product of k ≥ 3 near polygons S1, . . . ,Sk is well-defined. If Si, i ∈ {1, 2},
is a near 2ni-gon, then S1 × S2 is a near 2(n1 + n2)-gon. A product near polygon
is a near polygon which is the direct product of two near polygons with diameter
at least 1. A Hamming near 2n-gon, n ≥ 1, is the direct product of n lines. An
(n1 × n2)-grid is the direct product of a line of size n1 and a line of size n2.
Clearly, an (n1 × n2)-grid is a generalized quadrangle. An (n1 × n2)-grid is called
symmetrical, respectively nonsymmetrical, if n1 = n2, respectively n1 �= n2. The
point-line dual of a (symmetrical, nonsymmetrical) grid is called a (symmetrical,
nonsymmetrical) dual grid. The following result is due to Brouwer and Wilbrink
[16].

Theorem 1.12. Let S = (P ,L, I) be a near polygon and let s be a possibly infinite
number for which the following holds:

• S has a line of size s+ 1;

• S has a line whose size is different from s+ 1;

• if x and y are points at mutual distance 2 and if x and y have a common
neighbour z such that the line xz has size s + 1 and the line zy has size
different from s+ 1, then x and y have at least two common neighbours.

Then there exists two near polygons S1 and S2 such that

(i) every line of S1 has size s+ 1,

(ii) no line of S2 has size s+ 1,

(iii) S ∼= S1 × S2.

Proof. Let L1 denote the set of all lines of S which are incident with precisely s+1
points and put L2 := L\L1. Let Ai denote the partial linear space with point set
P and line set Li (natural incidence). For every point x of S, let F

(i)
x (i ∈ {1, 2})

denote the connected component of Ai containing x. Every line through x is either
contained in F

(1)
x or F

(2)
x .

Definition. A path (x0, . . . , xk) is called nice if the following holds for a certain
point xl (0 ≤ l ≤ k) of that path:

• for every i ∈ {0, . . . , l− 1}, xixi+1 has size s+ 1,
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• for every i ∈ {l, . . . , k − 1}, xixi+1 has size different from s+ 1.

The unique point xl with that property is called the turning point of the nice path.

Property. Among all shortest paths between two points of S, there always exists
one which is nice.

Proof. Let x and y denote two points of S at mutual distance 2 and let (x, z, y)
denote a shortest path between x and y which is not nice. By our assumptions,
there exists a common neighbour z′ of x and y different from z. Now, xz′‖zy and
z′y‖xz. Since parallel lines contain the same number of points, the line xz′ has
size s+1 and the line z′y has size different from s+1. As a consequence, (x, z′, y)
is a nice path.

Let x and y be two points of S such that d(x, y) ≥ 3. Starting from an
arbitrary shortest path between x and y, we can obtain a nice shortest path
between x and y by successively altering a subpath of length 2 which is not nice
to a nice path of length 2. �

Definition. For every i ∈ {1, 2}, put Pi := {F (i)
x |x ∈ S}. Then Pi is a partition of

the point set of S.
Property. Every element of P1 intersects every element of P2 in at least one point.

Proof. Let F
(1)
x denote an arbitrary element of P1 and let F

(2)
y denote an arbitrary

element of P2. Consider a nice path between x and y and let z denote the turning
point of that path. Then z is a common point of F

(1)
x and F

(2)
y . �

Property. Let (x0, . . . , xk), xk = x0, denote a closed path in S, and let Li, i ∈
{0, . . . , k−1}, denote the line defined by xi and xi+1. Then for every j ∈ {0, . . . , k−
1}, there exists a j′ ∈ {0, . . . , k − 1} \ {j} such that Lj‖Lj′.

Proof. Without loss of generality, we may suppose that j = 0. Suppose that none
of the lines L1, . . . , Lk−1 is parallel with L0. Since Li, i ∈ {1, . . . , k − 1}, is not
parallel with L0, πL0(xi) = πL0(xi+1). So, we must have that πL0(x1) = πL0(xk)
or that x1 = x0, a contradiction. �
Property. Every element of P1 intersects every element of P2 in a unique point.

Proof. Let G1 denote an arbitrary element of P1 and let G2 denote an arbitrary
element of P2. Suppose that x and y are two different points of G1 ∩ G2. Let γi,
i ∈ {1, 2}, denote a path between x and y in the collinearity graph of Gi, let γ
denote a shortest path between x and y and let L denote a line defined by two
successive points of γ. Let Li �= L, i ∈ {1, 2}, be a line parallel with L containing
two successive points ui and vi of the closed path between γ + γi (see previous
property). Since γ is a shortest path, it is impossible that both ui and vi lie on γ.
So, ui and vi are points of γi. Hence, L1 has size s + 1 and L2 has size different
from s+1. Since the lines L1 and L2 are parallel with L, the three lines L, L1 and
L2 must contain the same number of lines, a contradiction. So, G1 and G2 have
precisely one point in common. �
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Property. Every element α of P1 ∪ P2 is a convex subpolygon of S.

Proof. Suppose that α is an element of P1. Consider a shortest path γ =
(x0, . . . , xk) between two vertices x0 and xk of α. Let γ′ denote a path in α
connecting x0 and xk. By the proof of the previous property, there exist two suc-
cessive points ui and vi in γ′ such that xixi+1‖uivi (i ∈ {0, . . . , k − 1}). So, every
line xixi+1, i ∈ {0, . . . , k− 1}, contains s+1 points and γ is completely contained
in α. As a consequence, α is convex. In a similar way one shows that every element
of P2 is convex. �

Definition. Define now the following graph Γi = (Pi, Ei). Two different elements
α and β of Pi are adjacent if and only if α contains a point which is collinear with
a point of β.

Property. If α and β are adjacent in Γi, i ∈ {1, 2}, then every point of α is collinear
with a point of β.

Proof. Let x and y be two collinear points of α. We will show that if d(x, β) = 1,
then also d(y, β) = 1. The property then follows from the connectedness of α. Let
x′ denote a point of β collinear with x. Then d(x′, y) = 2 and x is a common
neighbour of x′ and y. Moreover, one of the lines x′x, xy has size s+ 1, while the
other line has size different from s + 1. Hence, x and y′ have a second common
neighbour y′. Since x′y′‖xy, x′y′ has the same number of points as xy. Hence,
y′ ∈ β. This proves the property. �

Property. Let i ∈ {1, 2}. Then two vertices α and β of Γi are adjacent if and only
if d(α ∩ γ, β ∩ γ) = 1 for every γ ∈ P3−i.

Proof. This follows immediately from the previous properties. �

Corollary. The point graph of every element of P3−i, i ∈ {1, 2}, is isomorphic to
Γi. As a consequence, all elements of P3−i are isomorphic (to S3−i, say).

Let Γ denote the point graph of S. The following property completes the proof of
Theorem 1.12.

Property. The graphs Γ and Γ1 × Γ2 are isomorphic.

Proof. Consider the bijection θ : x �→ (F (1)
x , F

(2)
x ) from the vertex set of Γ to the

vertex set of Γ1×Γ2. We will show that θ is an isomorphism. Let x and x′ denote
two arbitrary vertices of Γ. Then

x ∼ x′ ⇔ ∃i ∈ {1, 2}, F (i)
x = F

(i)
x′ and d(F (1)

x ∩ F (2)
x , F

(1)
x′ ∩ F

(2)
x′ ) = 1,

⇔ ∃i ∈ {1, 2}, F (i)
x = F

(i)
x′ and F (3−i)

x ∼ F
(3−i)
x′ ,

⇔ θ(x) and θ(x′) are adjacent.
�
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Corollary 1.13. Let S be a near polygon which satisfies the following properties:

• not every line of S is incident with the same number of points,

• if two points x and y at mutual distance 2 have a common neighbour z such
that the lines xz and yz have different sizes, then x and y have at least two
common neighbours.

If s1 + 1, . . . , sk + 1 denote the k ≥ 2 different line sizes which occur in S, then
there exist near polygons S1, . . . ,Sk which satisfy the following properties:

• every line of Si (i ∈ {1, . . . , k}) has size si + 1,

• S ∼= S1 × · · · × Sk.

Proof. We will prove this by induction on k. By Theorem 1.12, the corollary holds
if k = 2. So, suppose k ≥ 3. Again by Theorem 1.12, there exist near polygons
S1 and S′ satisfying the following properties: (i) every line of S1 is incident with
s1+1 points; (ii) no line of S ′ is incident with s1+1 points; (iii) S ∼= S1×S′. Now,
the product near polygon S1 × S′ contains a convex subpolygon F isomorphic to
S ′. If x and y are two points of F at distance 2 from each other having a common
neighbour z such that xz and yz have different sizes, then x and y have at least two
common neighbours in S1 × S ′ and hence also in F . So, the induction hypothesis
can be applied to S′. The corollary now readily follows. �
Theorem 1.14. If S is a generalized quadrangle, then precisely one of the following
holds:

• S is degenerate: there exists a point in S which is incident with all lines of
S;

• S is a nonsymmetrical grid;

• S is a nonsymmetrical dual grid;

• S has an order (s, t).

Proof. Suppose first that every two points at distance 2 have at least two common
neighbours. Let x denote an arbitrary point of S. Suppose that there exists only
one line through x. Since S has diameter 2, there exists a point y ∈ Γ2(x). If z1

and z2 denote two different common neighbours of x and y, then the lines xz1 and
xz2 are different, contrary to our assumption. Hence, every point of S is incident
with at least two lines. It follows that the point-line dual of S is also a generalized
quadrangle. If not every line of S is incident with the same number of points, then
by Theorem 1.12, S is a grid. If not every point of S is incident with the same
number of lines, then again by Theorem 1.12, S is the point-line dual of a grid.

Suppose next that there exist two noncollinear points x and y which have a
unique common neighbour z. We will show that every point of S is collinear with
z. Suppose the contrary and let u be a point noncollinear with z. Let v denote the
unique point of zy collinear with u. Then v �= z and x �∈ uv. Let K denote the
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unique line through x intersecting uv. Then K contains a unique point collinear
with y contradicting the fact that x and y have only one common neighbour. So,
every point is collinear with z. It now easily follows that z is contained in every
line. So, no ordinary subquadrangles exist and S is degenerate. This proves the
theorem. �

1.7 Existence of quads

In this section, we will prove one of the main results in the theory of near polygons.
Theorem 1.20 which is due to Shult and Yanushka [91] gives sufficient conditions
for the existence of quads through two points at distance 2 from each other.

Let S be a near polygon. Let a and b denote two points of S at distance
2 from each other and let c and d denote two common neighbours of a and b
such that at least one of the lines ac, ad, bc, bd contains at least three points. Let
X(a, b, c, d) denote the set of points at distance at most 2 from a, b, c and d.

Lemma 1.15. X(a, b, c, d) is a subspace.

Proof. The set Γ≤2(a) of points at distance at most 2 from a is a subspace. (If a line
L contains at least two points of Γ≤2(a), then it has distance at most 1 from a and
hence every point of L belongs to Γ≤2(a).) Hence, Γ≤2(a)∩Γ≤2(b)∩Γ≤2(c)∩Γ≤2(d)
is, as an intersection of subspaces, again a subspace. �

Lemma 1.16. Suppose c′ is a point of the line ac different from a and let b′ denote
the unique point of the line bd collinear with c′. Then X(a, b, c, d) = X(a, b′, c′, d).

Proof. The points at distance at most 2 from a and c are the points at distance
at most 1 from the line ac. Similarly, the points at distance at most 2 from b and
d are the points at distance at most 1 from the line bd. The lemma now easily
follows. �

Lemma 1.17. If x1 and x2 are points of X(a, b, c, d), then there exist points a′, b′,
c′, d′ for which the following holds:

(i) d(a′, b′) = 2 and c′ and d′ are two common neighbours of a′ and b′;

(ii) at least one of the lines a′c′, a′d′, b′c′, b′d′ contains at least three points;

(iii) X(a′, b′, c′, d′) = X(a, b, c, d);

(iv) for every i ∈ {1, 2}, xi has distance at most 1 from {a′, b′, c′, d′};
(v) if xi ∈ a′c′ ∪ c′b′ ∪ b′d′ ∪ d′a′ for a certain i ∈ {1, 2}, then xi ∈ {a′, b′, c′, d′}.

Proof. We can construct the points a′, b′, c′ and d′ by applying Lemma 1.16 a
few times. Let x̃i, i ∈ {1, 2}, denote a point of ac ∪ cb ∪ bd ∪ da nearest to xi.
By applying Lemma 1.16 at most two times, we can find points a′′, b′′, c′′ and d′′

satisfying (i), (ii), (iii), (iv) and {x̃1, x̃2} ⊆ {a′′, b′′, c′′, d′′}. If also condition (v) is
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satisfied, then we are done. If condition (v) is not satisfied, then we can find the
required points a′, b′, c′, d′ by applying Lemma 1.16 again at most two times. �
Lemma 1.18. Every two points x1 and x2 of X(a, b, c, d) lie at distance at most 2
from each other.

Proof. By Lemma 1.17, we may suppose that the following holds for every i ∈
{1, 2}:
• xi has distance at most 1 from {a, b, c, d}
• if xi ∈ ac ∪ cb ∪ bd ∪ da, then xi ∈ {a, b, c, d}.

The lemma obviously holds if {x1, x2} ∩ {a, b, c, d} �= ∅. So, we may suppose that
{x1, x2} ∩ {a, b, c, d} = ∅. Let yi, i ∈ {1, 2}, denote a point of {a, b, c, d} collinear
with xi. We distinguish between the following possibilities.

• d(y1, y2) = 0.
Then we have d(x1, x2) ≤ d(x1, y1) + d(y1, x2) = 2.

• d(y1, y2) = 1.
Without loss of generality, we may suppose that y1 = a and y2 = c. The
point b has distance 2 from a and distance at most 2 from x1. Hence, there
exists a unique point z1 on the line ax1 collinear with b. Similarly, there exists
a unique point z2 on the line cx2 collinear with d. Since ad‖bc‖az1‖bd‖ac,
each of the lines ad, bc, az1, bd and ac contains at least three points. Let u
denote an arbitrary point of az1 different from a and z1. Since az1‖bd, there
exists a unique point u′ on bd collinear with u. Obviously, d �= u′ �= b. Since
cz2‖bd, there exists a unique point u′′ on cz2 collinear with u′. Obviously,
c �= u′′ �= z2. If the lines ax1 and cx2 were not parallel, then we would
have d(u, u′′) = d(u, a) + d(a, c) + d(c, u′′) = 3, contradicting d(u, u′′) ≤
d(u, u′) + d(u′, u′′) = 2. So, the lines ax1 and cx2 are parallel. This implies
that d(x1, x2) ≤ 2.

• d(y1, y2) = 2.
The point y1 has distance 2 from y2 and distance at most 2 from x2. Hence,
there exists a unique point on the line y2x2 collinear with y1. Similarly, there
exists a unique point on the line x1y1 collinear with y2. It follows that either
x1y1 ∩ x2y2 �= ∅ or x1y1‖x2y2. In any case, d(x1, x2) ≤ 2. �

Lemma 1.19. The set X(a, b, c, d) is a quad.

Proof. Take a nonincident point-line pair (x, L) with x ∈ X(a, b, c, d) and L ⊆
X(a, b, c, d). Since every point of L has distance at most 2 from x, L contains
a unique point x′ collinear with x. This proves that X(a, b, c, d) is a generalized
quadrangle. Since X(a, b, c, d) contains an ordinary quadrangle as subgeometry, it
is nondegenerate. It remains to show that X(a, b, c, d) is geodetically closed. Let a′

and b′ be arbitrary points of X(a, b, c, d) at distance 2 from each other, let c′ and
d′ denote two common neighbours of a′ and b′ contained in X(a, b, c, d) and let e′
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denote a third common neighbour of a′ and b′. The points a, b, c, d and e′ belong
to the subquadrangle X(a′, b′, c′, d′). So, e′ ∈ Γ≤2(a) ∩ Γ≤2(b) ∩ Γ≤2(c) ∩ Γ≤2(d)
by Lemma 1.18. This proves that X(a, b, c, d) is geodetically closed. �
Theorem 1.20. Let a and b denote two points of a near polygon at distance 2 from
each other. Let c and d denote two common neighbours of a and b such that at
least one of the lines ac, ad, bc, bd contains at least three points. Then a and b are
contained in a unique quad. This quad coincides with C(a, b) and consists of all
points of the near polygon which have distance at most 2 from a, b, c and d.

Proof. Let Q denote a quad through a and b. Since Q is convex, c and d are
contained in Q. Any point of Q has distance at most 2 from a, b, c and d. Hence,
Q ⊆ X(a, b, c, d). Every point x of X(a, b, c, d) has distance at most 1 from the
lines ac and bd. Since x has distance at most 1 from two different points of Q, x
must be contained in Q. So, X(a, b, c, d) ⊆ Q. Hence, X(a, b, c, d) is the unique
quad through a and b. �

1.8 The point-quad and line-quad relations

In this section, we determine the possible relations between a point and a quad
and a line and a quad. These possible relations were first described in [91] and
[16].

Theorem 1.21. Let Q be a generalized quadrangle which is not a dual grid. Then,
for every point x of Q, Γ2(x) is connected and has diameter at most 3.

Proof. Let y1 and y2 denote two different points of Γ2(x). We distinguish between
the following possibilities.

• d(y1, y2) = 1. Then y1 and y2 have distance 1 in Γ2(x).

• d(y1, y2) = 2 and there exists a point in Γ1(y1)∩Γ1(y2) not collinear with x.
Then y1 and y2 have distance 2 in Γ2(x).

• d(y1, y2) = 2 and every point of Γ1(y1)∩Γ1(y2) is collinear with x. Let z1 and
z2 denote two different points of Γ1(y1)∩Γ1(y2) and let y′2 denote an arbitrary
point of the line y2z2 different from y2 and z2. Then y′2 is not collinear with
z1. Hence, the unique point y′1 on y1z1 collinear with y′2 is contained in Γ2(x).
Now, the path y1, y

′
1, y

′
2, y2 is completely contained in Γ2(x). So, y1 and y2

have distance 3 in Γ2(x). �
Definition. An ovoid of a generalized quadrangle is a set of points which intersects
each line in a unique point. A fan of ovoids is a partition in ovoids. A rosette of
ovoids is a set of ovoids through a point partitioning the set of points at distance
2 from that point.

If Q is a finite generalized quadrangle of order (s, t), then every ovoid of Q
contains st+1 points, every fan of ovoids contains s+1 elements and every rosette
of ovoids contains s elements.
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Theorem 1.22. Let x be a point and Q a quad of a near polygon. Then precisely
one of the following cases occurs.

(1) The point x is classical with respect to Q. We will also say that the pair (x, Q)
is classical.

(2) The points in Q nearest to x form an ovoid in Q. In this case we say that x
is ovoidal with respect to Q, or that (x, Q) is ovoidal.

(3) Q is a dual grid and the set of points of Q nearest to x contains at least two
points and is a proper subset of one of the two ovoids of Q. In this case (x, Q)
is called thin ovoidal.

Proof. Put d(x, Q) = δ and let Ox denote the set of points of Q at distance δ
from x. No two points of Ox are collinear. So, if Q is a dual grid, then we have
one of the cases (1), (2) or (3). We may therefore suppose that Q is not a dual
grid. If every point of Q has distance at most δ + 1 from x, then every line of Q
contains precisely one point at distance δ from x. So, Ox is an ovoid and we have
case (2). So, suppose there exists a point y in Q at distance δ + 2 from x. Let z
denote a point of Q at distance δ from x. Then every point of Q at distance 1
from z has distance δ+1 from x. Suppose that y′ is a point of Γ2(z)∩Q collinear
with y and let y′′ denote the unique point of the line yy′ collinear with z. Since
d(x, y′′) = δ+ 1 and d(x, y) = δ+2, d(x, y′) = δ+ 2. So, every point of Γ2(z)∩Q
collinear with y has distance δ+2 from x. By Theorem 1.21, it now easily follows
that every point of Γ2(z)∩Q has distance δ+ 2 from x. So, we have case (1). �

Let Q be a quad of a near polygon of diameter d and suppose that Q is not
a dual grid. For every i ∈ N, let Xi(Q) denote the set of points at distance i from
Q, let Xi,C(Q) denote the set of points of Xi(Q) which are classical with respect
to Q and let Xi,O(Q) denote the set of points of Xi(Q) which are ovoidal with
respect to Q. If no confusion is possible, we will write Xi, Xi,C and Xi,O instead
of Xi(Q), Xi,C(Q) and Xi,O(Q). Clearly, X0 = Q, X1,O = ∅, Xd−1,C = ∅ and
Xi = ∅ if i ≥ d. If x ∈ Xi,C(Q), then πQ(x) denotes the unique point of Q nearest
to x.

Theorem 1.23. Let Q be a quad of a near polygon S and suppose that Q is not a
dual grid. Let i ∈ N and let L be a line of S.

(1) If L contains points of Xi and Xi+1, then |L ∩Xi| = 1.

(2) No point of Xi,O is collinear with a point of Xi,C.

(3) If L is a line contained in Xi,C , then πQ(L) is a line of Q parallel with L.

(4) If L is a line contained in Xi,O, then the points of L determine a fan of
ovoids in Q.

(5) If L contains points of Xi,O and Xi+1, then L is contained in Xi,O ∪Xi+1,O.
In this case, all points of L determine the same ovoid of Q.
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(6) If L contains points of Xi,C and Xi+1,C , then all points of L determine the
same point in Q.

(7) If L contains points of Xi,C and Xi+1,O, then the points of L∩Xi+1,O deter-
mine a rosette of ovoids in Q. The common point of all these ovoids is the
point πQ(L ∩Xi,C).

Proof. (1) Suppose the contrary. Let x and y denote two different points of L∩Xi

and let z denote a point of Xi+1. Every point of Γi(x)∩Γi(y)∩Q must have
distance i−1 from a unique point of L, which is impossible. Hence, Γi(x)∩Q
and Γi(y)∩Q are disjoint. Since both Γi(x)∩Q and Γi(y)∩Q are contained
in Γi+1(z) ∩ Q, Γi+1(z) ∩ Q must be an ovoid, Γi(x) ∩ Q must be a point
x′, Γi(y) ∩ Q must be a point y′ and d(x′, y′) = 2. Now, x is classical with
respect to Q and hence d(x, y′) = d(x, x′) + d(x′, y′) = i + 2. On the other
hand, d(x, y′) ≤ d(x, y)+d(y, y′) ≤ i+1. So, our assumption was wrong and
|L ∩Xi| = 1.

(2) Suppose the contrary. Let x ∈ Xi,C be collinear with y ∈ Xi,O. Let x′ denote
the unique point of Q nearest to x and let O be the ovoid Γi(y) ∩Q. Every
point of Γ2(x′) ∩Q has distance i+ 2 from x and hence distance i+ 1 from
y. So, every point of the ovoid O is contained in {x′} ∪ (Γ1(x′) ∩Q). This is
not possible, since Q is not a dual grid.

(3) Let x and y be two different points of L. If πQ(x) = πQ(y), then πQ(x) has dis-
tance i from two different points of L and hence distance i−1 from a point of
L, a contradiction. Hence, πQ(x) �= πQ(y). Now, d(x, πQ(y)) = d(x, πQ(x))+
d(πQ(x), πQ(y)) and so d(πQ(x), πQ(y)) = d(x, πQ(y))−d(x, πQ(x)) ≤ d(x, y)
+ d(y, πQ(y)) − d(x, πQ(x)) = d(x, y) = 1. Hence, the points πQ(z), z ∈ L,
are mutually collinear. Hence, there exists a line L′ in Q containing all points
πQ(z), z ∈ L. Obviously, L is parallel with L and πQ(L) = L′.

(4) For every point x of L, Ox := Γi(x)∩Q is an ovoid of Q. If y is a point of Q,
then d(y, x) ∈ {i, i + 1} for every point x ∈ L. Hence, L contains a unique
point at distance i from y. It follows that the ovoids Ox, x ∈ L, partition the
point set of Q.

(5) Let x denote the unique point of L contained in Xi,O and let y denote an
arbitrary point of L∩Xi+1. The ovoid Γi(x)∩Q is contained in Γi+1(y)∩Q.
Hence, y ∈ Xi+1,O and Γi+1(y) ∩Q = Γi(x) ∩Q. This proves the property.

(6) Let x denote the unique point of L contained in Xi,C and let y denote an
arbitrary point of Xi+1,C ∩ L. The point πQ(x) has distance at most i + 1
from y. Hence, πQ(y) = πQ(x). This proves the property.

(7) Let x denote the unique point of L contained in Xi,C . For every point y ∈
L ∩Xi+1,O, put Oy := Γi+1(y) ∩ Q. Obviously, πQ(x) ∈ Oy. Every point z
of Q ∩ Γ2(πQ(x)) lies at distance i + 2 from x and distance at most i + 2
from any point of L \ {x}. It follows that z is contained in a unique ovoid
Oy , y ∈ L \ {x}. �



1.9. Some classes of near polygons 17

1.9 Some classes of near polygons

1.9.1 Thin and slim near polygons

A near polygon is called thin if every line is incident with precisely two points. A
near polygon is called slim if every line is incident with precisely three points.

Theorem 1.24. The class of thin near polygons coincides with the class of connected
bipartite graphs of finite diameter.

Proof. If Γ is a connected bipartite graph, then the maximal cliques of Γ are the
edges of Γ. For every vertex x and every edge E = {y, z}, d(x, y) and d(x, z) have
different parity and hence exactly one of the points y and z is nearest to x. This
proves that Γ is the point graph of a thin near polygon S.

Conversely, suppose that S is a thin near polygon and let Γ denote its point
graph. If x0, x1, . . . , xk denotes a path of length k ≥ 1 in Γ, then since the line
{xi, xi+1}, i ∈ {0, . . . , k − 1}, contains a unique point nearest to x0, d(x0, xi) and
d(x0, xi+1) have different parity. So, d(x0, xk) and k must have the same parity.
Hence, every closed path in Γ has even length. This implies that Γ is a bipartite
graph. �

1.9.2 Dense near polygons

A near polygon is called dense if every line is incident with at least three points
and if every two points at distance 2 have at least two common neighbours. We
will discuss dense near polygons in detail in Chapter 2. A large part of this book
is devoted to the classification of the slim dense near polygons (Chapters 6, 7, 8
and 9). If x and y are two points of a dense near polygon at distance 2 from each
other, then by Theorem 1.20, x and y are contained in a unique quad. We will
generalize this property in Theorem 2.3.

1.9.3 Regular near polygons

A finite near 2d-gon S (d ≥ 1) is called regular if it has an order (s, t) and if there
exist constants ti, i ∈ {0, . . . , d}, such that for every two points x and y at distance
i, there are precisely ti +1 lines through y containing a (necessarily unique) point
at distance i− 1 from x. Obviously, t0 = −1, t1 = 0 and td = t. The numbers s,
t, ti (i ∈ {0, . . . , d}) are called the parameters of S.

A finite graph Γ of diameter d ≥ 1 is called distance-regular if there exist
constants ai, bi, ci (i ∈ {0, . . . , d}) such that |Γi(x) ∩ Γ1(y)| = ai, |Γi+1(x) ∩
Γ1(y)| = bi and |Γi−1(x) ∩ Γ1(y)| = ci for any two vertices x and y at distance
i from each other. Obviously, a0 = c0 = bd = 0 and Γ is regular with valency
k = b0. Also, ai + bi + ci = k for every i ∈ {0, . . . , d}. The numbers ai, bi, ci

(i ∈ {0, . . . , d}) are called the parameters of the distance-regular graph.
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Theorem 1.25. The regular near 2d-gons, d ≥ 1, are precisely those near 2d-gons
whose point graph is distance-regular.

Proof. Suppose that S is a regular near 2d-gon with parameters s, t and ti (i ∈
{0, . . . , d}). Then the point graph of S is regular with parameters ai = (s−1)(ti+
1), bi = s(t− ti) and ci = ti + 1 (i ∈ {0, . . . , d}).

Conversely, suppose that S is a near 2d-gon whose point graph is a distance-
regular graph with parameters ai, bi, ci (i ∈ {0, . . . , d}). Then every line of S
contains s + 1 := a1 + 2 points. Since every point of S is collinear with b0 other
points, every point of S is incident with t+1 := b0

s lines. If x and y are two points
of S at distance i ∈ {0, . . . , d} from each other, then ci lines through y contain a
(necessarily unique) point at distance i− 1 from x. This proves that S is a regular
near polygon. �

We refer to [13] for more background information on distance-regular graphs.
We will give a more extensive treatment of regular near polygons in Chapter 3.

1.9.4 Generalized polygons

A generalized 2n-gon, n ≥ 2, is a near 2n-gon with the property that |Γi−1(x) ∩
Γ1(y)| = 1 for every i ∈ {1, . . . , n−1} and for every two points x and y at distance
i from each other. A generalized 2n-gon, n ≥ 2, is called thick if every line is
incident with at least three points and if every point is incident with at least three
lines. A generalized 2n-gon is called degenerate if it does not contain an ordinary
2n-gon as subgeometry. A degenerate generalized quadrangle consists of a number
of lines through a given point. The point-line dual of a nondegenerate generalized
quadrangle is again a nondegenerate quadrangle.

Theorem 1.26 ([100, Corollary 1.5.3]). Let S be a generalized 2n-gon with the prop-
erty that every line is incident with at least three points and that every point is
incident with at least three lines. Then S has an order.

Theorem 1.27 ([71]). Let S be a finite generalized 2n-gon of order (s, t). Then at
least one of the following holds:

(a) S is an ordinary 2n-gon.

(b) S is a generalized quadrangle.

(c) S is a generalized hexagon. In this case, st is a square if s �= 1 �= t.

(d) S is a generalized octagon. In this case, 2st is a square if s �= 1 �= t.

(e) S is a generalized dodecagon. In this case, s = 1 or t = 1.

Theorem 1.28. Let S be a finite generalized 2n-gon of order (s, t) with s, t, n ≥ 2.
Then the following holds:

• ([75]) if n = 2, then s ≤ t2 and t ≤ s2 (Higman’s bound);
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• ([74]) if n = 3, then s ≤ t3 and t ≤ s3 (Inequality of Haemers and Roos);

• ([75]) if n = 4, then s ≤ t2 and t ≤ s2 (Higman’s bound).

If Q is a generalized quadrangle of order (s, t), then Q contains (s+1)(st+1)
points and (t+1)(st+1) lines. We have the following restriction on the parameters.

Theorem 1.29 (e.g. Theorem 1.2.2 of [82]). If Q is a finite generalized quadrangle
of order (s, t), then s+ t divides st(s+ 1)(t+ 1).

Theorem 1.30. If Q′ is a subquadrangle of order (s, t′) of a finite generalized quad-
rangle Q of order (s, t), s �= 1, then either t′ = t or t′ ≤ t

s
. If t′ = t

s
, then every

line of Q meets Q′.

Proof. Suppose that Q′ is a proper subquadrangle of Q and let x denote an arbi-
trary point of Q not contained in Q′. The points in Q′ collinear with x form an
ovoid of Q′. From the t + 1 lines through x, st′ + 1 meet Q′. The theorem now
immediately follows. �

1.9.5 Dual polar spaces

In this section, we mean by a projective space an incidence structure with the
property that any three noncollinear points generate a (possibly degenerate) pro-
jective plane. It is called irreducible when there are no lines of size 2; otherwise it
is called reducible. Now, let (Pi)i∈I be a family of irreducible projective spaces
whose point sets are pairwise disjoint. Then the union P of their point sets carries
the structure of a projective space whose lines are the lines on each Pi on the one
hand and all pairs {xi, yj} with xi ∈ Pi, yj ∈ Pj , i �= j, on the other hand. P is
called the direct sum of all the Pi’s. It is known that a reducible projective space
is the direct sum of irreducible projective spaces.

Definition. A polar space of rank n ≥ 1 is a set together with a set of subsets,
called subspaces, satisfying the following axioms.

(P1) Any proper subspace, together with the subspaces it contains, is a projective
space of dimension at most n− 1. This projective space may be reducible.

(P2) The intersection of two subspaces is again a subspace.

(P3) If L is a subspace of dimension n− 1 and if p is a point outside L, then there
is a unique subspace M through p such that dim(L∩M) = n− 2; it contains
all points q of L with the property that there is a one-dimensional subspace
through p and q.

(P4) There exist two disjoint subspaces of dimension n− 1.

Polar spaces of rank 2 are precisely the nondegenerate generalized quadrangles.
With each polar space of rank n ≥ 1, there is associated a dual polar space as
follows. The points of the dual polar space are the maximal subspaces of the
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polar space (i.e. the subspaces of dimension n − 1), the lines are the next-to-
maximal subspaces (i.e. the subspaces of dimension n−2) and incidence is reverse
containment. Each dual polar space of rank n is a near 2n-gon by [21] or [91], see
also Section 6.1. By convention, the unique near 0-gon is a dual polar space of
rank 0.

If α is an (n − 1 − i)-dimensional subspace of a polar space Γ of rank n
(0 ≤ i ≤ n), then the set of all maximal subspaces through α defines a convex
subspace of diameter i of the dual polar space S associated with Γ. Conversely,
every convex subspace of S is obtained in this way. A dual polar space is called
thick if all its quads (i.e. convex subspaces of diameter 2) are thick generalized
quadrangles.

Given a number of polar spaces, many others can be constructed. Let (Γi)i∈I

be a family of polar spaces defined on the sets (Pi)i∈I and with (Ai)i∈I as a
collection of subspaces. We suppose that all Pi’s are mutually disjoint. A new polar
space, called the direct sum, can then be constructed on the set P =

⋃
i∈I Pi. A

general form of a subspace is as follows:
⋃

i∈I αi where αi ∈ Ai. A polar space is
called irreducible if it is not isomorphic to a direct sum of at least two polar spaces
of rank at least 1. Let Γ1, Γ2 be two polar spaces and let Γ3 denote the direct sum
of Γ1 and Γ2. If Si, i ∈ {1, 2, 3}, denotes the dual polar space related to Γi, then
S3
∼= S1 × S2.
Dual polar spaces can be characterized in a nice way.

Definition. A near polygon is called classical if it satisfies the following properties:

• every two points at distance 2 are contained in a unique quad,

• every point-quad pair is classical.

Theorem 1.31 ([21]). The classical near polygons are precisely the dual polar
spaces.

By Tits’ classification of polar spaces ([97]), every finite irreducible polar
space of rank n ≥ 3 without lines of size 2 is isomorphic to one of the following
examples:

• W (2n−1, q): the polar space with as subspaces the totally isotropic subspaces
of a symplectic polarity in PG(2n− 1, q);

• Q(2n, q): the polar space with as subspaces the subspaces of PG(2n, q) lying
on a given nonsingular quadric;

• Q−(2n+1, q): the polar space with as subspaces the subspaces of PG(2n+1, q)
lying on a given nonsingular elliptic quadric;

• Q+(2n−1, q): the polar space with as subspaces the subspaces of PG(2n−1, q)
lying on a given nonsingular hyperbolic quadric;

• H(2n, q2): the polar space with as subspaces the subspaces of PG(2n, q2)
lying on a given nonsingular hermitian variety;
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• H(2n − 1, q2): the polar space with as subspaces the subspaces of PG(2n−
1, q2) lying on a given nonsingular hermitian variety.

We denote the dual polar spaces arising from these polar spaces respectively
by DW (2n− 1, q), DQ(2n, q), DQ−(2n+ 1, q), DQ+(2n− 1, q), DH(2n, q2) and
DH(2n− 1, q2). All these dual polar spaces are regular near 2n-gons with param-
eters s and ti :=

ti
2−t2
t2−1 , i ∈ {0, . . . , n}.

dual polar space (s, t2)
DW (2n− 1, q) (q, q)

DQ(2n, q) (q, q)
DQ−(2n+ 1, q) (q2, q)
DQ+(2n− 1, q) (1, q)

DH(2n, q2) (q3, q2)
DH(2n− 1, q2) (q, q2)

The dual polar spaces DW (2n− 1, q) and DQ(2n, q) are isomorphic if and only if
q is even.

By the above classification it follows that every classical slim near polygon
of diameter at least 1 is isomorphic to the direct product of k ≥ 1 elements of the
set {L3} ∪ {DQ(2n, 2) |n ≥ 2} ∪ {DH(2n− 1, 4) |n ≥ 2}.

1.10 Generalized quadrangles of order (2, t)

In this section, we will determine all (possibly infinite) generalized quadrangles of
order (2, t). We determine all ovoids of these generalized quadrangles and derive
some properties which we will need later.

1.10.1 Examples

We now list some examples of generalized quadrangles of order (2, t).

• The (3 × 3)-grid, which is the direct product of two lines of size 3, is a
generalized quadrangle of order (2, 1).

• (i) The dual polar space DQ(4, 2) is a generalized quadrangle of order 2.
(ii) The polar space Q(4, 2), see Section 1.9.5, is a generalized quadrangle of
order 2.
(iii) The polar space W (2) := W (3, 2) is a generalized quadrangle of order 2.
(iv) For any set X of size 6, we can define a generalized quadrangle QX of
order 2 in the following way, see Sylvester [92]. The points of QX are the
elements of

(
X
2

)
, the lines of QX are the partitions of X in three subsets of

size 2 and the incidence relation is containment.

As we will see in Theorem 1.35, the four above-mentioned examples of gen-
eralized quadrangles of order 2 are isomorphic.
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• (i) The dual polar space DH(3, 4) is a generalized quadrangle of order (2, 4).
(ii) The polar space Q(5, 2) := Q−(5, 2) is a generalized quadrangle of order
(2, 4).

As we will see in Theorem 1.37, the two above-mentioned examples of gen-
eralized quadrangles of order (2, 4) are isomorphic.

1.10.2 Possible orders

Theorem 1.32. Let Q be a (possibly infinite) generalized quadrangle in which each
line is incident with precisely three points. Then Q is finite and its order is equal
to either (2, 1), (2, 2) or (2, 4).

Proof. Let x be a given point of Q. For every point y ∈ Γ2(x), we define A(y) :=
Γ1(x) ∩ Γ1(y) and A(y) := Γ1(x) \ A(y). If y and y′ are two collinear points of
Γ2(x), then A(y) ∩ A(y′) consists of the unique point of yy′ collinear with x. By
Theorem 1.21, the diameter of Γ2(x) is at most 3. So, if y and y′ are two points
of Γ2(x), we have one of the following possibilities:

• y = y′. Then |A(y) ∩ A(y′)| = 0.

• y ∼ y′. Then |A(y) ∩A(y′)| = 1.

• y and y′ have distance 2 in Γ2(x). Let y′′ denote a point of Γ2(x) collinear
with y and y′. Let L1 and L2 denote the lines through x meeting yy′′ and
y′′y′, respectively, and let xi, i ∈ {1, 2}, denote the point of Li collinear with
y. Then A(y) ∩A(y′) = {x1, x2} and hence |A(y) ∩ A(y′)| = 2.

• y and y′ have distance 3 in Γ2(x). Let y′′ and y′′′ denote points of Γ2(x)
such that y ∼ y′′ ∼ y′′′ ∼ y′. Let L1, L2 and L3 denote the lines through
x meeting yy′′, y′′y′′′ and y′′′y′, respectively, and let xi, i ∈ {1, 2, 3}, denote
the point of Li collinear with y. Then A(y) ∩A(y′) ⊆ {x1, x2, x3} and hence
|A(y) ∩A(y′)| ≤ 3.

Hence, we always have that |A(y) ∩ A(y′)| ≤ 3 or |A(y) ∩ A(y′)| ≤ 2 for all
y, y′ ∈ Γ2(x).

Now, suppose t is infinite. Let u0 and u1 be two distinct collinear points of
Γ2(x) and let L1 denote the unique line through xmeeting u0u1. We will now define
in an inductive way a path u0, u1, u2, u3, . . . in Γ2(x). For every i ≥ 2, let Li denote
a line through x different from the lines L1, . . . , Li−1 and let ui denote the unique
point of Γ1(ui−1)∩Γ2(x) such that the line ui−1ui meets Li. For every i ∈ N\{0},
let xi denote the unique point of Li collinear with u0. One easily shows by induction
that A(u0) ∩ A(u2i) = {x1, . . . , x2i} and A(u0) ∩ A(u2i+1) = {x1, . . . , x2i+1} for
every i ∈ N.

So, if t would not be finite, then there would exist points u and v in Γ2(x)
such that |A(u)∩A(v)| = 4 and |A(u)∩A(v)| is infinite. This is impossible. Hence,
t is finite. From Theorems 1.28 and 1.29 it now follows that t ∈ {1, 2, 4}. �
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1.10.3 Generalized quadrangles of order (2, 1)

Lemma 1.33. Let Q be a generalized quadrangle of order (2, t), t ∈ {1, 2, 4}, then
every two disjoint lines are contained in a subquadrangle of order (2, 1).

Proof. Let K and L denote two disjoint lines of Q, let M1, M2 and M3 denote
the three lines of Q meeting K and L and let xi, i ∈ {1, 2, 3}, denote the unique
point of Mi not contained on K and L. Then it is easily seen that any two points
of {x1, x2, x3} are collinear. So, {x1, x2, x3} is a line. This proves the lemma. �

Corollary 1.34. There exists a unique generalized quadrangle of order (2, 1), namely
the (3 × 3)-grid.

In the sequel of this section, we will call a subquadrangle of order (2, 1) briefly
a subgrid.

1.10.4 Generalized quadrangles of order 2

Theorem 1.35. There exists a unique generalized quadrangle of order 2.

Proof. Since W (2) is a generalized quadrangle of order 2, there exists at least one
such GQ. Let Q denote a GQ of order 2, then Q contains a subgrid G by Lemma
1.33. If x is a point of Q not contained in G, then the points in G collinear with x
form an ovoid ofG. It is now easily seen that there exists a bijective correspondence
between the six points of Q not contained in G and the six ovoids of G. So, we
have given a description of the points of Q in terms of the points, lines and ovoids
of a (3×3)-gridG. The same is possible for the lines of Q as we will show now. The
generalized quadrangle Q has 15 lines, 6 lines are contained in G and the other 9
lines intersect G in a unique point. Every point x of G is contained in a unique
line Lx not contained in G and the two points of Lx different from x correspond
with the two ovoids of G through x. The theorem now readily follows. �

1.10.5 Generalized quadrangles of order (2, 4)

A proof for the uniqueness of the generalized quadrangle of order (2, 4) was inde-
pendently obtained by several people ([67], [73], [86], [89], [93]).

Lemma 1.36. Let Q be a generalized quadrangle of order (2, 4), let G be a subgrid of
Q and let x be a point of Q not contained in G. Then Q has a unique subquadrangle
isomorphic to W (2) containing G and x. As a consequence, G is contained in three
subquadrangles isomorphic to W (2).

Proof. Let x1, x2 and x3 denote the three points of G collinear with x and let
yi, i ∈ {1, 2, 3}, denote the unique third point of the line xxi. Let {a1

12, a
1
13, a

1
23}

and {a2
12, a

2
13, a

2
23} denote the two ovoids of G disjoint from {x1, x2, x3}. Without

loss of generality, we may suppose that xj ∼ ai
jk ∼ xk for every i ∈ {1, 2} and all

j, k ∈ {1, 2, 3} with j �= k. Now, let i ∈ {1, 2} and let {j, k, l} = {1, 2, 3}. Since ai
jk
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is not collinear with x and xl, it is collinear with yl and we denote the unique third
point of the line through ai

jk and yl by bi
jk. We will now show that bi

12 = bi
13 = bi

23

for every i ∈ {1, 2, 3}. Consider the two lines ai
12y3 and ai

13y2. Since ai
12 �∼ ai

13,
ai
12 �∼ y2, y3 �∼ ai

13 and y3 �∼ y2, the point bi
12 is collinear with ai

13 and y2 and
hence belongs to the line ai

13y2. It follows that bi
12 = bi

13. Hence, there exists a
point bi such that bi = bi

12 = bi
13 = bi

23. The lemma now easily follows. The unique
subquadrangle of order 2 through x and G consists of the 9 points of G, the points
x, y1, y2, y3, b1, b2, the six lines of G, the lines xxi (i ∈ {1, 2, 3}) and the lines ai

jkbi

(i ∈ {1, 2}, j, k ∈ {1, 2, 3}, j �= k). �
Theorem 1.37. There exists a unique generalized quadrangle of order (2, 4).

Proof. Let G denote a subgrid of Q and let R1, R2 and R3 denote the three
subquadrangles through G which are isomorphic to W (2). With every point x of
Q not contained in G, we associate the pair (Ox, ix) where Ox is the ovoid Γ1(x)∩G
of G and ix ∈ {1, 2, 3} such that Rix contains x. There are 18 pairs (O, i) where O
is an ovoid of G and i ∈ {1, 2, 3}, and these pairs are in bijective correspondence
with the 18 points of Q not contained in G. Just as in the proof of Theorem 1.35,
the lines which intersect G can easily be described in terms of the points, lines
and ovoids of the grid G and the elements of the set {1, 2, 3}. The same holds for
the lines of Q disjoint with G. Any such line looks like {(O1, i1), (O2, i2), (O3, i3)},
where {O1, O2, O3} is a fan of ovoids of G and {i1, i2, i3} = {1, 2, 3}. This proves
the theorem. �
Lemma 1.38. A subgrid G1 of Q(5, 2) defines a unique partition {G1, G2, G3} of
Q(5, 2) into three subgrids.

Proof. For a point x of Q := Q(5, 2), let x⊥ denote the set of points of Q collinear
with x. Call two vertices x, y ∈ Q \ G1 equivalent if x⊥ ∩ G1 and y⊥ ∩ G1 are
equal or disjoint. There are two equivalence classes C2 and C3 each containing 9
points. A point x ∈ Ci is contained in three lines meeting G1 and two lines which
are entirely contained in Ci. So, each Ci contains 9·2

3 = 6 lines. Clearly, a grid Gi

is formed by the 9 points and 6 lines in Ci. The uniqueness of {G1, G2, G3} is also
obvious. �
Remark. In the sequel the generalized quadrangles L3×L3, W (2) and Q(5, 2) will
often occur as quads in other near polygons. We will refer to them as grid-quads,
W (2)-quads and Q(5, 2)-quads, respectively.

1.10.6 Ovoids in generalized quadrangles of order (2, t)

For all generalized quadrangles of order (2, t), we list all ovoids, fans of ovoids and
rosettes of ovoids.

• Let Q be the generalized quadrangle of order (2, 1). So, Q is isomorphic to
the (3 × 3)-grid. Clearly, Q has 6 ovoids, 2 fans of ovoids and 9 rosettes of
ovoids.
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• Let Q be the generalized quadrangle of order 2. We consider Sylvester’s model
for W (2). So, the points of Q are the subsets of size 2 of a certain set X of
size 6. If x ∈ X , then the five subsets of size 2 containing x define an ovoid
Ox of Q. Since every two different points of an ovoid correspond with subsets
of size 2 which intersect in a point, it is easily seen that every ovoid of Q is
of the form Ox for a certain point x in X . So, Q has six ovoids and any two
different ovoids intersect in a unique point. There are 15 rosettes of ovoids
but no fan of ovoids.

• Let Q be the generalized quadrangle of order (2, 4). We will now show that
Q has no ovoids. Suppose the contrary and let O denote an ovoid of Q. Let G
denote a subgrid of Q and let R1, R2 and R3 denote the three subquadrangles
through G which are isomorphic to W (2). The ovoid O intersects each of the
subquadrangles G, R1, R2 and R3 in an ovoid of the respective quadrangles.
So, |G ∩ O| = 3, |G ∩ R1| = |G ∩ R2| = |G ∩ R3| = 5. The ovoid in Ri,
i ∈ {1, 2, 3}, is completely determined by O ∩ G. The two points of O ∩ Ri

which are not contained in G are the two points x of Ri\G for which Γ1(x)∩G
is an ovoid of G disjoint from O ∩ G. Let x denote a point of R1 for which
Γ1(x)∩G = O∩G and let {x, y1, y2} denote a line through x not intersecting
G. Then {Γ1(x) ∩ G,Γ1(y1) ∩ G,Γ1(y2) ∩ G} is a fan of ovoids of G. Since
Γ1(yi) ∩ G, i ∈ {1, 2}, is disjoint from O ∩ G, the point yi belongs to O. So,
|L ∩O| = 2, a contradiction.

Lemma 1.39. Let O be an ovoid of the generalized quadrangle W (2). Then there
exists a cycle of length 5 in W (2) \O.

Proof. We take Sylvester’s model for W (2) using the set X = {1, 2, 3, 4, 5, 6}.
Without loss of generality, we may suppose that O = {{1, 2}, {1, 3}, {1, 4}, {1, 5},
{1, 6}}. Then the cycle {2, 3}, {4, 5}, {3, 6}, {2, 4}, {5, 6}, {2, 3} satisfies all required
properties. �
Theorem 1.40. Let x be a point of the generalized quadrangle Q(5, 2). Then Γ2(x)
contains a cycle of length 5.

Proof. Let R be a subquadrangle ofQ(5, 2) isomorphic to W (2) and not containing
x. Such a subquadrangle exists by Lemma 1.36. The points in R collinear with x
form an ovoid O of R. By Lemma 1.39, there exists a path of length 5 completely
contained in R \O. This path is completely contained in Γ2(x). �





Chapter 2

Dense near polygons

2.1 Main results

A near polygon is called dense if every line is incident with at least three points
and if every two points at distance 2 have at least two common neighbours. The
aim of this chapter is to summarize the various nice properties which are satisfied
by dense near polygons. From Theorem 1.20, we immediately have:

Theorem 2.1. Let S be a dense near polygon. Then

(a) every two points at distance 2 are contained in a unique quad;

(b) every two intersecting lines are contained in a unique quad;

(c) every local space is linear.

Using the existence of quads, one can easily show the following.

Theorem 2.2. If S is a dense near polygon, then every point of S is incident with
the same number of lines.

Proof. If Q is a quad of S, then by Theorem 1.14, every point of Q is contained
in the same number of lines, say tQ + 1. Now, take two collinear points x and y.
The number of lines through x is equal to 1+

∑
tQ, where the summation ranges

over all quads through xy. The number 1 +
∑

tQ is also the total number of lines
through y. Hence, any two collinear points of S are contained in the same number
of lines. The theorem now follows by connectedness of S. �

If S is a dense near polygon, then we denote by tS + 1 the constant number
of lines through a point. In Section 2.2 we will prove the following Theorems 2.3,
2.4 and 2.5. These results are due to Brouwer and Wilbrink [16].

Theorem 2.3. If x and y are two points of a dense near polygon S, then C(x, y) is
the unique convex sub-[2 · d(x, y)]-gon through x and y.
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Convex subhexagons of a dense near polygon are also called hexes. Using
Theorem 2.3, we will show the following result.

Theorem 2.4. Let S be a dense near polygon, let H be a convex sub-2δ-gon of S
and let L be a line of S intersecting H in a unique point. Then C(H, L) is a convex
sub-2(δ + 1)-gon.

With every dense near 2n-gon, n ≥ 2, there is associated a rank-n-geometry.
We refer to Pasini [79] for more background information on rank-n-geometries.

Theorem 2.5. Let S be a dense near 2d-gon, d ≥ 2. Let Δ be the rank d geometry
whose elements of type i ∈ {1, . . . , d} are the convex sub-2(i−1)-gons of S (natural
incidence). Then Δ belongs to the following diagram.

• • • • •. . .L Lpoints lines quads

Definition. Let S be a dense near 2n-gon, n ≥ 3, and let x be a point of S. Let Δ
be the rank n geometry associated with S, see Theorem 2.5. Then the objects of
Δ which are incident with x form a rank n− 1 geometry G(S, x), called the local
geometry at the point x. G(S, x) is the so-called residue of x ([79]).

In this chapter, we will also prove the following results.

Theorem 2.6 (Section 2.3). Let S be a finite dense near 2d-gon. Then |Γi(x)| only
depends on i ∈ N and not on the chosen point x of S.

Theorem 2.7 (Section 2.4). If x is a point of a dense near 2d-gon, then (the
subgraph induced by) Γd(x) is connected and has diameter at most �3d

2
�.

In this chapter, we will also consider the special case of dense near polygons
with three points on each line. For these near polygons, we will derive upper
bounds for the constant number of lines through a point (Section 2.5) and we will
prove a theorem in Section 2.6 which will be very useful later when we will classify
slim dense near polygons which contain a given big convex subpolygon.

2.2 The existence of convex subpolygons

In this section we prove the existence of convex subpolygons in dense near poly-
gons. We follow more or less the approach of [16].

Let S = (P ,L, I) be a dense near 2d-gon with d ≥ 2. For all two points x
and y of S, let S(x, y) denote the set of lines through x containing a point at
distance d(x, y) − 1 from y. If d(x, y) = 0, then S(x, y) = ∅. If d(x, y) = 1, then
S(x, y) = {xy}. If d(x, y) = d, then S(x, y) = L(S, x).

Lemma 2.8. For every two different points x and y of S, S(x, y) is a subspace of
L(S, x).
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Proof. Let L1 and L2 denote two different lines through x belonging to S(x, y)
and let Q denote the unique quad through L1 and L2. Since Q contains at least
one point at distance d(x, y) from y and at least two points at distance d(x, y)− 1
from y, one of the following possibilities occurs:

(a) y is ovoidal with respect to Q and d(y, Q) = d(x, y)− 1;

(b) y is classical with respect to Q and d(x, πQ(y)) = 2.

In any case each line through x contained inQ contains a point at distance d(x, y)−
1 from y. This proves indeed that S(x, y) is a subspace of L(S, x). �

Lemma 2.9. If x, y and y′ are points such that d(y, y′) = 1 and d(x, y) = d(x, y′),
then S(x, y) = S(x, y′).

Proof. Put i := d(x, y) ≥ 1. Let y′′ denote the unique point of yy′ at distance i−1
from x. By symmetry it suffices to show that S(x, y) ⊆ S(x, y′). Let L denote an
arbitrary line through x belonging to S(x, y) and let x′ denote the unique point
of L nearest to y′′. We distinguish two possibilities:

(a) x′ �= x. Then d(y′′, x′) = i− 2, d(y, x′) = d(y′, x′) = i− 1. So, L also belongs
to S(x, y′).

(b) x′ = x. Then the projections of y and y′′ on L are different. So, L is parallel
with yy′′. Hence, d(y′, L) = d(y, L) = i− 1, proving that L ∈ S(x, y′). �

Lemma 2.10. If x, y and z are points of S such that d(y, z) = 1 and d(x, z) =
d(x, y) + 1, then S(x, y) is a proper subspace S(x, z).

Proof. Every point of Γ1(x) at distance d(x, y)− 1 from y has distance d(x, z)− 1
from z. This proves that S(x, y) ⊆ S(x, z). We will now show that S(x, y) �=
S(x, z). We prove this by induction on the distance i := d(x, y). Obviously, this
holds if i ∈ {0, 1}. So, suppose that i ≥ 2. Let x′ denote a point collinear with
x at distance i − 1 from y. By the induction hypothesis, there exists a line L ∈
S(x′, z) \ S(x′, y). The line L is different from x′x and hence Q := C(x′x, L) is a
quad. The point z is classical with respect to Q and d(z, Q) = i − 1. There are
three possibilities for the relation of y with respect to Q.

(i) The point y is ovoidal with respect to Q. Then d(y, Q) = i − 1. This is
however impossible since no point of Xi−1,O(Q) is collinear with a point of
Xi−1,C(Q), see Theorem 1.23.

(ii) The point y is classical with respect to Q and d(y, Q) = i−2. Then we would
have that πQ(y) = πQ(z), contradicting L �∈ S(x′, y).

(iii) The point y is classical with respect to Q and d(y, Q) = i− 1. Then πQ(y) =
x′ and every line of Q through x different from xx′ belongs to S(x, z) \
S(x, y). �
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Lemma 2.11. Let x, a, b and c be points of S such that d(a, b) = d(b, c) = 1,
d(x, a) = i and d(x, b) = d(x, c) = i − 1 for a certain i ∈ N \ {0}. Then any
common neighbour d of a and c different from b lies at distance i from x.

Proof. The line ab contains a unique point nearest to x. Hence, c �∈ ab. So, d(a, c) =
2 and there exists a unique quad Q through a and c. Let d′ denote the unique point
of the line bc nearest to x. Then d(x, d′) = i−2. Since Q contains points at distance
i− 2, i− 1 and i from x, x is classical with respect to Q. If d denotes any common
neighbour of a and c different from b. Then d(x, d) = d(x, d′) + d(d′, d) = i. �

Lemma 2.12. Let x, a, b and c points of S such that d(a, b) = d(b, c) = 1, d(a, c) =
2, d(x, a) = d(x, c) = i and d(x, b) = i− 1 for a certain i ∈ N \ {0}. If x is ovoidal
with respect to the quad C(a, c), then there exists a path of length at most 3 between
a and c which is completely contained in Γi(x).

Proof. The quad Q := C(a, c) only contains points at distance i − 1 and i from
x. If there exists a point in Γ1(a) ∩ Γ1(c) at distance i from x, then the lemma
holds. So, we may suppose that any common neighbour of a and c is contained in
Γi−1(x). Let d1 denote a point of ab different from a and b. Then d(d1, c) = 2. Let
d2 denote any common neighbour of d1 and c different from b. Then d(a, d2) = 2.
By our assumption, any point of Γ1(c) ∩ Q at distance i − 1 from x is collinear
with a. As a consequence, d2 lies at distance i from x. The path (a, d1, d2, c) now
satisfies all required conditions. �

Lemma 2.13. Let x, a, b and c be points of S such that d(a, b) = d(b, c) = 1,
d(a, c) = 2, d(x, a) = d(x, c) = i and d(x, b) = i− 1 for a certain i ∈ N \ {0, 1}. If
x is classical with respect to Q := C(a, c) and d(x, Q) = i − 2, then there exists a
path of length at most 3 between a and c which is completely contained in Γi(x).

Proof. The quad Q only contains points at distance i − 2, i − 1 and i from x.
Suppose that any common neighbour of a and c lies at distance i− 1 from x. By
Theorem 1.21, there exists a path of length 3 in Γ2(πQ(x)) ∩Q connecting a and
c. This path is completely contained in Γi(x). �

Definitions. If γ = (y0, . . . , yk) denotes a path of S, then we define b(γ) := y0 and
e(γ) := yk. For every point x of S, let Ωx denote the set of all paths (y0, . . . , yk) in
S for which (S(x, yi) \S(x, yi−1))∩S(x, y0) �= ∅ for every i ∈ {1, . . . , k} such that
d(x, yi) > d(x, yi−1). For each such path γ, we define i(γ) :=

∑k
i=0 3

d(x,y0)−d(x,yi).
For every two different points x and y of S at distance i ≥ 1 from each other, we
define the following sets:

• H1(x, y) = {u ∈ P |S(x, u) ⊆ S(x, y)};
• H2(x, y) contains all points u which are contained on a shortest path between

x and a point of the component Cy of (the subgraph induced by) Γi(x) to
which y belongs.

• H3(x, y) = {e(γ) | γ ∈ Ωx and b(γ) = y}.



2.2. The existence of convex subpolygons 31

For every point x of S, we define H1(x, x) = H2(x, x) = H3(x, x) = {x}.
Theorem 2.14. For all points x and y of S, H1(x, y) = H2(x, y) = H3(x, y).

Proof. We may suppose that x �= y. If y′ is a point of Cy, then by Lemma 2.9,
S(x, y′) = S(x, y). By Lemma 2.10, it then follows that H2(x, y) ⊆ H1(x, y). If u
is a point of H1(x, y), then the path of S which consists of a shortest path between
y and x followed by a shortest path between x and u belongs to Ωx by Lemma
2.10. As a consequence, H2(x, y) ⊆ H1(x, y) ⊆ H3(x, y). We will now prove that
H3(x, y) ⊆ H2(x, y). So, let z denote an arbitrary point of H3(x, y). Let γ denote
a path of Ωx with b(γ) = y, e(γ) = z and i(γ) as small as possible.

• Suppose that there exist successive points u, v and w in γ such that d(x, v) =
d(x, w) = d(x, u)− 1. By Lemma 2.11, any common neighbour ṽ of u and w
different from v lies at distance d(x, u) from x. Now, if we change the subpath
(u, v, w) of γ by (u, ṽ, w), then we obtain a path γ̃ ∈ Ωx with b(γ̃) = y,
e(γ̃) = z and i(γ̃) < i(γ), a contradiction.

• Suppose that there exist successive points u, v and w in γ such that d(x, u) =
d(x, w) = d(x, v) + 1. If u, v and w are on a line and u = w, then omitting
the points v and w in the path γ, we obtain a path γ̃ with b(γ̃) = y, e(γ̃) = z
and i(γ̃) < i(γ), a contradiction. If u, v and w are on a line and u �= w, then
omitting the point v in the path γ, we obtain a path γ̃ with b(γ̃) = y, e(γ̃) = z
and i(γ̃) < i(γ), a contradiction. So, we may suppose that d(u, w) = 2. Let
Q denote the unique quad through u and w. There are three possibilities.

(i) x is ovoidal with respect to Q. By Lemma 2.12, we can replace the
subpath (u, v, w) of γ by a path of length at most 3 between u and w
which only contains points at distance d(x, u) from x. In this way, we
obtain a path γ̃ with b(γ̃) = y, e(γ̃) = z and i(γ̃) < i(γ), a contradiction.

(ii) x is classical with respect to Q and d(x, Q) = d(x, u) − 2. By Lemma
2.13, we can replace the subpath (u, v, w) of γ by a path of length
at most 3 between u and w containing only points at distance d(x, u)
from x. In this way, we obtain a path γ̃ with b(γ̃) = y, e(γ̃) = z and
i(γ̃) < i(γ), a contradiction.

(iii) x is classical with respect to Q and i := d(x, Q) = d(x, u)−1. Obviously,
S(x, v) ⊆ S(x, u) ∩ S(x, w). Suppose that there exists a line L which
is contained in S(x, u) ∩ S(x, w) but not in S(x, v). This line cannot
contain a point at distance i − 1 from Q, otherwise L would be con-
tained in S(x, v). The line L contains two different points of Γi(Q) and
hence is completely contained in Xi,C(Q) by Theorem 1.23. Every point
of Q at distance i from L lies on the line πQ(L). So, u, v, w ∈ πQ(L),
a contradiction. As a consequence, S(x, v) = S(x, u) ∩ S(x, w). Now,
let ṽ be a common neighbour of u and w different from v. Then
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(S(x, ṽ) \ S(x, u)) ∩ S(x, y) ⊇ (S(x, w) \ S(x, u)) ∩ S(x, y) = (S(x, w) \
S(x, v))∩S(x, y) �= ∅. So, replacing the subpath (u, v, w) of γ by (u, ṽ, w)
we find a path γ̃ with b(γ̃) = y, e(γ̃) = z and i(γ̃) < i(γ), a contradic-
tion.

• We will show that every point of γ lies at distance at most d(x, y) from
x. Suppose the contrary and let u denote the first point on γ for which
this does not hold and let v denote the point just before u on γ. Then
j := d(x, v) = d(x, y) and d(x, u) = d(x, y) + 1. By the previous reasoning,
we know that the part of the path γ before u is completely contained in Γj(x).
This would imply that S(x, v) = S(x, y) and (S(x, u) \S(x, v))∩S(x, y) = ∅,
a contradiction.

Let y∗ denote the last point on the path γ for which d(x, y∗) = d(x, y). Then
y∗ ∈ Cy and by the previous reasoning we know that z is contained on a shortest
path between y∗ and x. This proves that H3(x, y) ⊆ H2(x, y). As a consequence,
H1(x, y) = H2(x, y) = H3(x, y). �

Definition. For every two points x and y of S, we define H(x, y) := H1(x, y) =
H2(x, y) = H3(x, y).

Lemma 2.15. For all points x and y of S, H(x, y) contains all points of a geodesic
path between x and any of its points.

Proof. Suppose that u is contained on a geodesic path between x and a point
v ∈ H(x, y). Then S(x, u) ⊆ S(x, v) ⊆ S(x, y). This proves that u ∈ H(x, y). �

Lemma 2.16. For all points x and y of S, H(x, y) is a subspace.

Proof. Let u and v denote two different collinear points of H(x, y) and let w
denote a third point on the line uv. Without loss of generality, we may suppose
that d(x, u) ≥ d(x, v). If d(x, w) = d(x, u)− 1, then w ∈ H(x, y) by Lemma 2.15.
If d(x, w) = d(x, u), then S(x, w) = S(x, u) ⊆ S(x, y) by Lemma 2.9. Hence, also
w ∈ H(x, y) in that case. This proves that H(x, y) is a subspace. �

Lemma 2.17. Let x and y be two different points of S and let x1 be a point of
H(x, y) collinear with x such that d(x1, y) = d(x, y). Then H(x1, y) = H(x, y).

Proof. The set H(x1, y) is a subspace. By symmetry, it suffices to show that
H(x1, y) ⊆ H(x, y).

Step 1. If L is a line of H(x1, y) intersecting H(x, y) in a unique point, then
L ∩H(x, y) = {πL(x)} = {πL(x1)}.
Proof. Put L∩H(x, y) = {u}. If u �= πL(x), then by Lemma 2.15, H(x, y) contains
the point πL(x) since it is on a shortest path between the points x and u ofH(x, y).
This is however impossible since u is the only point of H(x, y) on L. So, πL(x) = u.
Suppose πL(x1) �= πL(x). Then the line xx1 is parallel with L. Consider now the
path γ which consists of a shortest path between y and x followed by a shortest
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path between x and πL(x) followed by the path (πL(x), πL(x1)). This path belongs
to Ωx. As a consequence πL(x1) ∈ H(x, y), contradicting our assumption that
u = πL(x) is the only point on L ∩ H(x, y). Hence, L ∩ H(x, y) = {πL(x)} =
{πL(x1)}. �
Step 2. Let C′y denote the component of y in Γi(x1). Then C′y ⊆ H(x, y).

Proof. Let v ∈ C′y and consider a path y = u0, u1, . . . , uk = v in C ′y connecting y
and v. Using induction on i and using Step 1, one easily sees that ui ∈ H(x, y) for
every i ∈ {0, . . . , k}. In particular, v ∈ H(x, y). �
Step 3. H(x1, y) ⊆ H(x, y).

Proof. Let z be an arbitrary point of H(x1, y). Then z is on a geodesic path
u0, u1, . . . , uk of length k = d(x1, y) − d(x1, z) between a point u0 of C ′y and the
point uk = z. By Step 2, we have u0 ∈ H(x, y). Using induction on i and using
Step 1, one easily sees that ui ∈ H(x, y) for every i ∈ {0, . . . , k}. In particular,
z ∈ H(x, y). �
Lemma 2.18. If x and y are two different points of S, then for every u ∈ H(x, y),
there exists a point v ∈ H(x, y) at distance d(x, y) from u such that H(u, v) =
H(x, y).

Proof. Put d(x, y) = i. By connectedness of H(x, y) it suffices to prove this for
every point u collinear with x. By Lemma 2.17, the property holds if d(u, y) = i. So,
suppose that d(u, y) = i− 1. Since S(y, u) �= S(y, x), see Lemma 2.10, there exists
a line L ∈ S(y, x)\S(y, u). Let y′ denote a point of L contained in Γi(x)\{y}. Then
y′ has distance i from x and u. As a consequence, H(u, y′) = H(x, y′) = H(x, y).
(The latter equality follows from the fact that S(x, y′) = S(x, y), see Lemma
2.9.) �
Lemma 2.19. For all points x and y of S, H(x, y) is convex.

Proof. Let u1 and u2 denote two arbitrary points of H(x, y). Let v1 be a point of
H(x, y) such that H(u1, v1) = H(x, y). By Lemma 2.15, every point on a shortest
path between u1 and u2 belongs to H(u1, v1) = H(x, y). As a consequence, H(x, y)
is convex. �
Lemma 2.20. For all points x and y of S, H(x, y) has diameter d(x, y).

Proof. Let u1 and u2 denote two arbitrary points of H(x, y). Let v1 be a point
of H(x, y) at distance d(x, y) from u1 such that H(u1, v1) = H(x, y). Since u2 ∈
H(u1, v1), u2 is contained on a shortest path between u1 and a point at distance
d(x, y) from u1. As a consequence, d(u1, v1) ≤ d(x, y). �
Corollary 2.21. For all points x and y of S, H(x, y) induces a convex
sub-[2 · d(x, y)]-gon.

Theorem 2.22. Let x and y be two points of S. Then every convex subpolygon H
through x and y contains H(x, y). As a consequence, H(x, y) = C(x, y).
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Proof. Put i := d(x, y) and let Cy denote the component of Γi(x) to which y
belongs. Suppose that z and z′ are two different collinear points of Γi(x) and let
z′′ denote the unique point of the line zz′ at distance i− 1 from x. If z ∈ H , then
z′′ ∈ H since z′′ is on a shortest path between two vertices of H . As a consequence,
the line zz′′ is completely contained in H . In particular, z′ ∈ H . Since y ∈ H ,
it now follows that every point of Cy is contained in H . Now, every point u of
H(x, y) is contained on a shortest path between x and a point of Cy and hence also
belongs to H . This proves that H(x, y) ⊆ H . Since C(x, y) is the smallest convex
subpolygon through the points x and y, we necessarily have C(x, y) = H(x, y). �

We will now prove Theorems 2.3 and 2.4.

Theorem 2.23. Let x and y denote points of S at distance i from each other. Then
H(x, y) = C(x, y) is the unique convex sub-2i-gon through x and y.

Proof. Let H ′(x, y) denote a convex sub-2i-gon through x and y. By Theorem
2.22, H(x, y) ⊆ H ′(x, y). Let Lx denote the set of lines through x contained in
H ′(x, y). Since the maximal distance between two points of H ′(x, y) is equal to
i, every line of Lx contains a point at distance i − 1 from y. As a consequence,
Lx ⊆ S(x, y). Now, let u denote an arbitrary point of H ′(x, y). Since H ′(x, y) is
convex, S(x, u) ⊆ Lx. Hence, S(x, u) ⊆ S(x, y) and u ∈ H(x, y). This also proves
that H ′(x, y) ⊆ H(x, y). �
Theorem 2.24. Let H be a convex sub-2δ-gon of S and let L be a line of S inter-
secting H in a unique point x. Then C(H, L) is a convex sub-(2δ + 2)-gon.

Proof. Let y ∈ L \ {x} and z ∈ H at distance δ from x. By Theorem 1.5, y is
classical with respect to H . Hence, d(y, z) = δ + 1 and C(y, z) is a convex sub-
(2δ+2)-gon. Since y, z ∈ C(H, L), C(y, z) ⊆ C(H, L). Now, since x is on a shortest
path between y and z, x ∈ C(y, z), L = C(x, y) ⊆ C(y, z) and C(x, z) ⊆ C(y, z).
By Theorem 2.23, H = C(x, z). So, C(H, L) ⊆ C(y, z). It follows that C(H, L) =
C(y, z). This proves the theorem. �
Theorem 2.25. Let H1 be a convex sub-2i-gon of S and let H2 and H3 be two
different convex sub-2(i+ 1)-gons through H1. Then

• H2 ∩H3 = H1;

• there exists a unique convex sub-2(i+ 2)-gon through H2 and H3.

Proof. From Theorem 2.24, it follows that H2 ∩H3 = H1. Let u denote a point
of H2 such that d(u, H1) = 1, let v denote the unique point of H1 collinear with
u and let w denote a point of H3 at distance i + 1 from v. Since u is classical
with respect to H3 and u �∈ H3, d(u, w) = d(u, v) + d(v, w) = i + 2. Obviously,
every convex sub-2(i+2)-gon through H2 and H3 must coincide with C(u, w). So,
it suffices now to prove that C(u, w) contains H2 and H3. Since C(u, w) contains
the point v, H3 = C(v, w) is contained in C(u, w). In particular, C(u, w) contains
H1. Now, C(u, w) also contains C(H1, uv). By Theorem 2.24, C(H1, uv) = H2. This
proves the theorem. �
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The following corollary of Theorem 2.25 is precisely Theorem 2.5.

Corollary 2.26. Let Δ be the rank d geometry whose elements of type i ∈ {1, . . . , d}
are the convex sub-2(i− 1)-gons of S (natural incidence). Then Δ belongs to the
following diagram:

• • • • •. . .L Lpoints lines quads

Theorem 2.27. The subgraph induced by Γ on Γd(x) is connected for every point
x of S.

Proof. Let y and y′ denote two points of Γd(x) and let Cy denote the connected
component of Γd(x) to which y belongs. Since S(x, y) = L(S, x) = S(x, y′), the
point y′ is contained on a shortest path between x and a point y′′ of Cy. Hence,
y′ = y′′ ∈ Cy. �

In Section 2.4, we will determine an upper bound for the diameter of Γd(x).

Theorem 2.28. A point x is classical with respect to a convex sub-2δ-gon H of S
if and only if there exists a point y ∈ H at distance d(x, H) + δ from x.

Proof. Suppose first that x is classical with respect to H and let y denote a
point of H at distance δ from πH(x). Then d(x, y) = d(x, πH (x)) + d(πH(x), y) =
d(x, H) + δ.

Conversely, suppose that there exists a point y ∈ H such that d(x, y) =
d(x, H)+ δ and let x′ denote a point of H at distance d(x, H) from x. Every point
of Γ1(y)∩Γδ−1(x′) lies at distance at most d(x, H)+δ−1 from x. As a consequence,
every point of Γ1(y)∩Γδ−1(x′) lies at distance precisely d(x, H)+δ−1 from x. Since
every line of H through y contains a unique point at distance δ− 1 from x′, every
point of Γ1(y) ∩ Γδ(x′) lies at distance d(x, H) + δ from x. By the connectedness
of Γδ(x′) ∩ H it follows that every point of Γδ(x′) ∩ H has distance d(x, H) + δ
from x. Now, consider an arbitrary point z of H . Then z is contained on a shortest
path between x′ and a point y′ of Γδ(x′) ∩ H . From d(x, z) ≤ d(x, x′) + d(x′, z)
and d(x, z) ≥ d(x, y′)−d(z, y′) = d(x, y′)−d(x′, y′)+d(x′, z) = d(x, x′)+d(x′, z),
it follows that d(x, z) = d(x, x′) + d(x′, z). This means that x is classical with
respect to H and that πH(x) = x′. �

Theorem 2.29. Let H be a convex sub-2δ-gon of S and let x be an arbitrary point
of H. Then for every i ∈ {0, . . . , d− δ}, there exists a point y satisfying:

• d(y, H) = d(y, x) = i;

• y is classical with respect to H.

Proof. We will prove this by induction on i. Obviously, the theorem holds if i = 0.
So, suppose i ≥ 1 and that y′ is a point of S such that (a) d(y′, H) = d(y′, x) = i−1
and (b) y′ is classical with respect to H . Let z denote a point of H at distance δ
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from x. Then d(y′, z) = d(y′, x) + d(x, z) = i − 1 + δ. Since i − 1 + δ < d, there
exists a point y collinear with y′ not contained in C(y′, z). Since x is contained
in a shortest path between y′ and z, H = C(x, z) ⊆ C(y′, z). Now, by Theorem
1.5, y is classical with respect to C(y′, z). Hence, d(y, x) = d(y, y′) + d(y′, x) = i,
d(y, H) = d(y, y′) + d(y′, H) = i and d(y, u) = d(y, y′) + d(y′, u) = d(y, y′) +
d(y′, x)+d(x, u) = d(y, x)+d(x, u) for every u ∈ H . This proves the theorem. �

Theorem 2.30. A convex sub-2(d− 1)-gon H of S is big in S if and only if every
quad which meets H either is contained in H or intersects H in a line.

Proof. If H is big, then by Theorem 1.7 it follows that every quad which meets H
either is contained in H or intersects H in a line.

Conversely, suppose that every quad which meets H either is contained in
H or intersects H in a line. If H were not big, then there would exist two points
x and y with x ∈ Γ2(H), y ∈ H and d(x, y) = 2. The quad C(x, y) would then
intersect H in a point, a contradiction. Hence, H is big. �

We can improve Theorem 2.30 as follows.

Theorem 2.31. Let H be a convex subpolygon of S and let x be an arbitrary point
of H. Then H is big in S if and only if every quad through x either is contained
in H or intersects H in a line.

Proof. If H is big in S, then every quad through x either is contained in H or
intersects H in a line, see Theorem 2.30. Conversely, suppose that every quad
through x either is contained in H or intersects H in a line. Suppose that H is not
big in S. Choose points y and y′ satisfying d(y, H) = 2 and y′ ∈ Γ2(y) ∩H with
d(x, y′) as small as possible. If y′ = x, then C(x, y) ∩ H = {x}, a contradiction.
So, y′ �= x and we can take a point z′ collinear with y′ at distance d(x, y′) − 1
from x. In the hex C(z′, y′, y) we take a line K through y which is not contained
in the quad C(y, y′). Let z denote the unique point of K at distance 2 from z′.
By the minimality of d(x, y′), z is collinear with a point z̃ ∈ H . Since d(z, z′) = 2
and d(z, y′) = 3, d(z̃, z′) = 1 and d(z̃, y′) = 2. Hence the hex C(z′, y′, y) intersects
H in the quad R := C(z̃, z′, y′). Since y has distance 2 or 3 to every point of R,
Γ2(y) ∩R is an ovoid O of R. Now, O contains a point u not collinear with z′. If
v denotes a common neighbour of u and y, then the line yv has a unique point w
at distance 2 from z′. Since d(v, z′) = 1 + d(u, z′) = 3, w �= v and w has distance
2 from H , contradicting the minimality of d(x, y′). As a consequence, H is big in
S. �

Theorem 2.32. Let H be a convex sub-2m-gon of S which is classical in S and
let x be a point of H. If H ′ is a convex sub-2(d − m + δ)-gon through x, then
diam(H ∩H ′) ≥ δ.

Proof. Let y denote a point of H ′ at distance d −m + δ from x. Since y is clas-
sical with respect to H , d(y, πH(y)) ≤ d − m. Hence, d(x, πH (y)) ≥ δ. Now,
πH(y) belongs to H ′ since it is contained in a shortest path between x and
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y. Since x, πH (y) ∈ H ′ ∩ H , C(x, πH(y)) ⊆ H ′ ∩ H . Hence, diam(H ′ ∩ H) ≥
diam(C(x, πH (y))) ≥ δ. �

2.3 Proof of Theorem 2.6

We take the proof of [45]. For a convex subpolygon F of a dense near polygon S′
and an i ∈ N, we define the following sets:

• GC(S′): the set of all convex subpolygons of S′,
• GCi(S ′): the set of all convex sub-2i-gons of S ′,
• GCi(S ′, F ): the set of all convex sub-2i-gons of S′ containing F .

For every point x of S′ and every i ∈ N, we define GCi(S ′, x) := GCi(S′, {x}) and
ni(S′, x) denotes the number of points of S ′ at distance i from x. By Theorem 2.3,

ni(S′, x) =
∑

U∈GCi(S′,x)

ni(U, x). (2.1)

Using Theorem 1.2, we easily see that the following property holds.

Property. Let S ′ be a finite dense near 2d′-gon, d′ ≥ 2, of order (s, t) and let x be
a point of S′. Then

nd′(S ′, x) = v −
d′−1∑
i=0

ni(S′, x), (2.2)

nd′−1(S ′, x) =
1

s+ 1

⎛
⎝v +

d′−2∑
i=0

[(−s)d
′−i − 1] · ni(S ′, x)

⎞
⎠ , (2.3)

where v denotes the total number of points of S′. As a consequence, if the numbers
ni(S′, x), i ∈ {0, . . . , d′−2}, do not depend on x, then also the numbers nd′−1(S′, x)
and nd′(S′, x) do not depend on x.

We will prove Theorem 2.6 by induction on the pair (d, i). We will use the
following ordering on the set of all such pairs: (d′, i′) < (d, i) if either d′ < d or (d′ =
d and i′ < i). Obviously, the theorem is true if (d, i) ≤ (2, 0). Suppose therefore
that (d, i) > (2, 0) and that the theorem holds for any finite dense near 2d′-gon
S ′ and any i′ ∈ {0, . . . , d′} satisfying (d′, i′) < (d, i) (= Induction Hypothesis). In
particular, the theorem holds for any proper convex subpolygon of S.

Suppose first that not every line of S is incident with the same number of
points. Then by Theorem 1.12, there exist dense near polygons S1 and S2 satisfying
S ∼= S1×S2, diam(S1) < diam(S) and diam(S2) < diam(S). For every point (x, y)
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of S1 × S2, we have ni(S1 × S2, (x, y)) =
∑i

j=0 nj(S1, x) · ni−j(S2, y) and, by the
Induction Hypothesis, this number does not depend on the chosen point (x, y).

So, we may suppose that S has an order (s, t), where t = tS . By connectedness
of S, it suffices to show that ni(S, x) = ni(S, y) for two arbitrary collinear points
x and y. By the above Property, we only need to consider the case i ≤ d− 2. By
equation (2.1), we have

ni(S, x) =
∑

U∈GCi(S,xy)

ni(U, x) +
∑

U∈GCi(S,x)\GCi(S,xy)

ni(U, x). (2.4)

By Theorem 2.24,∑
U∈GCi(S,x)\GCi(S,xy)

ni(U, x) =
∑

V ∈GCi+1(S,xy)

∑
U∈GCi(V,x)\GCi(V,xy)

ni(U, x).

Now, ∑
U∈GCi(V,x)\GCi(V,xy)

ni(U, x) = ni(V, x)−
∑

U∈GCi(V,xy)

ni(U, x)

by equation (2.4). So,

ni(S, x) =
∑

U∈GCi(S,xy)

ni(U, x) +
∑

V ∈GCi+1(S,xy)

⎛
⎝ni(V, x) −

∑
U∈GCi(V,xy)

ni(U, x)

⎞
⎠ .

(2.5)
All convex subpolygons occurring in the right-hand side of the latter equation
contain the point y and have diameter at most i+ 1. Since i+ 1 ≤ d− 1, we can
apply the Induction Hypothesis. It follows that

ni(S, x) =
∑

U∈GCi(S,xy)

ni(U, y) +
∑

V ∈GCi+1(S,xy)

⎛
⎝ni(V, y)−

∑
U∈GCi(V,xy)

ni(U, y)

⎞
⎠ .

Now, applying equation (2.5) with y instead of x, we obtain that

ni(S, x) = ni(S, y).

As mentioned earlier, the theorem now follows from the connectedness of S. �

2.4 Upper bound for the diameter of Γd(x)

In this section, let S = (P ,L, I) be a dense near 2d-gon and let x denote an
arbitrary point of S. In Theorem 2.27, we showed that the graph induced by Γ on
Γd(x) is connected. The aim of this section is to derive an upper bound for the
diameter of Γd(x). We follow the approach of [37].

Definitions. A path γ = (x0, x1, . . . , xk) in S is called saw-edged (with respect to
x) if the following three conditions are satisfied:
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(1) d(x, x0) = d(x, xk);

(2) d(x, xi) ∈ {d(x, x0), d(x, x0) + 1} for all i ∈ {0, . . . , k};
(3) if d(x, xi) = d(x, x0) + 1, then d(x, xi−1) = d(x, xi+1) = d(x, x0).

Let l(γ) = k denote the length of γ. We call l̄(γ) = l(γ) + t(γ) the modified length
of γ; here t(γ) denotes the number of teeth of γ, i.e. the number of vertices xi,
i ∈ {0, . . . , k}, at distance d(x, x0) + 1 from x.

Theorem 2.33. Let y, z ∈ P such that d(x, y) = d(x, z). If y and z are connected
by a path of length δ consisting only of points at distance at most d(x, y) from x,
then y and z are connected by a saw-edged path γ with l̄(γ) ≤ 3

2
δ.

Proof. We use induction on δ. Clearly, the theorem holds if δ = 0 or δ = 1. Let
δ = 2 and let u and u′ be two common neighbours of y and z. We may suppose
that d(x, u) = d(x, u′) = d(x, y) − 1. Choose now collinear points v ∈ uz \ {u, z}
and v′ ∈ yu′ \ {y, u′}, then the path (y, v′, v, z) is saw-edged and has modified
length 3. Suppose therefore that δ ≥ 3 and consider a path y = x0, x1, . . . , xδ = z
for which d(x, xi) ≤ d(x, y) for all i ∈ {0, . . . , δ}. If d(x, xi) = d(x, y) for some
i ∈ {1, . . . , δ − 1} then there exists a saw-edged path of modified length at most
3
2
i+ 3

2
(δ − i) = 3

2
δ connecting y and z. Suppose therefore that d(x, xi) < d(x, y)

for all i ∈ {1, . . . , δ− 1}. By induction, x1 and xδ−1 are connected by a saw-edged
path γ1 with l̄(γ1) ≤ 3

2(δ − 2) = 3
2δ − 3. The path γ1 can be extended to a path

γ2 of length k = l(γ1) + 2 connecting y and z. By Lemma 2.11, the path γ2 can
be replaced by a path γ3 = (a0, . . . , ak) which satisfies the following properties:

(a) a0 = y, ak = z;

(b) there are exactly t(γ1) + 1 points ai, i ∈ {0, . . . , k}, satisfying d(x, ai) =
d(x, y)− 1; all the other points of the path γ3 lie at distance d(x, y) from x.

(c) If d(x, ai) = d(x, y)−1 for some i ∈ {0, . . . , k}, then d(x, ai−1) = d(x, ai+1) =
d(x, y).

If d(x, ai) = d(x, y)− 1 for some i ∈ {0, . . . , k}, then the path (ai−1, ai, ai+1) can
be replaced by a saw-edged path of modified length at most 3. Hence y and z are
connected by a saw-edged path of length at most

l(γ3)− 2(t(γ1) + 1) + 3(t(γ1) + 1) = l(γ1) + t(γ1) + 3 = l̄(γ1) + 3 ≤ 3
2
δ. �

Corollary 2.34. (a) If y and z are points of S such that d(x, y) = d(x, z), then
they are connected by a saw-edged path γ with l̄(γ) ≤ 3 d(x, y).

(b) For every point x of S, Γd(x) has diameter at most � 3
2d�.
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2.5 Upper bounds for t + 1 in the case of slim dense
near polygons

Recall that a near polygon is called slim if every line is incident with precisely
three points. In this section, we will prove the following result.

Theorem 2.35. There exist constants Mi, i ∈ N \ {0}, such that tS ≤Mi for every
slim dense near 2i-gon S. In particular, S is finite.

This theorem has been proved in [20] for generalized quadrangles (see also
Theorem 1.32), in [12] for near hexagons and in [37] for general near polygons. We
follow the approach of [37].

We will prove Theorem 2.35 by induction on the diameter of the near polygon.
Obviously, the theorem holds if the diameter is equal to 1 (M1 = 0). By Theorem
1.32, the result is also true if the diameter is equal to 2 (M2 = 4). So, suppose that
S is a dense slim near 2d-gon with d ≥ 3 and that Theorem 2.35 holds for any
dense slim near polygon of diameter at most d− 1. In particular, we suppose that
the theorem holds for any convex subpolygon of S. Let M be a positive integer
such that every convex sub-2(d − 1)-gon H of S has order (2, tH) with tH ≤ M .
Let x denote an arbitrary point of S and put t := tS .

Lemma 2.36. If there is a cycle of length 2n + 1, n > 1, in Γd(x), then t + 1 ≤
(2n+ 1)(M + 1).

Proof. Let y0, y1, . . . , y2n+1 = y0 be a cycle of length 2n + 1 in Γd(x). Let zi,
i ∈ {0, . . . , 2n}, denote the unique third point on the line yiyi+1. Suppose that
t+1 > (2n+1)(M+1). Then there exists a line L through x which is not contained
in one of the subpolygons H(x, zi). Now, let u be the point of L at distance d− 1
from y0. If d(u, zi) ≤ d − 1 for a certain i ∈ {0, . . . , 2n}, then d(x, zi) = d − 1
implies that d(w, zi) = d − 2 for a certain point w on xu or that L is contained
in H(x, zi), a contradiction. Hence d(u, zi) = d for every i ∈ {0, . . . , 2n}. Since
d(u, y0) = d − 1 and d(u, z0) = d, we necessarily have that d(u, y1) = d. Since
d(u, y1) = d and d(u, z1) = d, d(u, y2) = d − 1. Repeating this argument several
times, one finds that d(u, y2n+1) = d, contradicting d−1 = d(u, y0) = d(u, y2n+1).
Hence t+ 1 ≤ (2n+ 1)(M + 1). �
Corollary 2.37. At least one of the following possibilities occurs:

(1) t+ 1 ≤ (2� 3d
2 �+ 1)(M + 1),

(2) Γd(x) is a bipartite graph.

Proof. Let d′(·, ·) denote the distance in Γd(x). Suppose that Γd(x) is not bipartite.
Let y denote an arbitrary point of Γd(x). Define V+ := {z ∈ Γd(x) | d(y, z) is even}
and V− := {z ∈ Γd(x) | d(y, z) is odd}. Since Γd(x) is not bipartite, there exists
an edge connecting two vertices of Vε for a certain ε ∈ {+,−}. This edge gives rise
to a closed path which contains y and whose length l is odd and at most equal to
2� 3d

2 �+ 1. The result then follows from Lemma 2.36. �
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Theorem 2.38. If Γd(x) is bipartite, then t+ 1 ≤ � 3d
2 �(M + 1)2.

Proof. Let d′(·, ·) denote the distance in Γd(x). Let y be a fixed vertex of Γd(x).
For every z ∈ Γd(x), let Cz be the set of lines through x containing a point of
Γd−1(y) ∩ Γd−1(z), and let Dz denote the set of all the other lines through x. If
d′(y, z) is even, then we put Az := Dz and Bz := Cz ; otherwise Az := Cz and
Bz := Dz. Clearly Ay = ∅. For two collinear points z and z′ in Γd(x), let Ez,z′

denote the set of all lines through x contained in H(x, z′′) with z′′ the unique
third point of the line zz′. Since Γ1(x)∩ (Γd−1(z)∩Γd−1(z′)) = Γ1(x)∩Γd−2(z′′),
we have that Az′ = Az ΔEz,z′ , the symmetrical difference of Az and Ez,z′ . Hence
for every point z of Γd(x), |Az | ≤ �3d

2
�(M + 1). Now, let z be a point of Γd(x)

for which |Az| is maximal. Let Az = {L1, . . . , L|Az|}. For every i ∈ {1, . . . , |Az|},
let Hi denote the unique convex subpolygon through z and the unique point of
Li at distance d − 1 from z. If there would be a line zz′, z′ ∈ Γd(x), through z
not contained in any of these subpolygons, then |Az′ | = |Az | + |Ez,z′ | > |Az |, a
contradiction. Hence t+ 1 ≤ �3d

2 �(M + 1)2. �

Theorem 2.35 now follows from Corollary 2.37 and Theorem 2.38. In certain
cases, we are able to improve the upper bound given in Lemma 2.36.

Theorem 2.39. Let H be a convex sub-2δ-gon of S. If there exists a (2n+1)-cycle
in Γδ(x) ∩H for some point x ∈ H, then t+ 1 ≤ (2n+ 1)(M + 1)− 2n(d− δ).

Proof. By Theorem 2.29, there exists a point y at distance d(y, x) = d(y, H) = d−δ
from x such that y is classical with respect to H . If C(x, y) has order (2, N), then
a similar reasoning as in the proof of Lemma 2.36 yields (t + 1) − (N + 1) ≤
(2n + 1)((M + 1) − (N + 1)). Hence t + 1 ≤ (2n + 1)(M + 1) − 2n(N + 1). The
theorem now follows since N + 1 ≥ d− δ. [In a dense near 2d̃-gon, the number of
lines through a given point is at least d̃, as one can easily show by induction on d̃,
making use of Theorem 2.3.] �

By Theorem 1.40, the previous theorem applies if H ∼= Q(5, 2). In Chapter
6, we will give other examples of near polygons H for which the theorem applies
(Theorems 6.4, 6.54, 6.68 and 6.80).

2.6 Slim dense near polygons with a big convex

subpolygon

In this section, we will prove a result which will be very useful for classifying slim
dense near polygons containing a big convex subpolygon.

2.6.1 Statement of the result

Let S be a dense slim near 2d-gon and let F denote a big convex subpolygon of
S. Define the following geometry Ω(S, F ).
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• The POINTS of Ω(S, F ) are the lines of S which intersect F in a unique
point.

• The LINES of Ω(S, F ) are the (not necessarily convex) subgrids of S which
intersect F in a line.

• Incidence is containment.

We will prove the following result.

Theorem 2.40. For every i ∈ {1, 2}, let Si denote a dense slim near 2d-gon and
let Fi denote a big convex subpolygon of Si. Then Ω(S1, F1) ∼= Ω(S2, F2) if and
only if there exists an automorphism from S1 to S2 mapping F1 to F2.

Obviously, if there exists an automorphism from S1 to S2 mapping F1 to
F2, then Ω(S1, F1) ∼= Ω(S2, F2). We will prove the other direction in the following
section.

2.6.2 Proof of Theorem 2.40

We will take the proof from [34]. Let θ denote an isomorphism from Ω(S1, F1) to
Ω(S2, F2). Let di(·, ·) denote the distance in Si, i ∈ {1, 2}. For every j ∈ N and
every POINT K of Ω(Si, Fi), i ∈ {1, 2}, Γ∗j (K) denotes the set of POINTS of
Ω(Si, Fi) at distance j from K. We prove Theorem 2.40 in a sequence of lemmas.

Definition. If x is a point of Si, i ∈ {1, 2}, then we denote the point πFi(x) also
by π(x).

Lemma 2.41. Two POINTS K and L of Ω(Si, Fi), i ∈ {1, 2}, are parallel regarded
as lines of Si if and only if the distance between K and L in Ω(Si, Fi) is equal to
di(K ∩ Fi, L ∩ Fi).

Proof. We first notice that if K and L are two POINTS of Ω(Si, Fi), i ∈ {1, 2},
then di(K, L) = di(K ∩ Fi, L ∩ Fi).

Suppose that K and L are parallel and let x0, . . . , xk be a path of length
k := di(K, L) between the points x0 ∈ K \ Fi and xk ∈ L \ Fi. Then γ =
x0 π(x0), . . . , xk π(xk)) is a path of length k in Ω(Si, Fi) connecting K and L,
proving one direction of the lemma.

Conversely, suppose that the distance between K and L in Ω(Si, Fi) is equal
to k = di(K ∩ Fi, L ∩ Fi). Then di(p, L) ≤ k for every point p on K. Since
di(K, L) = k, di(p, L) = k for every point p on K. This shows that K and L are
parallel lines. �
Lemma 2.42. There exists an isomorphism μ from F1 to F2 such that μ(K∩F1) =
θ(K) ∩ F2 for every POINT K of Ω(S1, F1).

Proof. Let i ∈ {1, 2}. Call two POINTS K and L of Ω(Si, Fi) equivalent if they
intersect Fi in the same point. We show that two POINTS K and L of Ω(Si, Fi) are
equivalent if and only if Γ∗1(K)∩Γ∗1(L) contains two collinear POINTS of Ω(Si, Fi).
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By Theorem 1.7, the quad Q := C(K, L) intersects Fi in a line {a1, a2, a3} with
{a1} = K ∩ L. If Mi, i ∈ {2, 3}, denotes any line of Q through ai different from
Q∩Fi, then M2 and M3 are two collinear POINTS in Γ∗1(K)∩Γ∗1(L). Conversely,
suppose that M and N are two collinear POINTS in Γ∗1(K)∩Γ∗1(L). Since K∩Fi,
M ∩Fi and N ∩Fi are three mutually collinear points, K ∩Fi is the unique third
point on the line through M ∩ Fi and N ∩ Fi. The same holds for L ∩ Fi. Hence,
K and L are equivalent POINTS in Ω(Si, Fi).

If K denotes an arbitrary POINT of Ω(S1, F1) intersecting F1 in a point
x, then we put μ(x) := θ(K) ∩ F2. We show that μ is well-defined. If K ′ denotes
another POINT of Ω(S1, F1) through x, then Γ∗1(K)∩Γ∗1(K ′) contains two collinear
POINTS of Ω(S1, F1). Since θ is an isomorphism, Γ∗1(θ(K)) ∩ Γ∗1(θ(K ′)) contains
two collinear POINTS of Ω(S2, F2). As a consequence θ(K) ∩ F2 = θ(K ′) ∩ F2.
This proves that μ is well-defined. Obviously, μ is a bijection between F1 and F2.
If K and L are collinear POINTS of Ω(S1, F1), then θ(K) and θ(L) are collinear
POINTS of Ω(S2, F2). From this, it follows that μ maps collinear points of F1 to
collinear points of F2. Hence, μ is an isomorphism. �
Lemma 2.43. Two POINTS K and L of Ω(S1, F1) are parallel regarded as lines of
S1 if and only if θ(K) and θ(L) are parallel.

Proof. Suppose that K and L are parallel. By Lemma 2.41, the distance between
K and L in Ω(S1, F1) is equal to d1(K ∩ F1, L ∩ F1). Since θ is an isomorphism,
the distance between θ(K) and θ(L) in Ω(S2, F2) is equal to d1(K ∩F1, L∩F1) =
d2(μ(K ∩ F1), μ(L ∩ F1)) = d2(θ(K) ∩ F2, θ(L) ∩ F2). By Lemma 2.41, θ(K) and
θ(L) are parallel. This proves one direction of the lemma. The other direction
follows by symmetry. �

Let (x, y) denote a pair of opposite points in F1 (i.e. d1(x, y) = d − 1), let
A denote an arbitrary POINT of Ω(S1, F1) through y, let B1, . . . , Bk denote all
the POINTS of Ω(S1, F1) through x, and let a1 and a2 denote arbitrary points of
A \ F1 and θ(A) \ F2 respectively. Since d1(x, y) = d − 1 and F1 is convex, the
lines B1, . . . , Bk are parallel with A. For every permutation φ of {1, . . . , k}, let μφ

denote the following bijection between the point sets of S1 and S2.

• For every point z of F1, let μφ(z) := μ(z);

• For every point z of S1 \ F1, take the smallest i ∈ {1, . . . , k} such that
z π(z) ‖Bφ(i), and let z′φ denote the unique point of Bφ(i) nearest to z. Since
each line of S2 has exactly three points, there exists a unique point z′′φ on
θ(Bφ(i)) \ F2 for which d1(z′φ, a1) = d2(z′′φ, a2). By Lemma 2.43, the lines
θ(Bφ(i)) and θ(z π(z)) are parallel. The point μφ(z) is now defined as the
unique point of θ(z π(z)) nearest to z′′φ.

Lemma 2.44. All the maps μφ are equal.

Proof. Let u and v be two collinear points in Γd(x) and suppose that all the
points μφ(u) are equal. Let w denote the third point on the line uv. There are
three possibilities.
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(a) If w ∈ F1, then μφ(v) is the unique point of θ(uv) different from μ(w) and
μφ(u).

(b) If w �∈ F1 and w π(w) ‖Bφ(1), then u′φ = v′φ is the unique point of Bφ(1)

nearest to w. Hence u′′φ = v′′φ. Since θ(w π(w)) ‖ θ(Bφ(1)), μφ(u) and μφ(v)
are the unique points of θ(u π(u)) and θ(v π(v)), respectively, collinear with
μφ(w). Since the lines θ(w π(w)), θ(u π(u)) and θ(v π(v)) are contained in a
grid, μφ(v) is the unique point of θ(v π(v)) collinear with μφ(u).

(c) If w �∈ F1 and w π(w) is not parallel with Bφ(1), then uv ‖Bφ(1). Hence
u′φ �= v′φ and u′′φ �= v′′φ. Since θ(w π(w)) and θ(Bφ(1)) are not parallel, the
unique line through μφ(u) intersecting θ(w π(w)) and θ(v π(v)) is parallel
with θ(Bφ(1)). The point μφ(v) necessarily lies on the intersection of this line
with θ(v π(v)). Hence μφ(v) is the unique point of θ(v π(v)) collinear with
μφ(u).

In each of the three considered cases, μφ(v) does not depend on φ. Since Γd(x) is
connected and μφ(a1) = a2 for every permutation φ, μφ(z) does not depend on φ
for every z ∈ Γd(x).

Suppose now that u is a point of S1 with the property that μφ(u) is indepen-
dent of φ, and let v be an arbitrary point collinear with u on a shortest path from
u to x. We will prove that also μφ(v) is independent of φ. This trivially holds if
v ∈ F1. Suppose therefore that v �∈ F1, then the line uv is disjoint from F1. For
every permutation φ of {1, . . . , k}, another permutation φ̄ of {1, . . . , k} can be de-
fined in the following way: take the smallest i ∈ {1, . . . , k} such that Bφ(i) ‖ v π(v)
and choose φ̄ such that φ̄(1) = φ(i). Since v′φ = u′̄

φ
and v′′φ = u′′̄

φ
, μφ(v) is the

unique point of θ(v π(v)) collinear with μφ̄(u). Hence μφ(v) is independent of φ.

Now, let w denote an arbitrary point of S1. By Section 2.2, there exists a
path γ of length d−d1(x, w) between w and a point w′ of Γd(x). We already know
that μφ(w′) is independent of φ. It follows by induction that μφ(r) is independent
of φ for every point r on γ. In particular, μφ(w) is independent of φ. This proves
our lemma. �

Put μ := μφ with φ any permutation of {1, . . . , k}. The following lemma
completes the proof of Theorem 2.40.

Lemma 2.45. Two points u and v of S1 are collinear if and only if μ(u) and μ(v)
are collinear points of S2.

Proof. Suppose that u and v are collinear points of S1. Obviously, μ(u) and μ(v)
are collinear if the line uv meets F1. So, suppose that the line uv is completely
contained in S1 \ F1. Let w be the unique point of uv nearest to x, and let φ be
a permutation of {1, . . . , k} such that Bφ(1) ‖w π(w). Then u′φ = v′φ is the unique
point of Bφ(1) nearest to w. Hence u′′φ = v′′φ. Following a similar reasoning as in
the proof of Lemma 2.44, case (b), we immediately see that μφ(u) and μφ(v) are
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collinear. This proves one direction of the lemma. The other direction follows from
symmetry. �





Chapter 3

Regular near polygons

3.1 Introduction

In this chapter S = (P ,L, I) denotes a finite regular near 2d-gon, d ≥ 2, with
parameters s, t, ti (i ∈ {0, . . . , d}), i.e. S has order (s, t) and for every two points
x and y at distance i there are ti + 1 lines through y containing a (necessarily
unique) point of Γi−1(x). The remaining t − ti lines through y contain besides
the point y only points of Γi+1(x). Notice that t0 = −1, t1 = 0 and td = t. The
number |Γi(x)|, i ∈ {0, . . . , d}, is independent from the chosen point x and equal
to

ki =
si
∏i−1

j=0(t− tj)∏i
j=1(tj + 1)

.

The total number of points is equal to

v = k0 + k1 + · · ·+ kd.

If x, y and z are points such that d(x, y) = i, d(y, z) = 1 and d(x, z) = i + 1,
then Γ1(x) ∩ Γi−1(y) ⊆ Γ1(x) ∩ Γi(z). As a consequence, ti ≤ ti+1 for every
i ∈ {0, . . . , d − 1}. Since Γd(x) �= ∅ for at least one (and hence all) point(s) of S,
we must have that td−1 �= t.

3.2 Some restrictions on the parameters

In this section S is supposed to be dense; so, s ≥ 2 and t2 ≥ 1.

Theorem 3.1. For all i, j, k ∈ {0, . . . , d} with i < j < k,
Qj−1

l=i (tk−tl)Qj−1
l=i (tj−tl)

∈ N.
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Proof. Let F and F ′ denote two convex subpolygons of S such that diam(F ) = i,
diam(F ′) = k and F ⊂ F ′. Then the number of convex sub-2j-gons G satisfying

F ⊂ G ⊂ F ′ is equal to
Qj−1

l=i (tk−tl)Qj−1
l=i (tj−tl)

. (Let x be a given point of F . Count in

two different ways the number of tuples (Li+1, Li+2, . . . , Lj), where Li+1, . . . , Lj

are lines through x such that C(F, Li+1, . . . , Ll), l ∈ {i + 1, . . . , j}, is a convex
sub-2l-gon contained in F ′.) �

Let Q denote an arbitrary quad of S. As in Section 1.8, let Xi,C , respectively
Xi,O, denote the set of points of S at distance i from Q which are classical,
respectively ovoidal, with respect to Q. We will calculate the numbers |Xi,C | and
|Xi,O| and derive some restrictions on the parameters s, t and ti from that.

Lemma 3.2. Let L denote a line of S and x a point at distance i ∈ {0, . . . , d− 1}
from L. Then

(a) x is contained in ti + 1 lines which contain a (necessarily unique) point at
distance i− 1 from L;

(b) x is contained in ti+1 − ti lines which contain only points at distance i from
L;

(c) x is contained in t− ti+1 lines which contain points at distance i+1 from L.

Proof. (a) If x is collinear with a point y at distance i− 1 from L, then πL(y) =
πL(x) and y is one of the ti +1 points collinear with x at distance i− 1 from
πL(x).

(b) If a line M through x contains only points at distance i from L, then M is
contained in the convex sub-2(i+ 1)-gon C(x, L). Conversely, if M is one of
the ti+1− ti lines of C(x, L) through x not containing points at distance i−1
from πL(x), then every point of M has distance i from L.

(c) This follows from (a), (b) and the fact that there are precisely t + 1 lines
through x. �

Corollary 3.3. The total number of points at distance i ∈ {0, . . . , d} from a given

line is equal to (s+ 1)si
Qi

j=1(t−tj)Qi
j=1(tj+1)

.

Lemma 3.4. If x ∈ Xi,C , then

(a) x is contained in ti + 1 lines meeting Xi−1,C (in a unique point);

(b) x is contained in (t2 + 1)(ti+1 − ti) lines contained within Xi,C ;

(c) x is contained in t− ti+2 lines meeting Xi+1,C.

(d) x is contained in ti+2 − ti − (t2 + 1)(ti+1 − ti) lines meeting Xi+1,O.

Proof. (a) If x is collinear with a point y of Xi−1,C ∪Xi−1,O, then by Theorem
1.23, y is classical with respect to Q and πQ(y) = πQ(x). So, y is one of the
ti + 1 points collinear with x at distance i− 1 from πQ(x).
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(b) If L is a line through x contained in Xi, then by Theorem 1.23, every point
of L is classical with respect to Q and πQ(L) is a line of Q through πQ(x).
Moreover, L is contained in C(x, πQ(L)). Now, there are t2 + 1 lines in Q
through πQ(x). Fix such a line L′ and consider the convex sub-2(i+ 1)-gon
C(L′, x). In this convex subpolygon, there are ti+1− ti lines through x which
do not contain a point at distance i−1 fromQ and all these lines are contained
in Xi,C .

(c) Let z denote a point of Q at distance 2 from πQ(x). Then d(x, z) = i+ 2.

If y is a point of Xi+1,C collinear with x, then πQ(y) = πQ(x), d(y, z) =
i+ 3 and y is not contained in the convex subpolygon C(x, z).

Conversely, if y is a point collinear with x not contained in the convex
subpolygon C(x, z), then by Theorem 1.5, d(y, u) = 1 + d(x, u) for every
point u of C(x, z). Since x is classical with respect to Q, also y is classical
with respect to Q. Since x has distance i from Q, y has distance i + 1 from
Q.

It now easily follows that there are t − ti+2 lines through x meeting
Xi+1,C .

(d) This follows from Theorem 1.23, from (a), (b), (c) and from the fact that
there are t+ 1 lines through x. �

Corollary 3.5. Let i ∈ {0, . . . , d−1}. Then there are si
Qi+1

j=2(t−tj)Q
i
j=1(tj+1)

points x in Xi,C

for which πQ(x) is a given point of Q. As a consequence,

|Xi,C | = (s+ 1)(st2 + 1)si

∏i+1
j=2(t− tj)∏i
j=1(tj + 1)

.

Lemma 3.6. For every i ∈ {1, . . . , d},

(st2 + 1) · |Xi,O|+ st2 · |Xi−1,C |+ |Xi,C | = (s+ 1)(st2 + 1)si

∏i
j=1(t− tj)∏i
j=1(tj + 1)

.

Proof. Let L denote a fixed line of Q. Every point x of S at distance i from L,
either belongs to Xi−1,C , Xi,C or Xi,O. If x ∈ Xi−1,C , then πQ(x) does not belong
to the line L. If x ∈ Xi,C , then πQ(x) belongs to the line L. As a consequence,
|Γi(L)| = |Xi,O| + |Xi−1,C | · (s+1)st2

(s+1)(st2+1) + |Xi,C | · s+1
(s+1)(st2+1) . The lemma now

follows from Corollary 3.3. �
Using Corollary 3.5 and Lemma 3.6, we are now able to calculate |Xi,O|.

Corollary 3.7. (a) For every i ∈ {0, . . . , d− 1},

|Xi,O| = (s+ 1)si[ti+1 − t2(ti + 1)]

∏i
j=2(t− tj)∏i
j=1(tj + 1)

.
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(b) For every i ∈ {0, . . . , d− 1}, ti+1 ≥ t2(ti + 1).

(c) S is classical if and only if ti+1 = t2(ti + 1) for every i ∈ {0, . . . , d− 1}.
Remark. If t2 ≥ 2 and t3 = t2(t2 + 1), then S is classical by [11].

Theorem 3.8. If d ≥ 3 and t3 �= t2(t2 + 1), then t3 + 1 ≥ (t2 + 1)(st2 + 1).

Proof. Since t3 �= t2(t2 + 1), there exists a point x ∈ X2,O by Corollary 3.7.
Consider the st2+1 quads C(x, y) where y is one of the points of the ovoid Γ2(x)∩Q
of Q. These quads define (t2 + 1)(st2 + 1) lines through x which are all contained
in the hex C(x, Q). All these lines are different. If two of them were equal, then
there would exist a point in Γ1(Q) which is collinear with two different points of
Q. This is impossible since Q is convex. Hence, (t2 + 1)(st2 + 1) ≤ t3 + 1. �

3.3 Eigenvalues of the collinearity matrix

LetM denote the set of all (v × v)-matrices over C whose rows and columns are
indexed by the points of S. For every i ∈ {0, . . . , d}, let Ai be the following matrix
ofM (x, y ∈ P):

(Ai)xy = 1 if d(x, y) = i;
(Ai)xy = 0 otherwise.

The matrix A0 is equal to the identity matrix I and A := A1 is called the collinear-
ity matrix of S. If J denotes the (v × v)-matrix with each entry equal to 1, then

A0 +A1 + · · ·+Ad = J,

AJ = s(t+ 1)J.

Since A is symmetric, it is diagonizable. Let m(X) ∈ C[X ] denote the minimal
(monic) polynomial of A.

Theorem 3.9. For every i ∈ {0, . . . , d},
AAi = s(t− ti−1)Ai−1 + (s− 1)(ti + 1)Ai + (ti+1 + 1)Ai+1.

Here td+1 and t−1 are arbitrary elements of Z and A−1 = Ad+1 = 0.

Proof. We have (AAi)xy =
∑

z Axz(Ai)zy = |Γ1(x) ∩ Γi(y)|. As a consequence,
(AAi)xy is equal to 0 if d(x, y) �∈ {i−1, i, i+1}, equal to s(t−ti−1) if d(x, y) = i−1,
equal to (s− 1)(ti + 1) if d(x, y) = i and equal to ti+1 + 1 if d(x, y) = i+ 1. �
Corollary 3.10. For every i ∈ {0, . . . , d}, there exists a polynomial pi(X) ∈ Q[X ]
of degree i such that Ai = pi(A).

Corollary 3.11. If p(X) �= 0 is a polynomial of C[X ] with degree less than d + 1,
then p(A) �= 0.
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Proof. This follows directly from Corollary 3.10 and the fact that A0, A1, . . . , Ad

are linearly independent elements ofM (regarded as a v2-dimensional vector space
over C). �

Corollary 3.12. m(X) = a[X−s(t+1)] · [p0(X)+p1(X)+ · · ·+pd(X)] for a certain
element a in Q \ {0}.
Proof. This follows from Corollary 3.11 and the fact that [A− s(t+ 1)I][p0(A) +
p1(A) + · · ·+ pd(A)] = [A− s(t+ 1)I]J = AJ − s(t+ 1)J = 0. �

Since A is symmetric, the number of distinct eigenvalues of A is equal to the
degree of the polynomial m(X), i.e. equal to d+1. We will denote the eigenvalues
of A by λ0, λ1, . . . , λd. Without loss of generality, we may suppose that λ0 > λ1 >
· · · > λd. Since A is symmetric, λ0, . . . , λd ∈ R.

Theorem 3.13. λ0 = s(t+ 1).

Proof. The sum of the entries on each row is equal to s(t+1). Hence, |λi| ≤ s(t+1)
for every i ∈ {0, . . . , d}. Since AJ = s(t+ 1)J , s(t+ 1) is an eigenvalue of A. �

Theorem 3.14. λd = −(t+ 1).

Proof. LetN be the incidence matrix of A (the rows ofN are indexed by the points
of S and the columns ofN are indexed by the lines of S). ThenN ·NT = (t+1)I+A.
Since N ·NT is positive semi-definite, every eigenvalue of A is at least −(t + 1).
Now, put

M :=
d∑

i=0

(−1
s
)iAi.

Obviously, M �= 0. We have

AM =
d∑

i=0

(−1
s
)iAAi

=
d∑

i=0

(−1
s
)i[s(t− ti−1)Ai−1 + (s− 1)(ti + 1)Ai + (ti+1 + 1)Ai+1]

=
d∑

i=0

− t− ti
(−s)i

Ai +
d∑

i=0

(s− 1)(ti + 1)
(−s)i

Ai +
d∑

i=0

(−s)(ti + 1)
(−s)i

Ai

=
d∑

i=0

−(t+ 1)(−1
s
)iAi

= −(t+ 1)M.

So, every nonzero column of M is an eigenvector of A with eigenvalue −(t+1). �
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For every i ∈ {0, . . . , d}, let fj denote the multiplicity of the eigenvalue λj .
We have

f0 + f1 + · · ·+ fd = v.

Theorem 3.15. f0 = 1.

Proof. If x̄ = [x1 · · · xv]T denotes an eigenvector of A corresponding with the
eigenvalue s(t+ 1), then we may suppose that x0, x1, . . . , xv ∈ R. If i ∈ {1, . . . , v}
such that |xi| is maximal, then by considering the i-th entry of Ax̄, we see that
xj = xi if pj is collinear with pi. By the connectedness of S it then follows that
all entries of x̄ are equal to each other. This proves the theorem. �

Now, let U be the (d+1)-dimensional subspace ofM generated by all matrices
A0, A1, . . . , Ad. Then not only

U = 〈A0, . . . , Ad〉

but also
U = 〈A0, A1, . . . , Ad〉.

Theorem 3.16. For all M1, M2 ∈ U , M1 ·M2 ∈ U .

Proof. For every i ∈ {1, 2}, there exists a polynomial qi(X) ∈ C[x] of degree at
most d such that qi(A) = Mi. Now, let r(X) be the remainder of the division of
q1(X) · q2(X) by m(X). Then M1 ·M2 = r(A) ∈ U . �

Theorem 3.16 implies that U is an algebra, if we take the ordinary addition
and multiplication of matrices as operations. This algebra is the so-called Bose–
Mesner algebra [6] of the association scheme associated with the regular near
polygon S, see also Chapter 20 of [5].
Theorem 3.17. There exist constants pl

ij ∈ N (i, j, l ∈ {0, . . . , d}) such that AiAj =∑d
l=0 pl

ijAl for all i, j ∈ {0, . . . , d}.
Proof. This follows from Theorem 3.16 and the fact that all entries of AiAj are
nonnegative integers. �

Corollary 3.18. Let i, j, l ∈ {0, . . . , d}. For all points x and y at distance l, the
number of points z satisfying d(z, x) = i and d(z, y) = j is equal to pl

ij.

Calculation of the multiplicities

Since 〈A0, A1, . . . , Ad〉 = 〈A0, . . . , Ad〉, there exist constants aij , i, j ∈ {0, . . . , d},
such that Ai =

∑d
j=1 aijAj for every i ∈ {0, . . . , d}. Obviously,

Tr(Ai) = v · ai0.
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On the other hand, we have

Tr(Ai) =
d∑

j=0

fjλ
i
j ,

for every i ∈ {0, . . . , d}. Now, the eigenvalues λ1, . . . , λd and the numbers v · ai0−
si(t+ 1)i are functions of the parameters of S. Since the determinant

∣∣∣∣∣∣∣
1 λ1 · · · λd−1

1
...

...
. . .

...
1 λd · · · λd−1

d

∣∣∣∣∣∣∣
is nonzero, the multiplicities f1, . . . , fd can be calculated from the nonsingular
system

d∑
j=1

fjλ
i
j = v · ai0 − si(t+ 1)i (0 ≤ i ≤ d− 1).

As a consequence, we can determine the multiplicities as functions of the param-
eters s, t, ti (2 ≤ i ≤ d − 1). Since the multiplicities have to be strictly positive
integers, we obtain additional restrictions on the parameters. We will now list the
eigenvalues and multiplicities for the regular near hexagons and near octagons.
Calculations can be found in [87] and [88].

Example 1: The case of regular near hexagons

Put

m = 1 + s(t+ 1) +
s2(t+ 1)t

t2 + 1
+

s3t(t− t2)
t2 + 1

.

The eigenvalues of the collinearity matrix A are λ0 := s(t + 1), λ1, λ2 and λ3 :=
−(t+ 1), where λ1 and λ2 are the roots of the polynomial x2 − (s− 1)(t2 + 2)x+
(s2 − s+ 1)t2 − st + (s− 1)2. The multiplicity of the eigenvalue s(t + 1) is equal
to 1, the multiplicity of the eigenvalue −(t+ 1) is equal to

f3 = s3 (t2 + 1) + s(t2 + 1)t+ s2t(t− t2)
s2(t2 + 1) + st(t2 + 1) + t(t− t2)

,

and if {i, j} = {1, 2}, then the multiplicity of λi is given by

λj(m− 1) + s(t+ 1)− (λj + t+ 1)f3

λj − λi
.
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Example 2: The case of regular near octagons

Put

b = −(s− 1)(t2 + t3 + 3),
c = (s2 − s+ 1)t2t3 + (2s2 − 3s+ 2)(t2 + t3)− st(t2 + 2) + 3(s− 1)2,
d = −(s− 1)[(t2 + 1)(t3 + 1)(s2 + 1)− s(t+ 1)(t2 + t3 + 2)],

m = 1 + s(t+ 1) +
s2(t+ 1)t

t2 + 1
+

s3(t+ 1)t(t− t2)
(t2 + 1)(t3 + 1)

+
s4t(t− t2)(t− t3)
(t2 + 1)(t3 + 1)

,

e = s(t+ 1)(m− s(t+ 1)),
f = −s(t+ 1)[(s− 1)m− s2(t+ 1)2].

Then the eigenvalues of the collinearity matrix are λ0 = s(t + 1), λ1, λ2, λ3 and
λ4 = −(t+1), where λ1, λ2 and λ3 are the roots of the polynomial x3+bx2+cx+d.
The multiplicity of the eigenvalue s(t+ 1) is equal to 1. If {i, j, k, l} = {1, 2, 3, 4},
then the multiplicity of the eigenvalue λi is equal to

e(λj + λk + λl)− sλi(λjλk + λjλl + λkλl) + (m− 1)λjλkλl + f

(λj − λi)(λk − λi)(λl − λi)
.

3.4 Upper bounds for t

The multiplicity of −(t+1) is of the form p1(t)
p2(t)

, where p1(t) and p2(t) are polyno-
mials in t whose coefficients are again polynomial functions in s, t2, . . ., td−1. In
general, for given values of s, t2, . . ., td−1, we can use the fact that the multiplicity
must be integral to derive an upper bound for t. For instance, in the case of regular
near hexagons, the multiplicity of the eigenvalue −(t+ 1) is equal to

s3 (t2 + 1) + s(t2 + 1)t+ s2t(t− t2)
s2(t2 + 1) + st(t2 + 1) + t(t− t2)

.

If s �= 1, then the fact that this number is integral can be used to derive an upper
bound for t as a function of the parameters s and t2.

There is a well-known result in the literature which gives an upper bound for
t in terms of s and t2. It is called the Mathon bound.

Theorem 3.19 ([16],[76],[77]). If S is a regular near hexagon with parameters s �= 1,
t2 and t, then t ≤ s3 + t2(s2 − s+ 1).

In the case s = 2, we have the following possibilities:

• If s = 2 and t2 = 0, then t ≤ 8.

• If s = 2 and t2 = 1, then t ≤ 11.

• If s = 2 and t2 = 2, then t ≤ 14.
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• If s = 2 and t2 = 4, then t ≤ 20.

These bounds are better than the ones we have derived in Section 2.5.

Remark. The Krein conditions, due to Scott [85], give additional restrictions on
the parameters, see also [13], [16] and [77]. The Mathon bound is in fact one of
these Krein conditions.

3.5 Slim dense regular near hexagons

In this section, we suppose that S is a regular near hexagon with parameters s = 2,
t2 and t. If t2 �= 0, then S is a dense near hexagon and every two points at distance
2 are contained in a quad, which is necessarily isomorphic to L3 × L3, W (2) or
Q(5, 2). So, either t2 ∈ {0, 1, 2, 4}. The following parameters survive the above-
mentioned restrictions on the parameters (Theorem 3.1, Corollary 3.7, Theorem
3.8, Theorem 3.19, Conditions on the parameters for ki and fi, i ∈ {0, . . . , d}, to
be integers).

t2 t #
0 1 1
0 2 2
0 8 1
1 2 1
1 11 1
2 6 1
2 14 1
4 20 1

The first three examples in the table are generalized hexagons. The unique
generalized hexagon of order (2, 1) is the flag-geometry of PG(2, 2). So, the points,
respectively lines, of the generalized hexagon are the flags, respectively points and
lines, of PG(2, 2) (natural incidence). In [25], it was shown that there are two
generalized hexagons of order (2,2), namely the split Cayley hexagon H(2) and its
point-line dual. Also in [25] it has been shown that there exists a unique generalized
hexagon of order (2, 8) (the point-line dual of a twisted triality hexagon). For more
details, we also refer to [100]. In [7], it was shown that there exists a unique regular
near hexagon with parameters (s, t2, t) = (2, 1, 11). We will define it in Section
6.5. In [8], it was shown that there exists a unique near hexagon with parameters
(2, 2, 14). We will define it in Section 6.6. The near hexagons with parameters
(s, t2, t) equal to (2, 1, 2), (2, 2, 6) and (2, 4, 20) are classical near hexagons because
t = t2(t2 + 1). If (s, t2, t) = (2, 1, 2), then the classical near hexagon is the direct
product of three lines; if (s, t2, t) = (2, 2, 6), then the the classical near hexagon is
isomorphic to DQ(6, 2); if (s, t2, t) = (2, 4, 20), then the classical near hexagon is
isomorphic to DH(5, 4).
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3.6 Slim dense regular near octagons

In this section, we suppose that S is a regular near octagon with parameters s = 2,
t2, t3 and t. If t2 �= 0, then S is a dense near octagon and every two points at
distance 2, respectively 3, are contained in a unique quad, respectively hex. Hence,
if t2 ≥ 1, then (t2, t3) is equal to either (1, 2), (1, 11), (2, 6), (2, 14) or (4, 20). The
following parameters survive the above-mentioned restrictions on the parameters
(an upper bound for t follows from the fact that the multiplicity of the eigenvalue
−(t+ 1) is an integer):

t2 t3 t #
0 0 1 1
0 0 4 ≥ 1
0 3 4 1
0 8 24 ?
1 2 3 1
2 6 14 1
4 20 84 1

The first two examples in the table are generalized octagons. There is a unique
generalized octagon of order (2, 1). It is the point-line dual of the double of the
generalized quadrangle W (2). There is a unique example known of a generalized
octagon of order (2, 4) (a so-called Ree–Tits octagon). It is not known whether
there are more such generalized octagons. In [25], it has been shown that there
exists a unique regular near octagon with parameters (s, t2, t3, t) = (2, 0, 3, 4). Its
point graph is the graph with vertices the 315 involutions of the Hall–Janko group
([27]) whose centralizers contain Sylow-2-subgroups, and two involutions are ad-
jacent whenever they commute. It is possible, see [24] or Section 13.6 of [13], to
give an alternative description of this near octagon which exploits the quater-
nionic root system given in [23], see also [98] and [101]. It is not known whether
there exists a regular near octagon with parameters (s, t2, t3, t) = (2, 0, 8, 24). The
regular near octagons with parameters (s, t2, t3, t) equal to (2, 1, 2, 3), (2, 2, 6, 14),
(2, 4, 20, 84) are classical near octagons since t3 = t2(t2 + 1) and t = t2(t3 + 1).
If (s, t2, t3, t) = (2, 1, 2, 3), then S is the direct product of four lines of size 3;
if (s, t2, t3, t) = (2, 2, 6, 14), then S is isomorphic to DQ(8, 2); if (s, t2, t3, t) =
(2, 4, 20, 84), then S is isomorphic to DH(7, 4).



Chapter 4

Glued near polygons

Let S1 and S2 be two near polygons and let δ be a nonnegative integer. We will
show that if S1 and S2 satisfy certain nice properties, then (a) new near polygon(s)
of diameter diam(S1)+diam(S1)− δ can be derived from S1 and S2. We call these
new near polygons glued near polygons of type δ. The contents of this chapter are
based on the papers [29], [30], [33], [35], [38], [41], [46], [58] and [59].

The glued near polygons of type 0 are precisely the product near polygons
which we have defined in Section 1.6. We start this chapter with some characteri-
zations of product near polygons.

4.1 Characterizations of product near polygons

We refer to Section 1.6 for the definition of direct product of two near polygons.
The aim of this section is to give a number of characterizations of product near
polygons.

Theorem 4.1. Let F be a big convex sub-2(n− 1)-gon of a dense near 2n-gon S,
n ≥ 2, then the following are equivalent:

(a) there exists a line L and a point xL on L such that S ∼= F × L and
φ(F × {xL}) = F for a certain isomorphism φ from F × L to S;

(b) through every point of F there is a unique line which is not contained in F ;

(c) every quad intersecting F in a line is a grid.

Proof. (a) ⇒ (b): This is trivial.

(b) ⇒ (c): If Q is a quad which intersects F in a line, then tQ = 1 since through
every point of F there is a unique line which is not contained in F . Hence Q is a
grid.

(c) ⇒ (b): Suppose the contrary. Then there exists a point x ∈ F and two lines
L1 and L2 through x which are not contained in F . By Theorem 1.7, the quad
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Q := C(L1, L2) intersects F in a line, proving that tQ ≥ 2. This contradicts the
fact that Q is a grid.

(b)⇒ (a): Let x1 and x2 denote two points of F at distance n−1 from each other.
Let Li, i ∈ {1, 2}, denote the unique line through xi which is not contained in
F . The point πL2(x1) is contained in F since it is on a shortest path between x1

and x2. Hence, πL2(x1) = x2. In a similar way, one shows that x1 = πL1(x2). If
L1 and L2 were not parallel, then d(y, z) = d(y, x1) + d(x1, x2) + d(x2, z) = n+1
for every point y ∈ L1 \ {x1} and every point z ∈ L2 \ {x2}, a contradiction.
Hence, L1 ‖L2. For every point y of L1, let Fy be the convex sub-(2n − 2)-gon
C(y, πL2(y)). Obviously, Fx1 = F , Fy ∩ L1 = {y} and Fy ∩ L2 = {πL2(y)}.
Property. If y1 and y2 are two different points of L1, then Fy1 and Fy2 are disjoint.

Proof. Suppose that u is a common point of Fy1 and Fy2 . By Theorem 1.5, y2 is
on a shortest path between y1 and u. Hence y2 ∈ Fy1 , contradicting L1 ∩ Fy1 =
{y1}. �

Property. Let y ∈ L1 \ {x1} and z ∈ Fy. Then zπF (z) is the unique line through z
not contained in Fy.

Proof. Let z′ denote a point of Fy at distance n − 1 from z. Let M denote an
arbitrary line through z different from zπF (z). We must show that M ⊆ Fy, or
equivalently, that M contains a point at distance n − 2 from z′. The grid-quad
C(M, zπF (z)) intersects F in a line M ′. Let u denote the unique point of M ′ at
distance n−2 from πF (z′) and let L′ denote the unique line through u not contained
in F . The line L′ meets M . The point z′ has distance n−1 from u and the convex
sub-2(n− 1)-gon C(u, z′) is not completely contained in F . As a consequence, L′

contains a point u′ at distance n− 2 from z′. Since d(πF (z), z′) = n, the point z′

is necessarily classical with respect to C(M, zπF (z)). Moreover, u′ is the unique
point of C(M, zπF (z)) nearest to z′. Since d(z′, z) = n − 1, u′ is collinear with z
and hence u′ ∈M . This was precisely what we needed to show. �

Property. For every y ∈ L1, Fy is big in S.

Proof. Suppose the contrary and let x be a point of S at distance 2 from Fy . If
x′ ∈ Γ2(x)∩Fy , then the quad C(x, x′) intersects Fy only in the point x′. The quad
C(x, x′) then has at least two lines through x′ not contained in Fy, a contradiction.
So, Fy is big in S. �

Let A denote the set of lines of S which meet F in a unique point. By the
previous property, every Fy, y ∈ L1, intersects each line of A in a unique point. By
Theorem 1.10, the projection from Fy to F is an isomorphism for every y ∈ L1.
Obviously, the map x �→ (πF (x), πL1(x)) defines an isomorphism between the near
polygons S and F × L1. �

Theorem 4.2. Let S be a dense near polygon and let T1 and T2 be two partitions
of S in convex subpolygons satisfying the following properties:
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• every element of T1 intersects every element of T2 in a point,

• every line of S is contained in precisely one element of T1 ∪ T2.

Then

(a) all elements of T1 are isomorphic;

(b) all elements of T2 are isomorphic;

(c) S ∼= F1 × F2 for any F1 ∈ T1 and any F2 ∈ T2.

Proof. For every point x of S, let Ax, respectively Bx, denote the unique
element of T1, respectively T2, through x.

Step 1. If x and y are two collinear points such that xy ⊆ Bx, then Ax ∩ Bz and
Ay ∩Bz are collinear for every point z of S.
Proof. Without loss of generality we may suppose that z is a point of Ax. We will
prove Step 1 by induction on the distance d(x, z). Obviously, the property holds
if z = x. Suppose therefore that d(x, z) ≥ 1 and that the property holds for a
point z′ ∈ Γ1(z) at distance d(x, z) − 1 from x. Let u′ denote the unique point
in Ay ∩Bz′ , then z′ and u′ are collinear. Since the quad C(z, z′, u′) is a grid, the
points z and u′ have a unique common neighbour u different from z′. The line zu
is not contained in Ax = Az ; so, it is contained in Bz. Similarly, since the line
u′u is not contained in Bz′ = Bu′ , it is contained in Au′ = Ay. The property now
follows from the fact that Ay ∩Bz = {u} and Ax ∩Bz = {z}. �

Step 2. All elements of T1 are isomorphic. All elements of T2 are isomorphic.

Proof. Take two elements Ax1 and Ax2 in T1. For every point y of Ax1 , let θ(y)
be the unique point in Ax2 ∩By. Then θ is a bijection between Ax1 and Ax2 . By
Step 1, θ is an isomorphism. So, Ax1 and Ax2 are isomorphic. In a similar way one
proves that all elements of T2 are isomorphic. �

Step 3. S ∼= A×B for any A ∈ T1 and any B ∈ T2.

Proof. For every point x in S, put θ(x) := (Bx ∩ A, Ax ∩ B). Obviously, θ is a
bijection between the point sets of S and A × B. We show that θ maps collinear
points of S to collinear points of A× B. If x and y are collinear points of S such
that the line xy is contained in Bx, then Bx∩A = By∩A and d(Ax∩B, Ay∩B) = 1
by Step 1. If x and y are collinear points of S such that the line xy is contained in
Ax, then Ax ∩B = Ay ∩B and d(Bx ∩A, By ∩A) = 1 by Step 1. Hence, θ maps
collinear points of S to collinear points of A×B. In a similar way, one shows that
θ−1 maps collinear points of A×B to collinear points of S. So, θ is an isomorphism
between S and A×B. �

Theorem 4.3. Let S be a dense near polygon and let T1 and T2 be two partitions
of S in convex subpolygons such that the following holds.
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• Ax ∩Bx = {x} for every point x of S. Here Ax, respectively Bx, denotes the
unique element of T1, respectively T2, through x.

• Every line of S is contained in a unique element of T1 ∪ T2.

Then

(a) all elements of T1 are isomorphic;

(b) all elements of T2 are isomorphic;

(c) S ∼= A×B for any A ∈ T1 and any B ∈ T2.

Proof. In view of Theorem 4.2, we must show that every element of T1 intersects
every element of T2 in a point. Let x and y be arbitrary points of S. We will
show that |Ax ∩By| = 1. Let y′ denote a point of Ax at minimal distance from y.
Obviously,Ay′ = Ax. If L is a line ofAy′∩C(y, y′) through y′, then the unique point
on L nearest to y belongs to Ax and has distance d(y, y′)−1 from y, contradicting
our assumption that y′ is a point of Ax at minimal distance from y. So, every line
of C(y, y′) through y′ is contained in By′ . By Theorem 2.14, C(y, y′) ⊆ By′ . Hence,
y ∈ By′ and By = By′ . It now follows that Ax ∩By = Ay′ ∩By′ = {y′}. �
Theorem 4.4. Let S be a dense near 2(n1 + n2)-gon and let F1 and F2 be two
convex subpolygons for which the following holds:

• diam(Fi) = ni ≥ 1 (i ∈ {1, 2});
• F1 intersects F2 in a point x;

• every line through x is contained in either F1 or F2.

Then S ∼= F1 × F2.

Proof. We prove the theorem in several steps.

Step 1. If L is a line of F2 through x, then C(F1, L) ∼= F1 × L.

Proof. Let Ai, i ∈ {n1, . . . , n1 +n2}, be convex subpolygons through x satisfying:
(i) diam(Ai) = i, (ii) An1 = F1, (iii) An1+1 = C(F1, L) and (iv) Ai ⊂ Ai+1 for
every i ∈ {n1, . . . , n1 + n2 − 1}. Let Bi := Ai ∩ F2, i ∈ {n1, . . . , n1 + n2}. Since
Ai �= Ai+1, the set of lines of Ai through x is different from the set of lines of Ai+1

through x. Since every line through x is contained in F1∪F2 and since F1 ⊆ Ai and
F1 ⊆ Ai+1, Bi and Bi+1 are different. It follows that Bi, i ∈ {n1, . . . , n1+n2}, are
convex subpolygons of F2 through x satisfying (i) Bn1 = {x}, (ii) Bi �= Bi+1 for
every i ∈ {n1, . . . , n1 + n2 − 1}, and (iii) Bn1+n2 = F2. Hence, diam(Bi) = i− n1

for every i ∈ {n1, . . . , n1 + n2}. It follows that Bn1+1 = C(F1, L) ∩ F2 = L.
We now show that through every point y of F1, there is a unique line of

C(F1, L) not contained in F1. Suppose this property holds for a certain y1 ∈ F1

and let y2 be a point of Γ1(y1) ∩ F1. The set of quads of C(F1, L) through y1y2

not contained in F1 partition the set of lines of C(F1, L) through yi, i ∈ {1, 2}, not
contained in F1. It follows that the property also holds for y2. Since the property
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holds for x ∈ F1, the property holds for every y ∈ F1 by the connectedness of F1.
So, through every point y of F1, there is a unique line of C(F1, L) not contained
in F1. This implies that F1 is big in C(F1, L) (see the proof of the last property in
Theorem 4.1). From Theorem 4.1, it then follows that C(F1, L) ∼= F1 × L. �

For every point y of Fi, i ∈ {1, 2}, let F3−i(y) denote the convex subpolygon
generated by all lines through y not contained in Fi. Clearly F1(x) = F1 and
F2(x) = F2.

Step 2. For every point y of S, there exists a point y1 ∈ F1 and a point y2 ∈ F2

such that y ∈ F2(y1) ∩ F1(y2).

Proof. Let yi, i ∈ {1, 2}, denote a point of Fi nearest to y. If C(y, y1)∩F1 contains
a line through y1, then this line would contain a point at distance d(y, y1)−1 from
y, a contradiction. Hence C(y, y1) ⊆ F2(y1) and y ∈ F2(y1). Similarly, one proves
that y ∈ F1(y2). �

Step 3. For every point y of F1, diam(F2(y)) = n2 and F2(y)∩F1 = {y}. Similarly,
for every point y of F2, diam(F1(y)) = n1 and F1(y) ∩ F2 = {y}.
Proof. Suppose that y1 and y2 are collinear points in F1 such that F2(y1) ∩ F1 =
{y1} and diam(F2(y1)) = n2. If L is a line through y2 not contained in F1, then
C(L, y1y2) intersects F2(y1) in a line and hence L ⊆ C(y1y2, F2(y1)). Now, by
Step 1 applied to y1 instead of x, C(y1y2, F2(y1)) ∼= y1y2 × F2(y1) and hence
diam(F2(y2)) = n2 and F2(y2) ∩ F1 = {y2}. Since diam(F2(x)) = n2 and F2(x) ∩
F1 = {x}, the result follows from the connectedness of F1. �

Step 4. For all points y ∈ F1 and z ∈ F2, F2(y) intersects F1(z) in a unique point.
Moreover, every line through this point is contained in either F2(y) or F1(z).

Proof. By Step 3, we may suppose that y �= x �= z. Suppose y1 and y2 are two
distinct collinear points of F1 such that the claim holds for the pair (y1, z) ∈
F1 × F2. By Step 1 applied to y1 instead of x, C(y1y2, F2(y1)) ∼= y1y2 × F2(y1). It
follows that |F2(y2) ∩ F1(z)| = 1. Suppose L were a line through F2(y2) ∩ F1(z)
not contained in F2(y2) ∪ F1(z) and hence also not in C(y1y2, F2(y1)). Let L′ ⊆
C(y1y2, F2(y1)) denote the unique line through F2(y2)∩F1(z) meeting F2(y1). The
quad C(L′, L) is not contained in F1(z) and hence intersects F2(y1) in a line L′′.
(Recall that every line through F1(z) ∩ F2(y1) is contained in F1(z) ∪ F2(y1).) It
follows that C(L, L′) = C(L′, L′′) ⊆ C(y1y2, F2(y1)), a contradiction. It follows that
the claim also holds for (y2, z).

Now, since the claim holds for the pair (x, z), the result follows from the
connectedness of F1. �

Step 5. If y1 and y2 are different points of F1, then F2(y1) is disjoint from F2(y2).
Similarly, if y1 and y2 are different points of F2, then F1(y1) and F1(y2) are
disjoint.
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Proof. Let y1 and y2 be two different elements of F1 and suppose that z is a
common point of F2(y1) and F2(y2). Let z′ be an element of F2 such that z ∈
F1(z′). Since F1(z′) ∩ F2(y1) = {z}, the lines of F2(y1) through z are precisely
those lines through z which are not contained in F1(z′) (recall Step 4). Since
this property also holds for F2(y2), we necessarily have F2(y1) = F2(y2). As a
consequence {y1} = F1 ∩ F2(y1) = F1 ∩ F2(y2) = {y2}, contradicting y1 �= y2.
Hence, F2(y1) and F2(y2) are disjoint. �

Step 6. S ∼= F1 × F2.

Proof. Put T1 := {F1(x) |x ∈ F2} and T2 := {F2(x) |x ∈ F1}. By Steps 2 and 5,
T1 and T2 define partitions of S. By Step 4 and Theorem 4.2, S ∼= F1 × F2. �

4.2 Admissible δ-spreads

Definition. Let S be a near polygon. A δ-spread of S (δ ∈ {0, . . . , d}) is a partition
of S in convex sub-2δ-gons. A δ-spread is called admissible if every two elements
of it are parallel. By Theorem 1.10, any two elements of an admissible δ-spread
are isomorphic.

Theorem 4.5. Let T be an admissible δ-spread of S and let F denote a convex
subpolygon of S. Let T ′ denote the set of all elements of T meeting F and put
TF := {G ∩ F |G ∈ T ′}. Then TF is an admissible δ′-spread of F for some δ′ ∈
{0, . . . , δ}. Hence, if an element of T is contained in F , then every element of T
which meets F is contained in F .

Proof. Clearly TF determines a partition of F in convex subpolygons. Take now
two elements F1 and F2 in TF . Let Gi, i ∈ {1, 2}, denote the unique element of
T ′ through Fi and let πi,3−i denote the projection from Gi to G3−i. If x1 and
x2 are points in F1 and F2, respectively, then π1,2(x1) is contained in a shortest
path between x1 and x2 and so belongs to F (since F is convex). We even can say
that π1,2(x1) ∈ F2. This proves that π1,2(F1) ⊆ F2. By symmetry, π−1

1,2(F2) ⊆ F1

and so π1,2(F1) = F2 and π2,1(F2) = F1. It is now easily seen that F1 and F2 are
parallel. �

Definition. If S is a near polygon and if T1 and T2 are two partitions of S in convex
subpolygons of diameter at least δ + 1, then we say that {T1, T2} ∈ Δδ(S) if the
following conditions are satisfied:

(1) every element of T1 intersects every element of T2 in a convex sub-2δ-gon;

(2) every line of S is contained in an element of T1 ∪ T2;

(3) for every element F of Ti (i ∈ {1, 2}), the δ-spread SF of F obtained by
intersecting F with all elements of T3−i is an admissible spread of F .
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4.3 Construction and elementary properties of glued
near polygons

Let B denote a near 2δB-gon. Let Ai, i ∈ {1, 2}, denote a near polygon of di-
ameter at least δB + 1 admitting an admissible δB-spread Si consisting of convex
subpolygons isomorphic to B. Put δi = diam(Ai) and let Si = {F (i)

1 , . . . , F
(i)
ni }.

In Si, we choose a special element F
(i)
1 which we call the base element of Si. For

all i ∈ {1, 2} and all j, k ∈ {1, . . . , ni}, let π
(i)
j,k denote the projection from F

(i)
j to

F
(i)
k . We denote the distances in A1, A2 and B respectively by d1(·, ·), d2(·, ·) and

dB(·, ·).
Lemma 4.6. The maximal distance between two elements of Si, i ∈ {1, 2}, is equal
to δi − δB.

Proof. The lemma follows from (a) and (b) below.

(a) Let F and F ′ denote two arbitrary elements of Si. Let x ∈ F and x′ ∈ F ′

such that di(x, x′) = di(F, F ′). Let y be a point of F at distance δB from
x. Then di(x′, y) = di(x′, x) + di(x, y) = di(F, F ′) + δB ≤ δi, proving that
di(F, F ′) ≤ δi − δB.

(b) Let x and y be two points of Ai at distance δi from each other and let
Fx and Fy denote the respective elements of Si through x. Then δi =
di(x, y) = di(x, πFy (x)) + di(πFy (x), y) ≤ di(Fx, Fy) + δB, proving that
δi − δB ≤ di(Fx, Fy). �

For every i ∈ {1, 2}, consider an isomorphism θi : B → F
(i)
1 . We put Φ(i)

j,k :=

θ−1
i ◦ π

(i)
k,1 ◦π

(i)
j,k ◦π

(i)
1,j ◦ θi (1 ≤ j, k ≤ ni) and Πi := 〈Φ(i)

j,k|1 ≤ j, k ≤ ni〉. Since Φ(i)
j,k

is a composition of isomorphisms, it is itself an isomorphism and so Πi ≤ Aut(B).
Lemma 4.7. Πi = 〈Φ(i)

j,k|1 ≤ j, k ≤ ni and di(F
(i)
j , F

(i)
k ) = 1〉.

Proof. Let F
(i)
j and F

(i)
k denote two arbitrary elements of Si and put n :=

di(F
(i)
j , F

(i)
k ). Choose elements F

(i)
l0

, F
(i)
l1

, . . . , F
(i)
ln

of Si such that F
(i)
j = F

(i)
l0
,

F
(i)
k = F

(i)
ln

and di(F
(i)
lm

, F
(i)
lm+1

) = 1 for every m ∈ {0, . . . , n − 1}. The map

μ := π
(i)
ln−1,ln

◦ · · · ◦ π
(i)
l1,l2

◦ π
(i)
l0,l1

is, as composition of isomorphisms, again an iso-

morphism. Now, μ maps every point x of F
(i)
j to a point of F

(i)
k at distance at

most n from x. So, we must have that

π
(i)
j,k = μ = π

(i)
ln−1,ln

◦ · · · ◦ π
(i)
l1,l2

◦ π
(i)
l0,l1

.

This equation is equivalent with

Φ(i)
j,k = Φ(i)

ln−1,ln
◦ · · · ◦ Φ(i)

l1,l2
◦ Φ(i)

l0,l1
.

The lemma now readily follows. �
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Consider now the following graph Γ with vertex set B×S1×S2. Two different
vertices α = (x, F

(1)
i1

, F
(2)
j1
) and β = (y, F

(1)
i2

, F
(2)
j2
) are adjacent if and only if

exactly one of the following three conditions is satisfied:

(A) F
(1)
i1

= F
(1)
i2
, F

(2)
j1

= F
(2)
j2
, and dB(x, y) = 1,

(B) F
(2)
j1

= F
(2)
j2
, d1(F

(1)
i1

, F
(1)
i2
) = 1 and y = Φ(1)

i1,i2
(x),

(C) F
(1)
i1

= F
(1)
i2
, d2(F

(2)
j1

, F
(2)
j2
) = 1 and y = Φ(2)

j1,j2
(x).

An edge {α, β} of Γ is called of type (A), (B) or (C) depending on which one of the
above possibilities occurs. Distances in Γ will be denoted by d(·, ·). The following
property is obvious.

Lemma 4.8. If α, β and γ are three different mutually adjacent vertices, then
{α, β}, {β, γ} and {α, γ} have the same type.

For every element F1 ∈ S1 and F2 ∈ S2, let A1(F2), respectively A2(F1),
denote the set of all vertices of Γ whose third, respectively middle, coordinate
is equal to F2, respectively F1. We put B(F1, F2) := A1(F2) ∩ A2(F1), Ti :=
{Ai(F )|F ∈ S3−i} and S := {B(F1, F2)|F1 ∈ S1 and F2 ∈ S2}.
Lemma 4.9. Let F1 ∈ S1 and F2 ∈ S2. Then

(i) the graph induced by Γ on A1(F2) is isomorphic to the point graph of A1;

(ii) the graph induced by Γ on A2(F1) is isomorphic to the point graph of A2;

(iii) the graph induced by Γ on B(F1, F2) is isomorphic to the point graph of B.

Proof. For a vertex α = (x, F
(1)
i , F2) of A1(F2), let μ(α) be the following point of

A1:
μ(α) := π

(1)
1,i ◦ θ1(x).

If α and β are two vertices of A1(F2), then one easily verifies that μ(α) ∼ μ(β) if
and only if {α, β} is of type (A) or (B). Hence, μ defines an isomorphism between
the graph induced by Γ on A1(F2) and the point graph of A1. This proves (i). In
a similar way, one proves (ii). Claim (iii) is obvious. �
Lemma 4.10. Every two adjacent vertices of Γ are contained in a unique maximal
clique.

Proof. Let α and β denote two adjacent vertices of Γ. If {α, β} is of type (A),
then α, β ∈ B(F1, F2) for certain F1 ∈ S1 and F2 ∈ S2 and, by Lemma 4.8, every
maximal clique through α and β belongs to B(F1, F2). If {α, β} is of type (B), then
α, β ∈ A1(F2) for a certain F2 ∈ S2 and, by Lemma 4.8, every maximal clique
through α and β belongs to A1(F2). If {α, β} is of type (C), then α, β ∈ A2(F1)
for a certain F1 ∈ S1 and, by Lemma 4.8, every maximal clique through α and
β belongs to A2(F1). Now, B(F1, F2), A1(F2) and A2(F1) are near polygons by
Lemma 4.9 and hence every two adjacent vertices in one of these near polygons
are contained in a unique maximal clique, proving the lemma. �
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Let SΓ denote the partial linear space whose points are the vertices of Γ and
whose lines are the maximal cliques of Γ (natural incidence). A set X of vertices
in Γ is called classical if for every vertex x in Γ there exists a (necessarily unique)
vertex x′ ∈ X such that d(x, y) = d(x, x′) + d(x′, y) for every vertex y ∈ X . One
easily verifies that every classical set is convex.

Theorem 4.11. The following statements are equivalent:

(i) Every element of T1 ∪ T2 is classical.

(ii) The groups Π1 and Π2 commute.

(iii) SΓ is a near polygon and every element of T1 ∪ T2 is convex.

Proof. (a) Suppose that every element of T1 ∪ T2 is classical (and hence also
convex). Let (x, L) denote an arbitrary point-line pair of SΓ. By Lemma 4.8, there
exists an element F of T1 ∪ T2 through L. Since F is classical, there exists a point
x′ ∈ F such that d(x, y) = d(x, x′) + d(x′, y) for every point y of L. Since F
is convex, distances in the near polygon F are inherited from the corresponding
distances in Γ. As a consequence, L contains a unique point nearest to x, namely
the unique point of L nearest to x′ in the near polygon F . This proves (i) ⇒ (iii).

Take now an arbitrary point x of B and arbitrary elements i1, i2 ∈ {1, . . . , n1}
and j1, j2 ∈ {1, . . . , n2} such that d1(F

(1)
i1

, F
(1)
i2
) = 1 and d2(F

(2)
j1

, F
(2)
j2
) = 1.

Consider now the points α = (x, F
(1)
i1

, F
(2)
j1
) and β = (Φ(1)

i1,i2
◦Φ(2)

j1,j2
(x), F (1)

i2
, F

(2)
j2
).

Clearly, d(α, β) = 2. The point β is collinear with the point γ := (Φ(2)
j2,j1

◦ Φ(1)
i1,i2

◦
Φ(2)

j1,j2
(x), F (1)

i2
, F

(2)
j1
) of A1(F

(2)
j1
). Since A1(F

(2)
j1
) is classical and α ∈ A1(F

(2)
j1
),

we necessarily have 2 = d(α, β) = d(β, γ) + d(γ, α) = 1 + d(α, γ) or α ∼ γ. As a
consequence Φ(2)

j2,j1
◦ Φ(1)

i1,i2
◦ Φ(2)

j1,j2
(x) = Φ(1)

i1,i2
(x). Since this holds for every point

x of B, we have that Φ(1)
i1,i2

and Φ(2)
j1,j2

commute for all i1, i2 ∈ {1, . . . , n1} and all
j1, j2 ∈ {1, . . . , n2} with d1(F

(1)
i1

, F
(1)
i2
) = 1 and d2(F

(2)
j1

, F
(2)
j2
) = 1. By Lemma 4.7

it now follows that Π1 and Π2 commute. Hence (i) ⇒ (ii).
(b) Suppose that Π1 and Π2 commute. If α, β and γ are points of SΓ such

that d(α, γ) = d(γ, β) = 1 and d(α, β) = 2, then we have the following (since Π1

and Π2 commute):

• if {α, γ} has type (C) and {γ, β} has type (A), then there exists a (unique)
common neighbour γ′ of α and β such that {α, γ′} has type (A) and {γ′, β}
has type (C);

• if {α, γ} has type (C) and {γ, β} has type (B), then there exists a (unique)
common neighbour γ′ of α and β such that {α, γ′} has type (B) and {γ′, β}
has type (C).

We will now prove that every element F of T1 ∪ T2 is classical. Without loss of
generality, we may suppose that F ∈ T2. Take an arbitrary point α ∈ SΓ and let F ′

denote the unique element of T1 through α. Since every element of S1 is classical in
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A1, F ∩F ′ is classical in F ′. Let α′ denote the unique element of F ∩F ′ nearest to
α. Let β denote an arbitrary point of F . By the remark above we know that there
exists a shortest path between α and β containing a point γ such that no step of
type (C) occurs between α and γ and only steps of type (C) occur between γ and
β. So, γ ∈ F ∩F ′ and d(α, β) = d(α, γ) + d(γ, β) = d(α, α′) + d(α′, γ) + d(γ, β) =
d(α, α′) + d(α′, β). Hence α is classical with respect to F . Since α is arbitrary, F
is classical. This proves (ii) ⇒ (i).

(c) Suppose now that SΓ is a near polygon and that every element of T1 ∪T2

is convex. If F is an arbitrary element of T1 ∪ T2, then since F is convex, every
point at distance 1 from F is classical with respect to F . As in (a) one can then
prove that Π1 and Π2 commute. Hence (iii) ⇒ (ii). �

Definitions. Every near polygon S which can be derived in the above described
way from a near 2δ-gon B, near polygons A1 and A2, spreads S1 and S2, base
elements F

(1)
1 and F

(2)
1 and isomorphisms θ1 and θ2, such that the groups Π1 and

Π2 commute, will be called a glued near polygon of type δ. We will then say that
S is of type A1 ⊗B A2, of type A1 ⊗δ A2 or shortly of type A1 ⊗A2.

Remarks. (a) Suppose that A1 is isomorphic to the direct product of B and A′1
(diam(A′1) ≥ 1) and that S1 = {Fx |x ∈ A′1} where Fx := {(y, x) | y ∈ B}. Then
S1 is an admissible δB-spread of A1. We call a δ-spread of a near polygon trivial
if it is obtained in this way. Suppose also that S2 is an admissible δB-spread of
A2 and that every element of S2 is isomorphic to B. One easily sees that the
group Π1 is always trivial for any isomorphism θ1 between B and a base element
in S1. Hence, by Theorem 4.11 a near polygon Sθ1,θ2 arises for any isomorphism
θ1 between B and an element of S1 and any isomorphism θ2 between B and an
element of S2. All these near polygons are isomorphic to A′1 × A2 since the map
(y, Fx, F

(2)
i ) �→ (x, π

(2)
1,i ◦θ2(y)) is an isomorphism between Sθ1,θ2 and A′1×A2 (see

the proof of Lemma 4.9).
(b) By (a), glued near polygons exist for any type δ ≥ 2. Let B be a glued

near polygon of diameter δ and put A1 = B × A′1, A2 = B × A′2 for certain near
polygons A′1 and A′2 of diameter at least 1. By (a), Ai has an admissible δ-spread
Si all whose elements are isomorphic to B. For any two isomorphisms θ1 and θ2

between B and base elements of S1 and S2, respectively, we obtain a glued near
polygon of type δB which is isomorphic to A′1 × B × A′2. In this case, the glued
near polygon of type δB is also of type 0. In general, we can say that any known
glued near polygon of type δ ≥ 2 is also of type 0 or 1.

Above we remarked that the group Π1 is trivial if S1 is a trivial spread of
A1. Also the converse holds as we will show now.

Theorem 4.12. The group Π1 is trivial if and only if S1 is a trivial spread of A1.

Proof. Suppose Π1 is trivial. For every point x of F
(1)
1 , the set Δx := {y ∈

A1 | d1(y, x) = d1(y, F
(1)
1 )} is a subspace of A1 by Theorem 1.9. Let W2 denote the
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set of all these subspaces and put W1 := S1. It is easily seen that every element
of W1 intersects every element of W2 in a unique point and since Π1 is trivial,
every line must be contained in an element of W1 ∪W2. Now, put F

(1)

1 := F
(1)
1

and let F
(2)

1 denote an arbitrary element of W2. For every point x of A1, put
x1 := π

F
(1)
1
(x) and let x2 be the unique point in the intersection of F

(2)

1 and the
unique element of W1 through x. The map x �→ (x1, x2) defines a bijection be-
tween the point set of A1 and the vertex set of Γ1 × Γ2, where Γi denotes the
point graph of F

(i)

1 . We will show that x and x′ are collinear points of A1 if and
only if (x1, x2) and (x′1, x′2) are adjacent vertices of Γ1 × Γ2. Obviously, this holds
if x and x′ belong to the same element of W1. Suppose that x and x′ belong to
different elements of W1, say Gx and Gx′ . Then x1 = x′1 and d1(Gx, Gx′) = 1. Let
x′′2 denote the unique point of Gx′ collinear with x2. Then x2x

′′
2 is not contained

in an element of W1 and hence is contained in F
(2)

1 . Hence, x′′2 ∈ F
(2)
1 ∩ Gx′ . It

follows that x′′2 = x′2. Hence, d1(x2, x
′
2) = 1. With a similar reasoning one shows

that d1(x, x′) = 1 if x1 = x′1 and d1(x2, x
′
2) = 1. This proves that the point graph

of A1 is isomorphic to Γ1 × Γ2. Since Γ1 is the point graph of a near polygon, it
now follows that also Γ2 is the point graph of a near polygon. The theorem now
readily follows. �

In the sequel we will suppose that Π1 and Π2 commute. Then SΓ is a near
polygon.

Theorem 4.13. {T1, T2} ∈ ΔδB(S).
Proof. Since the spread S1 of A1 is admissible, the δB-spread {B(F1, F2) |F1 ∈ S1}
of A1(F2) is admissible, see the proof of Lemma 4.9. Similarly, the δB-spread
{B(F1, F2) |F2 ∈ S2} of A2(F1) is admissible. �

Theorem 4.14. If α = (x, F
(1)
i1

, F
(2)
j1
) and β = (y, F

(1)
i2

, F
(2)
j2
) are two points of

SΓ, then d(α, β) = d1(F
(1)
i1

, F
(1)
i2
) + d2(F

(2)
j1

, F
(2)
j2
) + dB(Φ

(2)
j1,j2

◦ Φ(1)
i1,i2

(x), y). As a
consequence, diam(SΓ) = δ1 + δ2 − δB.

Proof. The element A1(F
(2)
j2
) of T1 is classical and hence it contains a unique point

γ1 nearest to α. The point γ1 is also the unique point of B(F (1)
i1

, F
(2)
j2
) nearest

to α in the subpolygon A2(F
(1)
i1
) which is isomorphic to A2. Hence d(α, γ1) =

d2(F
(2)
j1

, F
(2)
j2
). The element B(F (1)

i2
, F

(2)
j2
) is classical in A1(F

(2)
j2
) and hence it

contains a unique point γ2 nearest to γ1. Since A1(F
(2)
j2
) is isomorphic to A1, we

have d(γ1, γ2) = d1(F
(1)
i1

, F
(1)
i2
). Now, d(α, β) = d(α, γ1) + d(γ1, β) = d(α, γ1) +

d(γ1, γ2) + d(γ2, β) = d1(F
(1)
i1

, F
(1)
i2
) + d2(F

(2)
j1

, F
(2)
j2
) + dB(Φ

(2)
j1,j2

◦ Φ(1)
i1,i2

(x), y).
This proves the first part of the lemma. Now we choose i1 ,i2, j1 and j2 such
that d1(F

(1)
i1

, F
(1)
i2
) and d2(F

(2)
j1

, F
(2)
j2
) reach their maximal values δ1 − δB and

δ2 − δB, respectively, see Lemma 4.6. Now, we can choose x and y such that
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dB(Φ
(2)
j1,j2

◦Φ(1)
i1,i2

(x), y) reaches the maximal value δB. For these choices, d(α, β) =
(δ1 − δB) + (δ2 − δB) + δB = δ1 + δ2 − δB and this is precisely the diameter of
SΓ. �
Theorem 4.15. The spreads T1, T2 and S of SΓ are admissible.

Proof. By Theorem 4.11, each element of T1 is classical. Now, choose two arbitrary
elements F1 = A1(F

(2)
i ) and F2 = A1(F

(2)
j ) in T1. By Theorem 4.14, every point of

F1 has distance d2(F
(2)
i , F

(2)
j ) from F2. Hence T1 is admissible. By symmetry also

T2 is admissible. Each element of S is, as intersection of two classical elements,
again classical, see Lemma 1.6. As before, one derives that S is admissible by
relying on Theorem 4.14. �
Theorem 4.16. The base elements in S1 and S2 do not play a special role, i.e. SΓ

can be obtained starting from any base element F
(1)
λ in S1 and any base element

F
(2)
μ in S2.

Proof. Using the base element F
(1)
λ and F

(2)
μ and the isomorphisms θ′1 := π

(1)
1,λ ◦ θ1

and θ′2 := π
(2)
1,μ◦θ2, we can define a graph Γ′ and an incidence structure SΓ′ . We will

construct an isomorphism between SΓ and SΓ′ . Consider the following bijection φ
between the set of vertices of Γ and the set of vertices of Γ′:

φ[(x, F
(1)
i1

, F
(2)
i2
)] = (Φ(1)

i1,λ ◦Φ(2)
i2,μ(x), F

(1)
i1

, F
(2)
i2
).

Consider now two vertices α = (x, F
(1)
i1

, F
(2)
i2
) and β = (y, F

(1)
i′1

, F
(2)
i′2
) of Γ. Clearly,

α and β are adjacent vertices of type (A) in Γ if and only if φ(α) and φ(β) are
adjacent vertices of type (A) in Γ′. Now, α and β are adjacent vertices of type
(B) in Γ if and only if i2 = i′2, d1(F

(1)
i1

, F
(1)
i2
) = 1 and y = Φ(1)

i1,i′1
(x). The condition

y = Φ(1)
i1,i′1

(x) is equivalent with the following condition (use the definition of the
Φ’s and recall that Π1 and Π2 commute):

Φ(1)
i′1,λ ◦ Φ(2)

i2,μ(y) = [θ′−1
1 ◦ π

(1)
i′1,λ ◦ π

(1)
i1,i′1

◦ π
(1)
λ,i1
◦ θ′1] ◦ [Φ(1)

i1,λ ◦ Φ(2)
i2,μ(x)].

Hence, α and β are adjacent vertices of type (B) in Γ if and only if φ(α) and φ(β)
are adjacent vertices of type (B) in Γ′. By symmetry, this property also holds for
adjacent vertices of type (C). This proves the theorem. �

4.4 Basic characterization result for glued near

polygons

In Theorem 4.13, we have noticed that Δδ(S) �= ∅ for every glued near polygon S
of type δ. In the following theorem, we will show that the converse holds in the
case of dense near polygons. Theorem 4.17 is an improvement of Theorem 4.2 and
is called the basic characterization theorem for glued near polygons.
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Theorem 4.17. Let S be a dense near polygon. If {T1, T2} ∈ Δδ(S) for a certain
δ ≥ 0, then

• all elements of T1 are isomorphic;

• all elements of T2 are isomorphic;

• S is of type F1 ⊗δ F2 for any F1 ∈ T1 and any F2 ∈ T2.

We prove Theorem 4.17 in a series of lemmas.

For every point x of S = (P ,L, I) and every i ∈ {1, 2}, let Fi(x) denote the
unique element of Ti through x. Put I(x) = F1(x) ∩ F2(x). By our assumptions,
S := {I(x) |x ∈ P} is a δ-spread of S and any two elements of S are isomorphic.

Lemma 4.18. For every two points x and y of S, there exists a shortest path between
x and y containing a point of F2(x) ∩ F1(y).

Proof. Put d(x, y) = k. We will define points zi, i ∈ {0, . . . , k}, in the following
way.

• Put z0 := y.

• If for a certain i ∈ {0, . . . , k − 1}, zi ∈ F2(x), then zi+1 denotes a neighbour
of zi at distance d(x, zi)− 1 from x. Obviously, zi+1 ∈ F2(x).

• If for a certain i ∈ {0, . . . , k − 1}, zi �∈ F2(x), then zi+1 denotes a neighbour
of zi at distance d(x, zi)− 1 from x and contained in F1(zi). If such a point
did not exist, then C(x, zi) would intersect F1(zi) in a point and hence would
be contained in F2(zi). Then we would have x ∈ F2(zi) or zi ∈ F2(x), a
contradiction.

The path z0, . . . , zk satisfies the conditions of the lemma. �

Lemma 4.19. Every element T1 ∪ T2 is classical in S.

Proof. Let x denote an arbitrary point of S and let F denote an arbitrary element
of T1. Since F2(x)∩F is classical in F2(x), it contains a unique point x′ nearest to
x. Now, let y denote an arbitrary point of F and let y′ denote a point of F2(x)∩F
on a shortest path between x and y, see Lemma 4.18. Since F2(x) ∩ F is classical
in F2(x), there exists a shortest path between x and y′ containing the point x′.
Hence, there exists also a shortest path between x and y containing x′, proving
that d(x, y) = d(x, x′) + d(x′, y). Hence, F is classical in S. In a similar way one
shows that also every element of T2 is classical in S. �

Lemma 4.20. Every element of S is classical in S. The spread S is admissible.

Proof. Each element of S is, as intersection of two classical convex subpolygon,
itself classical, see Theorem 1.6. Let K1 and K2 denote two arbitrary elements of
S. Let F1 denote the unique element of T1 throughK1 and let F2 denote the unique
element of T2 through K2. Put K3 = F1 ∩F2. For every point u1 of K1 and every
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point u2 of K2, there exists a shortest path between u1 and u2 containing a point
u3 of K3. So, d(K1, K2) ≥ d(K1, K3) + d(K3, K2). Now, for every point v1 of K1,
there exists a point v3 ∈ K3 at distance d(K1, K3) from v1 and a point v2 ∈ K2 at
distance d(K3, K2) from v3. As a consequence, d(K1, K2) = d(K1, K3)+d(K3, K2)
and for every point v1 of K1, there exists a point v2 ∈ K2 at distance d(K1, K2)
from v1. This proves that K1 and K2 are parallel. �

Lemma 4.21. The spreads T1 and T2 are admissible spreads of S. As a consequence,
all elements of Ti, i ∈ {1, 2}, are isomorphic.

Proof. We will show by induction that any two elements of Ti, i ∈ {1, 2}, are
parallel. Without loss of generality, we may suppose that i = 1. Let F1 and G1

denote two arbitrary elements of T1.

(a) Suppose that d(F1, G1) = 1. Let x ∈ F1 and x′ ∈ G1 be points such that
d(x, x′) = 1. By Theorem 4.5, the convex subpolygon C(I(x), x′) contains
I(x′). We show that G1 ⊂ C(F1, x

′). It suffices to show that every line
L through x′ not contained in F2(x) is contained in C(F1, x

′). The quad
C(L, xx′) is not contained in F2(x) and hence intersects F1 in a line L′. So,
C(L, xx′) = C(xx′, L′) ⊆ C(F1, x

′). Hence, L ⊆ C(F1, x
′) as claimed. Now, F1

and G1 are classical and hence also big in C(F1, x
′). It follows that F1 and

G1 are parallel.

(b) Suppose that d(F1, G1) ≥ 2. Let k ∈ F1 and l ∈ G1 be points such that
d(k, l) = d(F1, G1). Let m denote a point in Γ1(l) at distance d(k, l)−1 from
k and let H1 denote the unique element of T1 through m. Then d(F1, H1) ≤
d(F1, G1)− 1 and d(H1, G1) = 1. Hence G1‖H1 by the previous step. By the
induction hypothesis, F1‖H1. Hence, for every point k′ of F1, there exists a
point m′ in H1 at distance d(F1, H1) from k′ and a point l′ in G1 collinear
with m′. So, for every point k′ in F1, there exists a point l′ in G1 at distance
at most d(F1, H1) + 1 ≤ d(F1, G1) (and hence exactly d(F1, G1)) from k′. It
now follows that F1 and G1 are parallel. �

Lemma 4.22. S is a glued near polygon of type F1 ⊗δ F2 for every F1 ∈ T1 and
every F2 ∈ T2.

Proof. (i) If we intersect Fi, i ∈ {1, 2}, with all elements of T3−i, then we obtain
an admissible δ-spread Si of Fi. If we consider F1∩F2 as base element in both
spreads S1 and S2 and if we take θ1 and θ2 equal to the trivial permutation
of this base element, then by Section 4.3, we have all ingredients to construct
an incidence structure which we will denote by F1 ⊗ F2. We will construct
an isomorphism between S and F1 ⊗ F2 and from the existence of such an
isomorphism it will follow that S and F1 ⊗ F2 are glued near polygons.

(ii) For every point x of S, we define θ(x) := (π(x), F2(x)∩F1, F1(x)∩F2) where
π(x) denotes the unique point of F1 ∩ F2 nearest to x. Obviously, θ(x) is a
point of F1 ⊗ F2. Now, consider the equation θ(x) = (x′, K1, K2) (∗) with
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(x′, K1, K2) a given point of F1⊗F2. Let Gi, i ∈ {1, 2}, be the unique element
of Ti through K3−i, and let y denote the unique point of G1 ∩G2 nearest to
x′. Since F1∩F2 ‖ G1∩G2, the point y is the unique solution of the equation
(∗). It follows that θ is a bijection between the point sets of S and F1 ⊗ F2.

(iii) For every point x of S, let πi(x), i ∈ {1, 2}, denote the unique point of Fi

nearest to x. By Lemma 4.18, πi(x) ∈ F3−i(x)∩Fi . Since Fi is classical in S,
π(x) is the unique point of F1∩F2 nearest to πi(x). Since F1∩F2 ‖ F3−i(x)∩Fi,
πi(x) is the unique point of F3−i(x) ∩ Fi nearest to π(x).

(iv) We will now show that θ determines an isomorphism between S and F1⊗F2.
By Lemma 4.21, two different points x and y of S are collinear if and only if
Fi(x) = Fi(y) and d(πi(x), πi(y)) = 1 for at least one i ∈ {1, 2}. By (iii) and
Section 4.3 this is precisely the condition for θ(x) = (π(x), F2(x)∩F1, F1(x)∩
F2) and θ(y) = (π(y), F2(y)∩F1, F1(y)∩F2) to be collinear points of F1⊗F2.
Hence θ is an isomorphism between the collinearity graphs of S and F1⊗F2.
As a consequence also the near polygons S and F1 ⊗ F2 are isomorphic. By
Theorem 4.11 it follows that S is glued. �

4.5 Other characterizations of glued near polygons

4.5.1 Characterization of finite glued near hexagons

An (h, k)-cross is the unique linear space which has a point that is incident with
precisely two lines, one of length h and one of length k. If Qi, i ∈ {1, 2}, is a
generalized quadrangle of order (s, ti) and if S is a glued near hexagon of type Q1⊗
Q2, then every local space of S is a (t1+1, t2+1)-cross. We will use this property
to characterize finite glued near hexagons. We will make use of the following easy
lemma.

Lemma 4.23. Let A be a finite linear space that has the following properties:

(a) A has t1 + t2 + 1 points, t1, t2 ∈ N \ {0, 1},
(b) A has a line L of length t1 + 1 which meets every other line of A;

then the number N of lines of size 2 is at most t1t2 with equality if and only if A
is a (t1 + 1, t2 + 1)-cross.

Proof. Let V denote the set of all pairs (x, y) with x and y two different points
not contained in L. For every v = (x, y) of V , let αv + 1 denote the number of
points on the line xy. Counting incident point-line pairs (p, M) with p �∈ L, we
find

t2(t1 + 1) = N +
∑
v∈V

1
αv − 1

.

Now, αv ≤ t2 for every v ∈ V . Hence N ≤ (t1 + 1)t2 − |V |
t2−1 = t1t2. If equality

holds, then αv = t2 for every v ∈ V and A is a (t1 + 1, t2 + 1)-cross. �
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Theorem 4.24. Let S be a finite near hexagon that has the following properties:

(a) there exists a line which is incident with at least three points,

(b) every two points at distance 2 have at least two common neighbours,

(c) there exists a point x for which L(S, x) is a (t1+1, t2+1)-cross, t1, t2 ∈ N\{0};

then S is a glued near hexagon or is isomorphic to the direct product of a line with
a generalized quadrangle.

Proof. If S is a product near hexagon, then it is a direct product of a line and a
generalized quadrangle and we are done. In the sequel, we will suppose that S is
not a product near polygon. By Corollary 1.13, it then follows that every line of
S is incident with the same number of points. We denote this constant number
by s+ 1. By assumption (a), s ≥ 2. So, S is a dense near polygon and every two
points at distance 2 from each other are contained in a unique quad. Put t := tS .
By assumption (c), t = t1 + t2. If t1 = 1 or t2 = 1, then by Theorem 4.4, S is a
product near polygon, a contradiction. So, t1, t2 �= 1. Let Q1 and Q2 be the two
quads through x with respective orders (s, t1) and (s, t2). By Theorem 2.31, Q1

andQ2 are big. We will prove that every local space L(S, y) is a (t1+1, t2+1)-cross.
Since S is connected, it suffices to prove this for points y collinear with x. Without
loss of generality, we may suppose that y ∈ Q1 \Q2. Let xi, i ∈ {1, . . . , t2}, denote
t2 pairwise noncollinear points of (Q2∩Γ1(x))\Q1, and let zi denote the common
neighbour of xi and y different from x. Through each xi there are t1−1 lines Li,j ,
1 ≤ j ≤ t1 − 1, not contained in Q2 ∪ xizi. We can define t1 − 1 distinct lines
Mi,j �= xizi through zi such that Li,j and Mi,j are contained in a common quad.
Let Ri,j , respectively R̃i,j , denote the quad through ziy and Mi,j , respectively
xix and Li,j. Since L(S, x) is a cross, R̃i,j is a grid. Since the lines xix, Li,j and
R̃i,j ∩Q1 of the grid R̃i,j are contained in Γ1(Ri,j), R̃i,j is contained in Γ1(Ri,j)
and projects to a subgrid of Ri,j . Since Ri,j has a subgrid, tRi,j = 1 or tRi,j ≥ s
by Theorem 1.30. Suppose that a quad R := Ri,j through y satisfies tR ≥ s. If
tR = t2, then clearly L(S, y) is a (t1 + 1, t2 + 1)-cross. Suppose therefore that
s ≤ tR < t2, and let R′ �= Q1 denote a third quad through R ∩ Q1. Since Q2 is
big, R and R′ project to subGQ’s S and S′ of Q2. Through an arbitrary point z
of S′ \ S there are 1 + stR lines intersecting S and tR′ lines completely contained
in S′ \ S. Now t2 + 1 ≥ 1 + stR + tR′ > s2 + 1, contradicting Higman’s inequality
(Theorem 1.28). As a consequence all quads Ri,j are grids; hence they are all
different. Since there are also t2 grid-quads through the line xy, there are at least
t2(t1 − 1) + t2 = t1t2 grid-quads through y. By Lemma 4.23, it then follows that
L(S, y) is a (t1+1, t2+1)-cross. As mentioned earlier the connectedness of S now
implies that every local space is a (t1 + 1, t2 + 1)-cross. It is now easily seen that
there are two partitions T1 and T2 in quads satisfying the conditions of Theorem
4.17. It follows that S is a glued near hexagon. �
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4.5.2 Characterization of general glued near polygons

We will give a characterization result for glued near polygons similar to the one
given in Theorem 4.17.

Let A be a dense near polygon with diameter at least 2 and let Ti, i ∈ {1, 2}, be a
partition of A in convex subpolygons. For every point x of A, let Fi(x), i ∈ {1, 2},
denote the unique element of Ti through x and we put I(x) = F1(x) ∩ F2(x). We
also suppose that the following condition is satisfied for every point x of A:

Γ1(x) ⊆ F1(x) ∪ F2(x).

Theorem 4.25. (i) If x and y are two arbitrary points of A, then there exists a
shortest path between x and y containing a point of F2(x) ∩ F1(y). Hence
F1 ∩ F2 �= ∅ for every F1 ∈ T1 and every F2 ∈ T2.

(ii) For every F1 ∈ T1 and every F2 ∈ T2, diam(A) = diam(F1) + diam(F2) −
diam(F1 ∩ F2).

Proof. The proof of (i) is completely similar to the proof of Lemma 4.18. We will
now show (ii).

• diam(A) ≤ diam(F1) + diam(F2)− diam(F1 ∩ F2).
Let x denote an arbitrary point of F1 ∩ F2. Since every line through x is
contained in F1 ∪ F2 and since every convex subspace through x intersects
Fi, i ∈ {1, 2}, in a convex subpolygon, every chain G0 ⊂ G1 ⊂ · · · ⊂ Gk of
convex subpolygons through x such that G0 = {x} and Gi = F1 ∩ F2 for
a certain i ∈ {0, . . . , k} has length at most diam(F1 ∩ F2) + (diam(F1) −
diam(F1 ∩ F2)) + (diam(F2) − diam(F1 ∩ F2)). This proves that diam(A) ≤
diam(F1) + diam(F2)− diam(F1 ∩ F2).

• diam(A) ≥ diam(F1) + diam(F2)− diam(F1 ∩ F2).
By Theorem 2.29 there exists a point x in F1 which is classical with respect
to F1 ∩ F2 and has distance diam(F1) − diam(F1 ∩ F2) from a point x′ ∈
F1 ∩ F2. Now, take a point y in F2 at distance diam(F2) from x′. By (i)
there exists a shortest path between x and y containing a point z of F1 ∩F2.
Now, d(x, y) = d(x, z) + d(z, y) = d(x, x′) + d(x′, z) + d(z, y) = d(x, x′) +
d(x′, y) = diam(F1)+diam(F2)−diam(F1∩F2). As a consequence, diam(A) ≥
diam(F1) + diam(F2)− diam(F1 ∩ F2). �

Lemma 4.26. The following are equivalent for every point x∗ of A:

(i) |T1| = 1,

(ii) I(x∗) = F2(x∗),

(iii) Γ1(x∗) \ F1(x∗) = ∅.
Proof. We have |T1| = 1 ⇔ F1(x∗) = A ⇔ Γ1(x∗) \ F1(x∗) = ∅ ⇔ Γ1(x∗) ⊆
F1(x∗)⇔ F2(x∗) ⊆ F1(x∗)⇔ I(x∗) = F2(x∗). �
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Theorem 4.27. Suppose that

• I(x∗) is classical in F1(x∗),

• C(Γ1(x∗) \ F2(x∗)) ∩ I(x∗) = {x∗},
for a certain point x∗ of A. Then F1(x∗) ∼= I(x∗) × F3(x∗) and A ∼= F2(x∗) ×
F3(x∗), where F3(x∗) := C(Γ1(x∗) \ F2(x∗)).

Proof. Let y be a point of F3(x∗) at distance diam(F3(x∗)) from x∗. Since y is clas-
sical with respect to I(x∗), we have diam(F3(x∗)) + diam(I(x∗)) ≤ diam(F1(x∗)).
Since F1(x∗) = C(F3(x∗), I(x∗)), we also have diam(F1(x∗)) ≤ diam(F3(x∗)) +
diam(I(x∗)). So, diam(F1(x∗)) = diam(F3(x∗)) + diam(I(x∗)) and diam(A) =
diam(F1(x∗))+diam(F2(x∗))−diam(I(x∗)) = diam(F2(x∗))+diam(F3(x∗)). Now,
the pairs (I(x∗), F3(x∗)) and (F2(x∗), F3(x∗)) satisfy the conditions of Theorem
4.4. Hence F1(x∗) ∼= I(x∗)× F3(x∗) and A ∼= F2(x∗)× F3(x∗). �
Theorem 4.28 (Section 4.5.3). Suppose that A satisfies the following properties for
every point x of A and every i ∈ {1, 2}:
• I(x) is classical in Fi(x),

• I(x) ⊆ C(Γ1(x) \ Fi(x)).

Then there exist near polygons A1, A2 and B such that

(i) F1(x) ∼= A1, F2(x) ∼= A2 and I(x) ∼= B for every point x of A;

(ii) A is a glued near polygon of type A1 ⊗B A2.

Corollary 4.29. If |T1|, |T2| ≥ 2 and diam(I(x)) ≤ 1 for every point x ∈ A, then
there exist subpolygons A1 and A2 such that A is glued of type A1 ⊗k A2 for a
certain k ∈ {0, 1}.
Proof. For every point x of A, diam(I(x)) ≤ 1 and hence I(x) is classical in F1(x)
and F2(x). If also the second condition of Theorem 4.28 is satisfied, then we are
done. So, we may suppose that there exist a point x∗ and an i ∈ {1, 2} such that
I(x∗) �⊆ C(Γ1(x∗) \ Fi(x∗)). Then X := I(x∗) ∩ C(Γ1(x∗) \ Fi(x∗)) is either equal
to {x∗} or to ∅. If X = ∅, then Γ1(x∗) \ Fi(x∗) = ∅, contradicting Lemma 4.26.
So, X = {x∗}. The corollary now easily follows from Theorem 4.27. �

4.5.3 Proof of Theorem 4.28

We prove Theorem 4.28 in a series of lemmas.

Lemma 4.30. Every element of T1∪T2 is classical. Every element of S := {I(x)|x ∈
A} is classical.

Proof. The proof is completely similar to the proof of Lemma 4.19. �
Lemma 4.31. If x and y are collinear points of A, then I(x) ‖ I(y), F1(x) ‖ F1(y)
and F2(x) ‖F2(y).
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Proof. If y ∈ I(x), then I(y) = I(x), F1(x) = F1(y) and F2(x) = F2(y). Suppose
therefore that y �∈ I(x). Without loss of generality we may suppose that y ∈
F1(x)\F2(x). Then F1(x) = F1(y). We will now prove that the convex subpolygons
G := C(F2(x), y) and G′ := C(F2(y), x) coincide. If z ∈ Γ1(y) \ F1(y), then the
quad C(x, z) intersects F2(x) in a line and so z is collinear with a point z′ of F2(x).
Hence z ∈ C(z′, y) ⊆ G, F2(y) = C(Γ1(y) \ F1(y)) ⊆ G and G′ = C(F2(y), x) ⊆ G.
In a similar way one proves that G ⊆ G′. Hence G = G′ and d2 := diam(F2(x)) =
diam(G)− 1 = diam(G′)− 1 = diam(F2(y)). By Lemma 4.30, the convex sub-2d2-
gons F2(x) and F2(y) are classical in the convex sub-(2d2+2)-gon G. Hence, every
point of F2(x) (respectively F2(y)) has distance 1 to F2(y) (respectively F2(x)).
This proves that F2(x)‖F2(y). Clearly πF2(x)→F2(y)(I(x)) = I(y) and hence also
I(x) and I(y) are parallel. �

Lemma 4.32. The spreads T1, T2 and S are admissible spreads of A.

Proof. Let X be one of the sets T1, T2 or S. Each element of X is classical;
hence for all elements K, L ∈ X , K‖L if and only if for every k′ ∈ K there
exists a point l′ ∈ L such that d(k′, l′) = d(K, L). We will prove by induction on
d(K, L) that K‖L. By Lemma 4.31, K‖L if d(K, L) ≤ 1. Suppose therefore that
d(K, L) ≥ 2 and let k ∈ K and l ∈ L be points such that d(k, l) = d(K, L). Let
m denote a point in Γ1(l) at distance d(k, l) − 1 from k and let M denote the
unique element of X through m. Then d(K, M) ≤ d(K, L)− 1 and d(M, L) = 1.
By the induction hypothesis, K‖M and M‖L. Hence, for every point k′ of K,
there exists a point m′ in M at distance d(K, M) from k and a point l′ in L
collinear with m′. So, for every point k′ in K, there exists a point l′ in L such that
d(K, L) ≤ d(k′, l′) ≤ d(K, M)+1 ≤ d(K, L). Hence K‖L and X is admissible. �

It is now clear that {T1, T2} ∈ Δδ(A), where δ is the diameter of an arbitrary
element of S. By Theorem 4.17, we then have:

Corollary 4.33. (a) There exist near polygons A1, A2 and B such that F1(x) ∼=
A1, F2(x) ∼= A2 and I(x) ∼= B for every point x of A.

(b) A is a glued near polygon of type A1 ⊗B A2.

4.6 Subpolygons

We will use the same notation as in Section 4.3. Let SΓ be a glued near polygon;
so, Π1 and Π2 commute. Let F denote a convex subpolygon of SΓ. Without loss
of generality, see Theorem 4.16, we may suppose that F ∩ B(F (1)

1 , F
(2)
1 ) �= ∅. Put

B′ := {x ∈ B|(x, F
(1)
1 , F

(2)
1 ) ∈ F}. Since F ∩B(F (1)

1 , F
(2)
1 ) is convex, B′ is a convex

subpolygon of B.
Lemma 4.34. F meets A1(F

(2)
j ) and A2(F

(1)
i ) ⇔ F meets B(F (1)

i , F
(2)
j ).
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Proof. If α is a point of A1(F
(2)
j ) and β is a point of A2(F

(1)
i ), then there exists a

shortest path between α and β containing a point of B(F (1)
i , F

(2)
j ). Since F is con-

vex the⇒-part immediately follows. The⇐-part also is clear since B(F (1)
i , F

(2)
j ) =

A1(F
(2)
j ) ∩ A2(F

(1)
i ). �

Put I := {i ∈ {1, . . . , n1} |F ∩A2(F
(1)
i ) �= ∅} and J := {j ∈ {1, . . . , n2} |F ∩

A1(F
(2)
j ) �= ∅}. By Lemma 4.34, F meets B(F (1)

i , F
(2)
j ) if and only if i ∈ I and

j ∈ J .

Lemma 4.35. The points of F are precisely the points (x, F
(1)
i , F

(2)
j ) where x ∈ B′,

i ∈ I and j ∈ J .

Proof. The spread S induces an admissible spread S∗ in F , see Theorem 4.5.
Moreover, the projection maps between two elements of S∗ are inherited from
the projection maps between the corresponding elements of S. So, a point α =
(x, F

(1)
i , F

(2)
j ) belongs to F , if and only if the unique point α′ in B(F (1)

1 , F
(2)
1 )

nearest to α belongs to F . Since α′ = (x, F
(1)
1 , F

(2)
1 ), the lemma easily follows. �

Theorem 4.36. One of the following occurs.

(a) F is contained in an element of T1 ∪ T2 and hence is isomorphic to a sub-
polygon of A1 or A2.

(b) F is glued and of type F1⊗F2, where Fi, i ∈ {1, 2}, is isomorphic to a convex
subpolygon of Ai.

Proof. Again we suppose that F ∩ B(F (1)
1 , F

(2)
1 ) �= ∅ and we use the notation as

before. If |I| = 1 or |J | = 1, then we clearly have case (a). Suppose therefore that
|I|, |J | ≥ 2. The subpolygon F ∩ Ai(F

(3−i)
1 ), i ∈ {1, 2}, is a convex subpolygon

of Ai(F
(3−i)
1 ). The isomorphism μ defined in the proof of Lemma 4.9 (or the

similar one if i = 2) maps F ∩ Ai(F
(3−i)
1 ) to a convex subpolygon A′i of Ai and

F ∩ B(F (1)
1 , F

(2)
1 ) to a convex subpolygon B′ of A′i. Since |I|, |J | ≥ 2, diam(A′i) >

diam(B′). The elements of S∗ which are completely contained in Ai(F
(3−i)
1 ) define

an admissible spread of Ai(F
(3−i)
1 ) which, by using μ, can be transformed to an

admissible spread S′i of A′i. Now, define θ′i := θi|B′ . We leave it as a straightforward
exercise to the reader to verify that the objects B′, A′1, A′2, S′1, S′2, θ′1 and θ′2 give
rise to a glued near polygon isomorphic to F . �

The following theorem gives the convex subpolygons of SΓ in terms of the
convex subpolygons of A1 and A2.

Theorem 4.37. Let B′ be a nonempty set of points of B, let I ⊆ {1, . . . , n1} and
let J ⊆ {1, . . . , n2} such that 1 ∈ I and 1 ∈ J . Then G := {(x, F

(1)
i , F

(2)
j )|

x ∈ B′, i ∈ I, j ∈ J} is convex if and only if G1 := {(x, F
(1)
i , F

(2)
1 ) | x ∈ B′, i ∈ I}

and G2 := {(x, F
(1)
1 , F

(2)
j )|x ∈ B′, j ∈ J} are convex.
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Proof. If G is convex, then also G1 = G ∩ A1(F
(2)
1 ) and G2 = G ∩ A2(F

(1)
1 ) are

convex. Suppose now that G1 and G2 are convex. In order to prove that G is
convex, it suffices to show that Γ1(α) ∩ Γd(α,β)−1

(β) ⊆ G for all points α and β

of G. Let α = (x1, F
(1)
i1

, F
(2)
j1
) and β = (x2, F

(1)
i2

, F
(2)
j2
) denote two points of G and

let γ denote an arbitrary element of Γ1(α) ∩ Γd(α,β)−1(β). Suppose that γ is of

the form (x3, F
(1)
i3

, F
(2)
j1
). Since A1(F

(2)
j1
) is classical, γ ∈ Γ1(α) ∩ Γd(α,β′)−1

(β′)

where β′ denotes the unique point of A1(F
(2)
j1
) nearest to β. Since G1 is convex,

also G′1 := {(x, F
(1)
i , F

(2)
j1
)|x ∈ B′, i ∈ I} is convex. Since α, β′ ∈ G′1, also γ ∈ G′1.

Hence x3 ∈ B′, i3 ∈ I and γ ∈ G. In a similar way, one proves that γ ∈ G if γ is
of the form (x3, F

(1)
i1

, F
(2)
j3
). Hence Γ1(α) ∩ Γd(α,β)−1

(β) ⊆ G for all points α and
β of G, proving that G is convex. �

4.7 Glued near polygons of type δ ∈ {0, 1}
As we already have mentioned, any known glued near polygon is either of type 0
or 1. In this section, we will give a more detailed study of glued near polygons of
type 0 and 1.

4.7.1 Glued near polygons of type 0

Theorem 4.38. If A1 and A2 are two near polygons of diameter at least 1, then
A1 ×A2 is the (up to isomorphism) unique glued near polygon of type A1 ⊗0 A2.

Proof. Clearly, Ai, i ∈ {1, 2}, has a unique 0-spread Si, namely the set
(Pi

1

)
of all

singletons of the point set Pi. The near polygon B necessarily is the unique near
0-gon. By Theorem 4.16, we may choose arbitrary base elements in S1 and S2. For
any choice of the base elements, θ1 and θ2 are uniquely determined. The glueing
construction described in Section 4.3 now yields an incidence structure A1 ⊗0A2.
Since |B| = 1, there exists a natural bijection between the point set B×S1×S2 of
A1⊗0A2 and the point set P1×P2 of A1×A2, namely (∗, {p1}, {p2}) �→ (p1, p2).
This bijection clearly determines an isomorphism. �

4.7.2 Spreads of symmetry

Definitions.

(A) If K and L are two lines of a near polygon, then {K, L}⊥ denotes the set of
all lines meeting K and L and {K, L}⊥⊥ denotes the set of all lines meeting
every line of {K, L}⊥.

(B) An admissible 1-spread S of a near polygon is called a regular spread if for
all K, L ∈ S with d(K, L) = 1, (i) {K, L}⊥⊥ cover the same set of points as
{K, L}⊥, and (ii) {K, L}⊥⊥ ⊆ S.
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(C) A 1-spread S of a near polygon A is called a spread of symmetry if for every
line K ∈ S and for all points k1, k2 ∈ K, there exists an automorphism of
A fixing each line of S and mapping k1 to k2. Every spread of symmetry is
a regular spread (see e.g. the proof of Theorem 4.42 for the case of GQ’s).
Every trivial spread is a spread of symmetry.

Let S be an admissible 1-spread of a near 2d-gon A = (P ,L, I). The full
group of automorphisms of A fixing each line of S is denoted by GS . For every
two lines K and L of S, let pK

L denote the projection from K onto L. For a line
K ∈ S, we call ΠS(K) = 〈P M

K ◦P L
M ◦PK

L |L, M ∈ S〉 the group of projectivities of
K with respect to S.

Theorem 4.39. (a) The group ΠS(K) is trivial if and only if the spread S is
trivial.

(b) If ΠS(K) is not the trivial group, then ΠS(K) acts transitively on K.

(c) If S is not trivial, then GS acts semiregularly on each line of S.

Proof. (a) This follows from Theorem 4.12.

(b) Let x ∈ K and θ ∈ ΠS(K) such that xθ �= x. It is sufficient to prove that the
orbit of x under ΠS(K) is equal to K. So, let x̃ be an arbitrary point of K.
There exists a path x = x0, x1, . . . , xk = xθ in A such that d(xi, xi+1) = 1
and xixi+1 �∈ S for all i ∈ {0, . . . , k − 1}. Take now the smallest i such that
x is not the unique point of K nearest to xi, and let y be the unique point of
xi−1xi nearest to x̃. Since xi−1xi and K are parallel, x̃ is the unique point
of K nearest to y. If L and M are the elements of S through xi−1 and y,
respectively, then PM

K ◦ PL
M ◦ PK

L maps x to x̃, proving the result.

(c) If θ ∈ GS fixes a point x ∈ K, then θ also fixes every point of xΠS(K) and
hence the whole point set of A if S is not trivial, see (b). Hence, if S is
nontrivial, then only the trivial element of GS has fixpoints. �

Theorem 4.40. If θ ∈ GS, then θ induces a permutation θ̄ on the point set of
K ∈ S that commutes with each element of ΠS(K). Conversely, if a permutation
φ on the point set of K commutes with each element of ΠS(K), then φ = θ̄ for
some θ ∈ GS .

Proof. Let θ ∈ GS and let θ̄ be the permutation on the point set ofK induced by θ.
If L and M are two arbitrary lines of S, then θ◦pL

M (x) = pL
M ◦θ(x) for every point

x of L. Since θ = pK∗ ◦ θ̄◦p∗K, p
M
K ◦pL

M ◦pK
L ◦ θ̄ = θ̄ ◦pM

K ◦pL
M ◦pK

L for all lines L and
M of S. This proves that θ̄ commutes with every element of ΠS(K). Conversely,
suppose that a permutation φ on the point set of K commutes with every element
of ΠS(K). Then for every point x of a line L of S, we define xθ := pK

L ◦φ ◦ pL
K(x).

Suppose that x1 and x2 are two collinear points belonging to different lines K1 and
K2 of S. Then pK1

K2
(xθ

1) = pK1
K2
◦pK

K1
◦φ◦pK1

K (x1) = pK
K2
◦pK2

K ◦pK1
K2
◦pK

K1
◦φ◦pK1

K (x1) =
pK

K2
◦φ◦pK2

K ◦pK1
K2
◦pK

K1
◦pK1

K (x1) = pK
K2
◦φ◦pK2

K ◦pK1
K2
(x1) = pK

K2
◦φ◦pK2

K (x2) = xθ
2.
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Hence, xθ
1 ∼ xθ

2. It is now easily seen that θ is an automorphism of A fixing each
line of S. �
Lemma 4.41 ([4], see also Theorem 1.9.1 of [82]). Let θ be an automorphism of a
finite generalized quadrangle of order (s, t). If f is the number of fixpoints of θ and
if g is the number of points x for which xθ �= x ∼ xθ, then (t + 1)f + g ≡ 1 + st
(mod s+ t).

Theorem 4.42. If a finite generalized quadrangle Q of order (s, t) admits a spread
of symmetry, then s+ 1 | t(t− 1) and s+ t | s(s+ 1)(t+ 1).

Proof. Suppose S is a spread of symmetry of Q and let GS denote the group of
automorphisms of Q fixing each line of S. The theorem obviously holds if t = 1.
So, suppose that t ≥ 2. Let K be an arbitrary line of Q not contained in S and let
L1, . . . , Ls+1 denote the lines of S intersecting K. Obviously, the lines L1, . . . , Ls+1

together with the lines Kθ, θ ∈ GS, determine a subgrid of Q. It follows that
|{M1, M2}⊥⊥| = s+ 1 and {M1, M2}⊥⊥ ⊆ S for every two different lines M1 and
M2 of S. The lines of S together with the spans {M1, M2}⊥⊥, M1, M2 ∈ S with
M1 �= M2, define a linear space L. The total number of lines of this linear space
is equal to (st+1)(st)

(s+1)s
. The divisibility condition s+ 1 | t(t− 1) follows. Now, if we

apply Lemma 4.41 to any nontrivial automorphism of GS , then by Theorem 4.39,
f = 0, g = (s+ 1)(st+ 1) and (s+ t) | s(s+ 1)(t+ 1). �
Theorem 4.43. If K is a line of a nontrivial admissible spread S of a near polygon,
then the following statements are equivalent:

(1) S is a spread of symmetry,

(2) ΠS(K) acts regularly on the set of points of K,

(3) GS acts regularly on the set of points of K.

If one of the above statements holds, then GS
∼= ΠS(K).

Proof. (3) ⇒ (1): Trivial.
(1) ⇒ (3): This follows from Theorem 4.39 (c).
(2) ⇔ (3): To prove this, we will make use of the following elementary and well-
known result in the theory of permutation groups (see e.g. [68]):

If a groupH acts regularly on a setX , then the group H̃ of permutations
of X which commute with every element of H acts also regularly on X .
Moreover, H and H̃ are isomorphic.

From Theorem 4.40, it follows that if ΠS(K) acts regularly onK, then alsoGS acts
regularly on K. Conversely, suppose that GS acts regularly on the line K, then
by Theorem 4.40 and the above-mentioned result, ΠS(K) ⊆ H̃ , where H̃ is some
group acting regularly on K. Since ΠS(K) acts transitively on K, see Theorem
4.39 (b), we must have that ΠS(K) = H̃ . From the quoted property (H ∼= H̃), it
follows that GS

∼= ΠS(K) if S is a spread of symmetry. �
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Theorem 4.44. If ΠS(K) is commutative, then S is a spread of symmetry.

Proof. We may suppose that ΠS(K) is not trivial by Theorem 4.39 (a). Since
ΠS(K) is commutative, every element of ΠS(K) can be extended to an element
of GS by Theorem 4.40. Since ΠS(K) acts transitively on the set of points of K
(Theorem 4.39), S is a spread of symmetry. �

4.7.3 Glued near polygons of type 1

We will use the same notation as in Section 4.3. If δB = 1, then Theorem 4.11 can
be strengthened.

Theorem 4.45. If δB = 1, then SΓ is a near polygon if and only if Π1 and Π2

commute.

Proof. We will show that if δB = 1, then any element of T1 ∪ T2 is convex. The
theorem then immediately follows from Theorem 4.11. Let F denote an arbitrary
element of T1 ∪ T2. Without loss of generality, we may suppose that F ∈ T1.
So, F = A1(F

(2)
j ) for a certain j ∈ {1, . . . , n2}. Let α = (x1, F

(1)
i1

, F
(2)
j ) and

β = (x2, F
(1)
i2

, F
(2)
j ) denote two arbitrary points of F . Since F ∼= A1 and since

the spread S1 is admissible, d(α, β) ≤ d1(F
(1)
i1

, F
(1)
i2
) + 1. If γ is a shortest path

between α and β, then its length l(γ) is equal to NA +NB +NC , where NA (NB,
respectively NC) denotes the number of pairs of successive points in γ whose type
is (A), (B), respectively (C). Obviously, NB ≥ d1(F

(1)
i1

, F
(1)
i2
). If γ is not completely

contained in F , then NC ≥ 2 and l(γ) ≥ d1(F
(1)
i1

, F
(1)
i2
)+2, contradicting d(α, β) ≤

d1(F
(1)
i1

, F
(1)
i2
) + 1. This proves that every element of T1 ∪ T2 is convex. �

Theorem 4.46. Let S be a glued near polygon of type 1 arising from a tuple
(A1,A2,B, S1, S2, L

(1)
1 , L

(2)
1 , θ1, θ2). Let GSi , i ∈ {1, 2}, denote the group of au-

tomorphisms of Ai fixing each line of Si. If none of the spreads S1 and S2 is
trivial, then S1 and S2 are spreads of symmetry and GS1 and GS2 are isomorphic
groups.

Proof. We will use the same notation as in Section 4.3. Let s+1 denote the constant
number of points on a line of S1 ∪ S2. By Theorem 4.11, Π1 and Π2 commute.
Since ΠSi(L

(1)
i ), i ∈ {1, 2}, acts transitively on L

(1)
i , it follows by Theorem 4.40

that GSi acts transitively on each line of Si. So, Si is a spread of symmetry. By
(the proof of) Theorem 4.43 and the fact that Π1 and Π2 commute, the groups
GS1 , GS2 , Π1 and Π2 are isomorphic. �

Theorem 4.47. Let A1 and A2 be near polygons, let Si, i ∈ {1, 2}, be a spread of
symmetry of Ai and let Gi be the group of automorphisms of Ai fixing each line
of Si. Suppose that the spreads S1 and S2 are not trivial and that the groups G1

and G2 are isomorphic. Then there exists at least one glued near polygon of type
1 arising from A1, A2, S1 and S2.
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Proof. Let B denote an arbitrary line of size |G1| = |G2|. Let θ1 and θ2 denote ar-
bitrary bijections between B and base lines L

(1)
1 and L

(2)
1 of S1 and S2, respectively.

Let Π1 and Π2 denote the corresponding groups of permutations of L, see Section
4.3. Since Si, i ∈ {1, 2} is a nontrivial spread of symmetry, Πi acts regularly on B
and is isomorphic to Gi, see Theorem 4.43. Hence, Π1

∼= Π2. Now, let Π̃1 denote
the group of permutations of B commuting with every element of Π1. Then Π̃1 is
isomorphic to Π1 and hence also with Π2. So, there exists a permutation θ of B
such that Π̃1 = θ−1Π2θ. By Theorem 4.45, there arises now a glued near polygon
of type 1 from the tuple (A1,A2,B, S1, S2, L

(1)
1 , L

(2)
1 , θ1, θ2θ). �

Theorem 4.48. Let A1 and A2 be slim near polygons, let Si, i ∈ {1, 2}, be a spread
of symmetry of Ai, let L

(i)
1 denote an arbitrary line of Si and let B be a line of size

3. For every bijection θ1 : B → L
(1)
1 and every bijection θ2 : B → L

(2)
1 , let Sθ1,θ2 de-

note the incidence structure arising from the tuple (A1,A2,B, S1, S2, L
(1)
1 , L

(2)
1 , θ1,

θ2), see Section 4.3. Then Sθ1,θ2 is a glued near polygon of type 1. If the automor-
phism group of A1 fixing S1 and the line L

(1)
1 ∈ S1 induces all six permutations of

the line L
(1)
1 , then all near polygons Sθ1,θ2 are isomorphic.

Proof. By the remark following Theorem 4.11, we may suppose that none of the
spreads S1 and S2 is trivial. Then by Theorem 4.43 both Π1 and Π2 act regularly
on B. By Theorem 4.45 and the fact that |Π1| = |Π2| = 3, it then follows that
Sθ1,θ2 is a near polygon for any choice of θ1 and any choice of θ2. By reasons of
symmetry, all these near polygons are isomorphic if the automorphism group of A1

fixing S1 and the line L
(1)
1 ∈ S1 induces all six permutations of the line L

(1)
1 . �

4.7.4 Admissible triples

Definition. An admissible triple is a triple T = (L, G,Δ), where

• G is a nontrivial finite group. We put s := |G| − 1. Unless otherwise stated,
we will always use the multiplicative notation for G.

• L is a linear space, different from a point, in which each line is incident with
exactly s+ 1 points. We denote the point set of L by P .

• Δ is a map from P × P to G such that the following holds for any three
points x, y and z of L:

x, y and z are collinear ⇔ Δ(x, y)Δ(y, z) = Δ(x, z).

Obviously, Δ(x, x) = 1 and Δ(y, x) = [Δ(x, y)]−1 for all points x and y of L.

Coordinatization of generalized quadrangles with a spread of symmetry

In this section we will prove the following theorem.
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Theorem 4.49. Let T = (L, G,Δ) be an admissible triple and let P denote the
point set of L. Let Γ be the graph with vertex set G× P , with two vertices (g, p1)
and (g′, p′1) adjacent whenever either (p1 = p′1 and g �= g′) or (p1 �= p′1 and
g′ = gΔ(p1, p

′
1)). Then, the vertices and maximal cliques of Γ define a generalized

quadrangle Q. Moreover, Lp := {(g, p) | g ∈ G} is a line of Q for every point p of
L and the set of lines Lp, p ∈ P , defines a spread of symmetry S of Q. Conversely,
if Q′ is a finite generalized quadrangle with a spread of symmetry S′, then the pair
(Q′, S′) is derivable from an admissible triple in the above-described way.

Proof. Put |G| = s+ 1 and |P | = 1 + st.

(1) The graph Γ contains (1 + s)(1 + st) vertices and every vertex is adjacent
to s(t + 1) others. We will prove that every two adjacent vertices are contained
in a unique maximal clique and that this clique contains exactly s + 1 elements.
The incidence structure Q then has order (s, t), and since the number of points at
distance at most one from a given line is (s + 1) + (s + 1)ts = (s+ 1)(1 + st), Q
must be a generalized quadrangle of order (s, t).

So, suppose that p1 = (g1, x) and p2 = (g2, y) are two adjacent vertices of
Γ; we determine what the common neighbours (g3, z) look like. If x = y �= z,
then g3 = g1Δ(x, z) = g2 Δ(x, z), implying that g1 = g2, a contradiction. Hence
if x = y, then p1 and p2 are in a unique maximal clique containing all the points
(g, x) with g ∈ G. If x �= y, then also x �= z �= y and g3 = g1Δ(x, z) = g2Δ(y, z) =
g1Δ(x, y)Δ(y, z). This implies that Δ(x, z) = Δ(x, y)Δ(y, z) or that z ∈ xy. It
now follows easily that p1 and p2 are contained in a unique maximal clique, namely
{(g1Δ(x, z), z) | z ∈ xy}.
(2) By (1), Lp is a line of Q for every point p of L. Obviously, the lines Lp

determine a spread S of Q. For each h ∈ G, the map θh : (g, x) �→ (hg, x) defines
an automorphism of Q that fixes each line of S. It is now easily seen that S is a
spread of symmetry.

(3) Suppose that S′ = {L1, . . . , L1+st} is a spread of symmetry of a generalized
quadrangle Q′ of order (s, t). If Q′ is a grid, then the pair (Q′, S′) is derivable from
an admissible triple: take for the linear space a line of size s + 1 and for G any
group of order s+ 1. Suppose that Q′ is not a grid and let G denote the group of
automorphisms of Q′ fixing each line of S′. By Theorem 4.43, |G| = s+1. Let L be
the linear space whose vertices are the elements of S′ and whose lines are all the
reguli {A, B}⊥⊥, where A and B are two different lines of S′ (natural incidence).

We will now construct the map Δ. Choose a point p in L1. Take two points
x = Li and y = Lj of L. Let x1 be the projection of p on the line Li (in the
generalized quadrangle Q′), let x2 be the projection of x1 on the line Lj and
finally let x3 be the projection of x2 on the line L1. Now, there exists a unique
element θ ∈ G such that x3 = pθ and we put Δ(x, y) := θ−1. It remains to
show that the points x = Li, y = Lj , z = Lk of L are collinear if and only if
Δ(x, y)Δ(y, z) = Δ(x, z). Put Δ(x, y) = α−1, Δ(y, z) = β−1 and Δ(x, z) = γ−1.
Denote by pl, l ∈ {1, i, j, k}, the projection on the line Ll in the generalized
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quadrangle Q′. Put a = pi(p), b = pj(a), c = pk(b), d = pk(a), then pγ = p1(d).
From p ∼ pj(p) ∼ pkpj(p) ∼ pβ and pα ∼ b ∼ c ∼ p1(c), it follows that pβα =
p1(c). Now,

Δ(x, y)Δ(y, z) = Δ(x, z) ⇔ γ = βα

⇔ c = d

⇔ a, b, c are on a line
⇔ x, y, z are collinear.

We will now show the isomorphism between Q′ and the generalized quadrangle
which is derived from (L, G,Δ). Let z be an arbitrary point of Q′. Let Lz denote
the unique line of S′ incident with z and let z′ denote the projection of z on
the fixed line L1. There exists a unique gz ∈ G such that z′ = pgz . We prove
now that the map z �→ (g−1

z , Lz) defines an isomorphism between the GQ’s. It
is clearly a bijection and since both geometries have the same order, it suffices
to show that adjacency is preserved. So, let z1 and z2 be two adjacent points
of Q′ and put x = Lz1 and y = Lz2 . We may suppose that Lz1 �= Lz2 . From
pgz1 ∼ z1 ∼ z2 ∼ pgz2 , it follows that gz2 = [Δ(x, y)]−1 gz1 or g−1

z2
= g−1

z1
Δ(x, y).

Hence (g−1
z2

, y) ∼ (g−1
z1

, x). �

Coordinatization of glued near hexagons

Using the connection between glued near hexagons, spreads of symmetry of gen-
eralized quadrangles and admissible triples, we are able to coordinatize glued near
hexagons.

Theorem 4.50. Suppose S is a finite glued near hexagon which is not a product
near polygon, then there exist admissible triples Ti = (Li, Gi,Δi), i ∈ {1, 2}, and
an anti-isomorphism θ from G1 to G2 such that S is isomorphic to the geometry
Sθ which we will define now.

Let Pi, i ∈ {1, 2}, denote the point set of Li. Let Γθ be the graph with vertex
set G1×P1×P2 with two vertices (g, p1, p2) and (g′, p′1, p

′
2) adjacent whenever one

of the following conditions is satisfied:

(1) p1 = p′1, p2 = p′2 and g �= g′;

(2) p1 = p′1, p2 �= p′2 and g′ = θ−1(Δ2(p2, p
′
2)) g;

(3) p1 �= p′1, p2 = p′2 and g′ = gΔ1(p1, p
′
1).

The vertices and maximal cliques of Γθ define a geometry Sθ.

Proof. Let {R1, R2} ∈ Δ1(S), letQi, i ∈ {1, 2}, denote an arbitrary quad ofRi and
let Si be the spread of Qi obtained by intersecting Qi with all quads of R3−i. Since
S is not a product near polygon, none of the spreads S1 and S2 is trivial. Hence,
Si, i ∈ {1, 2}, is a spread of symmetry of Qi by Theorem 4.46. By Theorem 4.49,
there exists an admissible triple Ti = (Li, Gi,Δi) coordinatizing the pair (Qi, Si).
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Let xi denote an arbitrary point of Li. Without loss of generality, see part (3) of
the proof of Theorem 4.49, we may suppose that Δi(xi, p) is the identity element
of Gi for every point p of Li. We will consider the line Lxi (see Theorem 4.49) as
base line of Si. The glued near hexagon S arises from the generalized quadrangles
Q1 and Q2, the spreads S1 and S2, the base lines Lx1 and Lx2 , a line B, and certain
bijections θ1 : B → Lx1 , θ2 : B → Lx2. Without loss of generality, we may suppose
that B = G1 and θ1(g1) = (g1, x1) for every g1 ∈ B = G1. Let θ be the bijection
from G1 to G2 such that θ2(g1) = (θ(g1), x2). The points of S are the elements of
the set G1 × S1 × S2. Two distinct points (g, Lp1 , Lp2) and (g′, Lp′1 , Lp′2) of S are
collinear if and only if one of the following conditions is satisfied:

(1) p1 = p′1, p2 = p′2 and g �= g′;

(2) p1 = p′1, p2 �= p′2 and g′ = θ−1[θ(g)Δ2(p2, p
′
2)];

(3) p1 �= p′1, p2 = p′2 and g′ = gΔ1(p1, p
′
1).

The conditions (1), (2) and (3) define a graph Γθ with vertex set G1×S1×S2 and
the vertices and maximal cliques of Γθ define a partial linear space Sθ isomorphic
to S. Now, for every a ∈ G2, let θa be the bijection from G1 to G2 which maps the
element g1 of G1 to the element a θ(g1) of G2. Obviously, Γθ

∼= Γθa and Sθ
∼= Sθa .

So, without loss of generality, we may suppose that θ maps the identity element
of G1 to the identity element of G2. Since S is a near hexagon, the condition in
Theorem 4.45 must be fulfilled. This condition implies that

θ−1[θ(Δ1(p1, p
′
1))Δ2(p2, p

′
2)] = θ−1[Δ2(p2, p

′
2)]Δ1(p1, p

′
1) (∗)

for all points p1, p
′
1 of L1 and all points p2, p

′
2 of L2. Since S1 and S2 are not

trivial spreads, the groups ΠS1(Lx1) and ΠS2(Lx2) act regularly on the respective
lines Lx1 and Lx2 , see Theorem 4.43. It follows that Δi(pi, p

′
i), i ∈ {1, 2}, can take

all values of Gi. Equation (∗) then implies that θ is an anti-isomorphism. The
theorem now readily follows. �

4.7.5 The sets Υ0(A) and Υ1(A) for a dense near polygon A
Let A be a dense near polygon and let Υ(A) denote the set of all partitions of
A in convex subpolygons. We say that an element T ∈ Υ(A) belongs to Υi(A),
i ∈ {0, 1}, if there exists a T ′ ∈ Υ(A) such that {T, T ′} ∈ Δi(A).
Theorem 4.51. If T ∈ Υ0(A), then there exists a unique T ′ ∈ Υ(A) such that
{T, T ′} ∈ Δ0(A).
Proof. Let x denote an arbitrary point of A, let Fx denote the unique element of
T through x and let L1, . . . , Lk denote all the lines through x not contained in T .
If T ′ is an element of Υ(A) such that {T, T ′} ∈ Δ0(A), then the unique element of
T ′ through x coincides with C(L1, . . . , Lk). The theorem now readily follows. �
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Theorem 4.52. If T ∈ Υ1(A) \Υ0(A), then there exists a unique T ′ ∈ Υ(A) such
that {T, T ′} ∈ Δ1(A).
Proof. Let x denote an arbitrary point of A, let Fx denote the unique element of
T through x and let L1, . . . , Lk denote the lines through x not contained in Fx.
Let T ′ be an element of Υ(A) such that {T, T ′} ∈ Δ1(A) and let F ′x denote the
unique element of T ′ through x. Clearly, diam(Fx) + diam(F ′x) = diam(A) + 1,
diam(Fx ∩ F ′x) = 1 and L1, . . . , Lk ⊆ F ′x. There are two possibilities.

(a) C(L1, . . . , Lk) ∩ Fx = {x}.
In this case, we have diam(C(L1, . . . , Lk)) = diam(F ′x)−1 and hence diam(A)
= diam(Fx)+diam(C(L1, . . . , Lk)). From Theorem 4.4, it readily follows that
T ∈ Υ0(A), a contradiction.

(b) C(L1, . . . , Lk) ∩ Fx is a line.
In this case, we have C(L1, . . . , Lk) = F ′x.

The proposition now readily follows. �

Remark. The previous proposition is not necessarily valid if T ∈ Υ0(A). Suppose
that {T, T ′} ∈ Δ0(A), let F ∈ T and suppose that F has an admissible spread
S. For every point x of F , define F̃x := C(Lx, F ′x), where Lx denotes the unique
line of S through x and F ′x denotes the unique element of T ′ through x. Put T̃ :=
{F̃x|x ∈ F}. Then {T, T̃} ∈ Δ1(A). So, if the near polygon F has two different
admissible spreads, there exist at least two T̃ ∈ Υ(A) such that {T, T̃} ∈ Δ1(A).
Definitions. Let T ∈ Υ0(A) ∪ Υ1(A). If T ∈ Υ0(A), then we denote by T C the
unique element of Υ0(A) such that {T, T C} ∈ Δ0(A). If T ∈ Υ1(A) \Υ0(A), then
we denote by T C the unique element of Υ(A) such that {T, T C} ∈ Δ1(A). We
call T C the complementary partition of T . If T ∈ Υ0(A), then (T C)C = T . If
T ∈ Υ1(A) \ Υ0(A), then (T C)C is not necessarily equal to T (T C might belong
to Υ0(A), see the previous remark). We denote by Υ̃1(A) the set of all T ∈
Υ1(A) \Υ0(A) for which (T C)C = T . We also define Δ̃1(A) := Δ1(A) ∩

(
Υ̃1(A)

2

)
.

4.7.6 Extensions of spreads and automorphisms

Let A be a dense near polygon, let T denote an element of Υ0(A) ∪ Υ̃1(A), let F
denote an arbitrary element of T and let F ′ denote an arbitrary element of TC .

• For every 1-spread S of F , we define S̄ := {πF,E(L) |E ∈ T and L ∈ S}.
Obviously, S̄ is a spread of A. We call S̄ the extension of S.

• For every automorphism θ of F and for every point x of A, we define θ̄(x) :=
πF,Fx ◦ θ ◦ πFx,F (x). Here Fx denotes the unique element of T through x.
Obviously, θ̄ is a permutation of the point set of A. We call θ̄ the extension
of θ.
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Theorem 4.53. (a) Let T ∈ Υ0(A).
(a1) If θ is an automorphism of F , then θ is an automorphism of A.

(a2) If φ is an automorphism of A fixing each element of T , then φ = θ̄ for
some automorphism θ of F .

(a3) If φ1 is an automorphism of A fixing each element of T and if φ2 is an
automorphism of A fixing each element of T C, then φ1 and φ2 commute.

(b) Let T ∈ Υ̃1(A), let S∗ denote the spread of F obtained by intersecting F
with every element of TC and let G∗ denote the group of automorphisms of
F fixing each line of S∗. Let θ denote an automorphism of F . Then θ̄ is an
automorphism of A if and only if θ commutes with every element of G∗.

Proof. Properties (a1), (a2) and (a3) are straightforward. In order to prove prop-
erty (b), it suffices to prove that θ̄ maps collinear points x and y to collinear points
θ̄(x) and θ̄(y). There are two possibilities.

• Fx = Fy .
The statement follows from the fact that the maps πFx,F , θ and πF,Fx are
isomorphisms.

• Fx �= Fy .
θ̄(x) and θ̄(y) are collinear if and only if πFx,Fy ◦ θ̄(x) = θ̄(y), i.e. if and only
if πFx,Fy ◦ πF,Fx ◦ θ ◦ πFx,F (x) = πF,Fy ◦ θ ◦ πFy,F ◦ πFx,Fy(x).

Hence, θ̄ is an automorphism if and only if πFx,Fy ◦ πF,Fx ◦ θ = πF,Fy ◦ θ ◦ πFy,F ◦
πFx,Fy ◦πF,Fx for all Fx, Fy ∈ T , i.e. if and only if θ commutes with πFy,F ◦πFx,Fy ◦
πF,Fx for all Fx, Fy ∈ T . Let S′ denote the spread of F ′ obtained by intersecting
F ′ with every element of T . Since T ∈ Υ̃1(A), S ′ is not a trivial spread of F ′ and
S∗ is not a trivial spread of F . Put H := {πFy ,F ◦πFx,Fy ◦πF,Fx |Fx, Fy ∈ T }. Then
|H | = |ΠS′(F ∩ F ′)| and H ≤ G∗. By Theorem 4.39, H acts transitively and G∗

acts semiregularly on every line of S∗. It follows that H = G∗. As a consequence,
θ̄ is an isomorphism if and only if θ commutes with every element of G∗. �

By the following two theorems, all spreads of symmetry in product and glued
near polygons are characterized.

Theorem 4.54. Let S be a spread of symmetry of F and let GS denote the group
of automorphisms of F fixing each line of S.

(a) If T ∈ Υ0(A), then S̄ is a spread of symmetry of A.

(b) If T ∈ Υ̃1(A), let S∗ denote the spread of F obtained by intersecting F with
every element of T C and let G∗ denote the group of automorphisms of F
fixing each line of S∗. Then S̄ is a spread of symmetry of A if and only if
[G∗, GS] = 0.
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Proof. (a) The group ḠS := {θ̄ | θ ∈ GS} fixes each line of S̄ and acts transitively
on each line of S̄. So, S̄ is a spread of symmetry.

(b) If [G∗, GS ] = 0, then by Theorem 4.53, ḠS := {θ̄ | θ ∈ GS} is a group of
automorphisms of A. Since ḠS fixes each line of S̄ and acts transitively on each
line of S̄, S̄ is a spread of symmetry. Conversely, suppose that S̄ is a spread of
symmetry, let GS̄ denote the group of automorphisms of A fixing each line of S̄.
Then GS̄ = Ḡ for some subgroup G of GS acting regularly on S. By Theorem
4.53, we have [G∗, G] = 0. If GS = G, then we are done. If GS �= G, then GS acts
regularly, but not semiregularly on S. So, S is a trivial spread of F by Theorem
4.39. Since T ∈ Υ̃1(A), S �= S∗. By Theorem 4.5, it then follows that S and S∗

have no line in common. (If L is a line of a trivial spread, then this trivial spread
is the unique spread of symmetry containing L.) By Theorem 4.53 (a), it then
follows that [G∗, GS ] = 0. �
Theorem 4.55. Every admissible spread (spread of symmetry) S of A is the exten-
sion of an admissible spread (spread of symmetry) in F or F ′.

Proof. If T ∈ Υ̃1(A), let S̃ denote the admissible spread of A obtained by
intersecting each element of T with each element of T C . Let W denote the set of all
elements E of T ∪T C for which SE is an admissible 1-spread (spread of symmetry)
of E. Here, SE denotes the set of lines of S contained in E, see Theorem 4.5.

Step 1. At least one of the following holds:

(i) every element of T belongs to W ;

(ii) every element of T C belongs to W .

Proof. Suppose that there exists an E ∈ T such that E �∈ W . Let E′ denote
an arbitrary element of T C and let x denote a point of the intersection E ∩ E′.
By Theorem 4.5, the unique line of S through x does not belong to E. Hence, it
belongs to E′ and E′ ∈ W by Theorem 4.5. So, if there exists an E ∈ T such
that E �∈W , then every element of T C belongs to W . Similarly, if there exists an
E ∈ T C such that E �∈W , then every element of T belongs to W . The statement
now readily follows. �

Without loss of generality we may suppose that every element of T belongs
to W . Then we know that SF is an admissible spread (spread of symmetry) of F .
From Steps 2 and 3 below, it will follow that S = S̄F .

Step 2. If F1, F2 ∈ T such that d(F1, F2) = 1, then SF2 = πF1,F2(SF1).

Proof. Let L denote an arbitrary line of SF1 and put L′ := πF1,F2(L). We distin-
guish the following possibilities.

• T ∈ Υ0(A) or (T ∈ Υ̃1(A) and L �∈ S̃).
Then L and L′ are contained in a quad Q which is isomorphic to a grid. By
Theorem 4.5, SQ is an admissible spread (spread of symmetry) of Q. Hence,
L′ ∈ S.
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• T ∈ Υ̃1(A) and L ∈ S̃.
Let E denote the unique element of T C through L. By Theorem 4.5, E ∈ W .
Obviously, L′ = E ∩ F2 ∈ S̃. Let x denote an arbitrary point of L′. The
unique line of S through x lies in E and F2 and hence coincides with L′. So,
L′ ∈ S. �

Step 3. If F0, F1, . . . , Fk ∈ T such that d(F0, Fk) = k and d(Fi−1, Fi) = 1 for every
i ∈ {1, . . . , k}, then πF0,Fk

= πFk−1,Fk
◦ · · · ◦ πF1,F2 ◦ πF0,F1 .

Proof. The map πFk−1,Fk
◦ · · · ◦πF1,F2 ◦πF0,F1 maps every point x of F0 to a point

of Fk at distance at most k from x0. Since d(F0, Fk) = k, this point must coincide
with πF0,Fk

(x). �

4.7.7 Compatible spreads of symmetry

Theorem 4.56. Let A = (P ,L, I) be a near polygon, let S1 and S2 denote two
different spreads of symmetry in A and let Gi, i ∈ {1, 2}, denote the group of
automorphisms of A which fix each line of Si. Then the following are equivalent:

(i) [G1, G2] = 0;

(ii) for every line l ∈ S1 and every g ∈ G2, lg ∈ S1;

(iii) for every line l ∈ S2 and every g ∈ G1, lg ∈ S2;

(iv) the partial linear space B = (P , S1 ∪ S2, I|P×(S1∪S2)) is a disjoint union of
lines and grids.

Proof. (i) ⇒ (ii) and (i) ⇒ (iii): By symmetry, it suffices to prove the implication
(i) ⇒ (ii). Let l denote an arbitrary line of S1, let x denote an arbitrary point of
l and let g denote an arbitrary element of G2. Then lg = (xG1)g = (xg)G1 ∈ S1.

(ii) ⇒ (iv) and (iii)⇒ (iv): By symmetry, it suffices to prove the implication
(ii) ⇒ (iv). Suppose that the lines K1 ∈ S1 and K2 ∈ S2 intersect in a point
x∗. For all x1 ∈ K1, xG2

1 ∈ S2 and for all x2 ∈ K2, xG1
2 ∈ S1. We will now

prove that the lines xG2
1 , x1 ∈ K1, and xG1

2 , x2 ∈ K2, define a subgrid of B.
Obviously, xG2

1 ∩ x′G2
1 = ∅ for all x1, x

′
1 ∈ K1 with x1 �= x′1 and xG1

2 ∩ x′G1
2 = ∅

for all x2, x
′
2 ∈ K2 with x2 �= x′2. Now, consider arbitrary points x1 ∈ K1 and

x2 ∈ K2 and let g2 denote an arbitrary element of G2 such that x2 = (x∗)g2 . The
point x2 lies on the line Kg2

1 which, by our assumption, belongs to the spread S1.
So, xG1

2 = Kg2
1 and xG1

2 ∩ xG2
1 = Kg2

1 ∩ xG2
1 = {xg2

1 }. As a consequence, every
two different intersecting lines of S1 ∪ S2 are contained in a subgrid of B. The
implication now follows from the fact that every point of B is contained in at most
two lines of B.

(iv) ⇒ (i): Let x be an arbitrary point of A, let g1 be an arbitrary element
of G1 and let g2 be an arbitrary element of G2. We will prove that xg1g2 = xg2g1 .
We distinguish the following cases.
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• Suppose that x is contained in a subgrid G of B. Let li, i ∈ {1, 2}, denote
the unique line of Si through x. Since xgi ∈ li, the unique line m3−i of S3−i

through xgi is contained in G. Let y be the common point of the lines m1 and
m2. Since x ∼ xg1 , xg2 ∼ xg1g2 . So, xg1g2 is the unique point of m2 collinear
with xg2 . Hence, y = xg1g2 . In a similar way, one proves that y = xg2g1 . As a
consequence, xg1g2 = xg2g1 .

• Suppose that x is not contained in a subgrid of B, i.e. x is contained in a line
L of S1∩S2. Since S1 �= S2, B has a subgrid G. Every line of G is parallel with
L. Let y ∈ G such that x is the unique point of L nearest to y. Then xg1g2

(respectively xg2g1) is the unique point of L = Lg1g2 = Lg2g1 nearest to yg1g2

(respectively yg2g1). Since yg1g2 = yg2g1 , it follows that xg1g2 = xg2g1 . �
Definition. Let A be a near polygon, let S1 and S2 be two (possibly equal) spreads
of symmetry of A and let Gi, i ∈ {1, 2}, denote the group of automorphisms of
A which fix each line of Si. Then the spreads S1 and S2 are called compatible if
[G1, G2] = 0. In the case that S1 and S2 are different, Theorem 4.56 provides some
equivalent statements.

4.7.8 Compatible spreads of symmetry in product and glued near
polygons

Theorem 4.57. Let A be a product near polygon, let {T1, T2} ∈ Δ0(A), let F1 ∈ T1

and let F2 ∈ T2. Let S0 and S1 denote two spreads of symmetry of F1 and let S2

denote a spread of symmetry of F2. Then

(i) S̄1 and S̄2 are compatible spreads of symmetry of A,

(ii) S̄0 and S̄1 are compatible spreads of symmetry of A if and only if S0 and S1

are compatible spreads of symmetry of F1.

Proof. For every i ∈ {0, 1, 2}, let Gi denote the group of automorphisms of Fi

(F0 = F1) fixing each element of Si. Then Ḡi = {θ̄ | θ ∈ Gi} is the group of auto-
morphisms of A fixing each element of S̄i. By Theorem 4.53 (a3), every element of
Ḡ1 commutes with every element of Ḡ2. This proves (i). If θ0 ∈ G0 and θ1 ∈ G1,
then θ̄0θ̄1 = θ0θ1 and θ̄1θ̄0 = θ1θ0. So, θ0 and θ1 commute if and only if θ̄0 and θ̄1

commute. This proves (ii). �

Theorem 4.58. Let A be a glued near polygon, let {T1, T2} ∈ Δ̃1(A), let F1 ∈
T1 and let F2 ∈ T2. Let S∗i denote the spread of symmetry of Fi obtained by
intersecting Fi with the elements of T3−i. Let S0 and S1 denote two spreads of
symmetry of F1 and let S2 denote a spread of symmetry of F2. Then

(i) S̄0 and S̄1 are compatible spreads of symmetry if and only if the spreads S0,
S1 and S∗1 are mutually compatible.

(ii) S̄1 and S̄2 are compatible spreads of symmetry of A if and only if for every
i ∈ {1, 2}, Si and S∗i are compatible.
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Proof. (i) We may suppose that the pairs (S0, S
∗
1 ) and (S1, S

∗
1 ) are compatible

(otherwise S̄0 and S̄1 would not be spreads of symmetry, see Theorem 4.54).
For every i ∈ {0, 1}, let Gi denote the group of automorphisms of F1 fixing
each element of Si. Since (Si, S

∗
1) is compatible, Ḡi = {θ̄ | θ ∈ Gi} is the

full group of automorphisms of A fixing each element of S̄i. If θ0 ∈ G0 and
θ1 ∈ G1, then as before θ0 and θ1 commute if and only if θ̄0 and θ̄1 commute.
So, S̄0 and S̄1 are compatible spreads of symmetry of A if and only if S0 and
S1 are compatible spreads of symmetry of F . This proves (i).

(ii) For S̄i, i ∈ {1, 2}, to be a spread of symmetry it is necessary that Si and S∗i
are compatible. Conversely, suppose that for every i ∈ {1, 2}, Si and S∗i are
compatible. If S1 = S∗1 and S2 = S∗2 , then by (i) it follows that S̄1 = S̄2 is
compatible with itself. We will therefore suppose that S1 �= S∗1 or S2 �= S∗2 .
Then S̄1 �= S̄2. Let L1 ∈ S̄1 and L2 ∈ S̄2 be two lines intersecting in a
point x. Let Ui, i ∈ {1, 2}, denote the unique element of Ti through x. Since
L1 ⊆ U1, L2 ⊆ U2, L1 �= L2, C(L1, L2) is a grid Q. By Theorem 4.5 the lines
of Q disjoint from Li, i ∈ {1, 2}, belong to S̄i. So, the spreads S̄1 and S̄2

satisfy property (iv) of Theorem 4.56 and hence are compatible. This proves
(ii). �

4.7.9 Near polygons of type (F1 ∗ F2) ◦ F3

Theorem 4.59. Let F1, F2 and F3 be dense near polygons of diameter at least 2.
Then every near polygon A of type (F1×F2)⊗1 F3 is also of type Fi×(F3−i⊗1 F3)
for a certain i ∈ {1, 2}.
Proof. Let x denote an arbitrary point of A. Let {T, T3} ∈ Δ1(A) such that
F ∼= F1 × F2 for every F ∈ T and G ∼= F3 for every G ∈ T3, and let F (x),
respectively F3(x), denote the unique element of T , respectively T3, through x. Let
{T1, T2} ∈ Δ0(F (x)) such that F ∼= F1 for every F ∈ T1 and G ∼= F2 for every G ∈
T2, and let Fi(x), i ∈ {1, 2}, denote the unique element of Ti through x. Without
loss of generality we may assume that the line F (x)∩F3(x) is contained in F2(x).
By Theorems 4.36 and 4.37, F4(x) := C(F2(x), F3(x)) is a glued near polygon of
type F2⊗1 F3. Now, diam(A) = (diam(F1(x))+diam(F2(x)))+diam(F3(x))−1 =
diam(F1(x))+(diam(F2(x))+diam(F3(x))−1) = diam(F1(x))+diam(F4(x)) and
every line through x is contained in precisely one of the subpolygons F1(x) and
F4(x). So, A satisfies the conditions of Theorem 4.4. Hence, A ∼= F1(x) × F4(x)
and A is of type F1 × (F2 ⊗1 F3). �

Theorem 4.60. Let F1 and F2 denote two dense near polygons of diameter at least
2, and let A be a near polygon of type F1 ⊗1 F2. If A is a product near polygon,
then at least one of the near polygons F1 and F2 is also a product near polygon.

Proof. Let {T1, T2} ∈ Δ1(A) such that every element of Ti, i ∈ {1, 2}, is isomor-
phic to Fi, and let {T3, T4} be an arbitrary element of Δ0(A). Let x denote an
arbitrary point of A and let Gi, 1 ≤ i ≤ 4, be the unique element of Ti through
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x. For every i, j ∈ {1, 2, 3, 4} we define Gi,j = Gi ∩ Gj , di,j := diam(Gi,j) and
di := di,i. We then have d := diam(A) = d1 + d2 − 1 = d3 + d4, d1,2 = 1 and
d3,4 = 0. Without loss of generality, we may suppose that the line G1,2 is con-
tained in G3. By Theorems 4.36 and 4.37, it follows that d3 = d1,3 + d2,3 − 1 and
d4 = d1,4 + d2,4. Hence, d = (d1,3 + d1,4) + (d2,3 + d2,4)− 1. Now, C(G1,3, G1,4) =
G1 and C(G2,3, G2,4) = G2; so d1 ≤ d1,3 + d1,4 and d2 ≤ d2,3 + d2,4. From
d1 + d2 − 1 = d = (d1,3 + d1,4) + (d2,3 + d2,4) − 1 ≥ d1 + d2 − 1, it then fol-
lows that d1 = d1,3 + d1,4 and d2 = d2,3 + d2,4. Since d4 = d1,4 + d2,4 ≥ 1, we
have dj,4 ≥ 1 for a j ∈ {1, 2}. Now, since G3 contains the line G1,2, we also have
dj,3 ≥ 1. Now, the pair {Gj,3, Gj,4} satisfies all conditions of Theorem 4.4 and
hence Fj

∼= Gj
∼= Gj,3 ×Gj,4. This proves the theorem. �

Definition. Let T and T ′ denote two partitions of a set. Then T ′ is called a refine-
ment of T if each element of T is the union of some members of T ′.

Theorem 4.61. Let F1, F2 and F3 denote three dense near polygons with diameter
at least 2 and suppose that none of these near polygons is a product near polygon.
If a near polygon S is of type (F1 ⊗1 F2)⊗1 F3 and if {T, T3} ∈ Δ1(S) such that
every element of T is of type F1 ⊗1 F2 and every element of T3 is isomorphic to
F3, then there exists an element {T̃1, T̃2} ∈ Δ1(S) and an i ∈ {1, 2} such that

(i) every element of T̃1 is isomorphic to Fi,

(ii) every element of T̃2 is of type F3−i ⊗1 F3,

(iii) the partition T̃1 is a refinement of the partition T ,

(iv) the partition T3 is a refinement of the partition T̃2.

Hence every dense near polygon A of type (F1 ⊗1 F2) ⊗1 F3 is also of type Fi ⊗1

(F3−i ⊗1 F3) for a certain i ∈ {1, 2}.
Proof. By Theorem 4.60, A is not a product near polygon. Let F ∗ denote an
arbitrary element of T , and let {T ′1, T ′2} ∈ Δ1(F ∗) such that every element of T ′i ,
i ∈ {1, 2}, is isomorphic to Fi. The spread T is admissible. Put Ti := {πF (G)|F ∈
T and G ∈ T ′i}, i ∈ {1, 2}, then Ti is a partition of A in convex subpolygons
isomorphic to Fi. For every point x of A and every i ∈ {1, 2, 3}, let Fi(x) denote
the unique element of Ti through x and put K(x) := F1(x) ∩ F2(x) and L(x) :=
C(F1(x), F2(x)) ∩ F3(x). Since F1(x) and F2(x) are projections of elements of
T ′1 ∪ T ′2 on the unique element F (x) of T through x, we find that K(x) is a line,
that C(F1(x), F2(x)) = F (x) and that also L(x) is a line. By Theorem 4.46 and
the fact that A is not a product near polygon, it follows that {L(x)|x ∈ F ∗} is a
spread of symmetry of F ∗ and so Theorem 4.55 applies. Without loss of generality,
we may suppose that every line L(x), x ∈ F ∗, is contained in F2(x). Now, choose a
point x outside F ∗ and let x′ denote its projection on F ∗. Since L(x′) is contained
in F2(x′), the projection L(x) of L(x′) on F (x) is contained in the projection
F2(x) of F2(x′) on F (x). Hence, for every point x of A, F3(x) intersects F2(x) in
a line. By Theorems 4.36 and 4.37, it then follows that F̃2(x) := C(F3(x), F2(x))
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is a glued near polygon of type F2 ⊗1 F3. The set T̃2 := {F̃2(x)|x ∈ A} clearly
determines a partition of A in convex subpolygons. Define T̃1 := T1. For every
point x ∈ A, F1(x) ∩ F̃2(x) = (F1(x) ∩ F (x)) ∩ F̃2(x) = F1(x) ∩ (F (x) ∩ F̃2(x)) =
F1(x) ∩ F2(x) = K(x). By Theorem 4.28, it now follows that {T̃1, T̃2} ∈ Δ1(A).
So, A is of type F1 ⊗1 (F2 ⊗1 F3). This proves the theorem. �



Chapter 5

Valuations

In [60], we introduced the notion valuation for dense near polygons. Here we gen-
eralize this notion to a class of near polygons which we will call nice near polygons.

5.1 Nice near polygons

Definition. A pair (S,W) with S a near polygon andW a set of convex subpolygons
of S is called nice if the following properties are satisfied:

(N1) the intersection of two elements of W is either empty or again an element of
W ;

(N2) every two points x and y of S are contained in a unique convex sub-2 ·d(x, y)-
gon of W ; we will denote this convex subpolygon by H(x, y).

Obviously, C(x, y) ⊆ H(x, y) for all points x and y of S. A near polygon S is called
nice if there exists a set W of convex subpolygons of S such that the pair (S,W)
is nice.

Theorem 5.1. Suppose that the pair (S,W) is nice. Let F denote an arbitrary
element of W and let W ′ denote the set of all elements of W which are contained
in F . Then H(x, y) ⊆ F for all points x and y of F . As a consequence, also the
pair (F,W ′) is nice.

Proof. The two convex subpolygons H(x, y) and H(x, y) ∩ F of W have both
diameter d(x, y) and contain the points x and y. Hence H(x, y) = H(x, y) ∩ F or
H(x, y) ⊆ F . It now immediately follows that the pair (F,W ′) satisfies properties
(N1) and (N2). �

By the results of Chapter 2, every dense near polygon is nice. In the case of
dense near polygons the set W is uniquely determined: W is the set of all convex
subpolygons. For all points x and y of S, we then have H(x, y) = C(x, y). By [21]
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every dual polar space is nice. By the following theorem also every generalized
polygon is nice.

Theorem 5.2. Every generalized 2d-gon, d ≥ 2, is nice.

Proof. Let S = (P ,L, I) be a generalized 2d-gon, d ≥ 2. For every two points
x and y with 1 ≤ d(x, y) ≤ d − 1, we define H(x, y) as follows. Consider the
unique geodesic path x = x0, x1, . . . , xk = y between x and y (k = d(x, y)). Then
H(x, y) is defined as the union of all the lines xi−1xi, i ∈ {1, . . . , k}. If x = y,
then we define H(x, y) := {x} and if d(x, y) = d, then we define H(x, y) := S.
With W := {H(x, y) |x, y ∈ P}, one easily verifies that properties (N1) and (N2)
hold. �

5.2 Valuations of nice near polygons

Definition. Let S = (P ,L, I) be a near 2n-gon and let W be a set of convex
subpolygons of S such that the pair (S,W) is nice. A function f from P to N is
called a valuation of (S,W) (or shortly a valuation of S if no confusion is possible)
if it satisfies the following properties (we call f(x) the value of x):

(V1) there exists at least one point with value 0;

(V2) every line L of S contains a unique point xL with smallest value and f(x) =
f(xL) + 1 for every point x of L different from xL;

(V3) every point x of S is contained in a convex subpolygon Fx of W such that
the following properties are satisfied for every point y of Fx:

(i) f(y) ≤ f(x);

(ii) if z ∈ Γ1(y) such that f(z) = f(y)− 1, then z ∈ Fx;

(iii) Fy ⊆ Fx.

Theorem 5.3. Let f be a valuation of a dense near polygon S (so W consists of
all convex subpolygons of S). Then for every point x of S, there exists a unique
convex subpolygon Fx ∈ W for which property (V3) holds. In the case of valuations
of dense near polygons, property (V3)−(iii) follows from properties (V2), (V3)-(i)
and (V3)−(ii), i.e. property (V3)−(iii) is superfluous.

Proof. By properties (V2), (V3)−(i) and (V 3)−(ii), the set Fx ∩ (Γ0(x) ∪ Γ1(x))
is uniquely determined by the valuation f . From Theorems 2.14 and 2.23, it then
follows that Fx itself is completely determined by f . By properties (V2), (V3)−(i)
and (V3)−(ii), (Γ0(y)∪Γ1(y))∩Fy ⊆ Fx for every point y of Fx. Again by Theorems
2.14 and 2.23, Fy ⊆ Fx. So, property (V3)−(iii) also follows from properties (V2),
(V3)−(i) and (V3)−(ii) in the case of dense near polygons. �

The next theorem immediately follows from properties (V1) and (V2).
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Theorem 5.4. Let f be a valuation of the nice pair (S,W). Then

• |f(x) − f(y)| ≤ d(x, y) for all points x and y of S;

• f(x) ∈ {0, . . . ,diam(S)} for every point x of S;

• if x is a point with value 0 and if y ∈ Γ1(x), then f(y) = 1.

The following theorem says that the knowledge of the valuations of a cer-
tain near polygon can give information on how F can be embedded in a larger
near polygon. This theorem will turn out to be very useful for obtaining several
classification results about near polygons, see e.g. Chapter 9.

Theorem 5.5. Let S = (P ,L, I) be a near polygon and let W be a set of convex
subpolygons of S such that (S,W) is nice. Let F = (P ′,L′, I′) be an element of
W and let W ′ denote the set of all elements of W which are contained in F . For
every point x of S and for every point y of F , we define fx(y) := d(x, y)−d(x, F ).
Then fx : P ′ → N is a valuation of (F,W ′) for every point x of S.

Proof. Obviously, properties (V1) and (V2) are satisfied. For every point y of F ,
we define Fy := H(x, y) ∩ F where H(x, y) is the unique convex sub-2 · d(x, y)-
gon of W through the points x and y. Then Fy ∈ W ′. If z ∈ Fy , then fx(z) =
d(x, z)− d(x, F ) ≤ d(x, y) − d(x, F ) = fx(y). By Theorem 5.1 H(x, z) ⊆ H(x, y)
and hence Fz ⊆ Fy. If z′ is a neighbour of z in F such that f(z′) = f(z)− 1, then
d(x, z′) = d(x, z)− 1, implying that z′ ∈ H(x, z)∩F ⊆ H(x, y)∩F = Fy. So, also
property (V3) is satisfied. �

We can improve Theorem 5.5 in the following way.

Theorem 5.6. Let S = (P ,L, I) be a near polygon and let W be a set of convex
subpolygons of S such that (S,W) is nice. Let F = (P ′,L′, I′) be a subpolygon of
S satisfying the following properties:

• F is a subspace of S;

• dF (x, y) = dS(x, y) for all points x and y of F ;

• (F,W ′) is nice where W ′ := {F ∩ F ′ |F ′ ∈ W and F ∩ F ′ �= ∅}.
For every point x of S and for every point y of F , we define fx(y) := dS(x, y) −
dS(x, F ). Then fx : P ′ → N is a valuation of (F,W ′) for every point x of S.

Proof. Since H(x, y) ∩ F belongs to W ′ for every point x and every point y of F ,
we can follow a similar reasoning as in the proof of Theorem 5.5. �

Valuations can also be induced in subpolygons.

Theorem 5.7. Let S = (P ,L, I) be a near polygon and let W be a set of convex
subpolygons of S such that (S,W) is nice. Let F = (P ′,L′, I′) be a subpolygon of
S satisfying the following properties:

• F is a subspace of S;
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• dF (x, y) = dS(x, y) for all points x and y of F ;

• (F,W ′) is nice where W ′ := {F ∩ F ′ |F ′ ∈ W and F ∩ F ′ �= ∅}.
If f is a valuation of (S,W), then the map fF : P ′ → N;x �→ f(x)−min{f(x)|x ∈
P ′} is a valuation of F .

Proof. Obviously, fF satisfies properties (V1) and (V2). For every point x of S,
let Fx denote the unique convex subpolygon of W for which property (V3) holds
(with respect to the valuation f). The map fF also satisfies (V3) if for every point
x of F one takes F ′x := Fx ∩ F as convex subpolygon of F through x. �

Definition. The valuation fF defined in Theorem 5.7 is called an induced valuation.
We will now define two important classes of valuations.

Theorem 5.8. Let S = (P ,L, I) be a near polygon and let W be a set of convex
subpolygons such that the pair (S,W) is nice.

(a) If y is a point of S, then fy : P → N; x �→ d(x, y) is a valuation of (S,W).

(b) If O is an ovoid of S, then fO : P → N; x �→ d(x, O) is a valuation of
(S,W).

Proof. In both cases, (V1) and (V2) are satisfied. In case (a), we put Fx equal to
H(x, y), i.e. the unique convex sub-[2 · d(x, y)]-gon of W through x and y. In case
(b), we put Fx := {x} if x ∈ O and Fx := S otherwise. For these choices of Fx,
also (V3) holds. �

Definition. A valuation of a nice pair (S,W) is called classical, respectively ovoidal,
if it is obtained as in (a), respectively (b), of Theorem 5.8.

5.3 Characterizations of classical and ovoidal valuations

In this section, we will characterize classical and ovoidal valuations in dense near
polygons. From the first characterization, we immediately obtain that every valu-
ation of a dense generalized quadrangle is either classical or ovoidal. Notice that
valuations of dense near 0-gons and dense near 2-gons are trivial objects. There is
a unique point with value 0 and all other points (in the case of dense near 2-gons)
have value 1.

Theorem 5.9. Let f be a valuation of a dense near 2n-gon S = (P ,L, I) with
n ≥ 1. Then

(a) max{f(u)|u ∈ P} ≤ n with equality if and only if f is classical;

(b) max{f(u)|u ∈ P} ≥ 1 with equality if and only if f is ovoidal.
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Proof. Obviously, the above inequalities hold and become equalities if f is classical,
respectively ovoidal.

(a) Suppose that max{f(u)|u ∈ P} = n. Let x be a point of S with value
0 and let y be a point with value n. By Theorem 5.4, d(x, y) = n. Let y′ be an
arbitrary point of Γn(x)∩Γ1(y) and let y′′ denote the unique point of the line yy′

at distance n − 1 from x. By Theorem 5.4, f(y′′) = f(y′′) − f(x) ≤ n − 1 and
f(y′′) = f(y) + f(y′′)− f(y) ≥ n− 1. Hence, f(y′′) = n− 1 and by property (V2),
f(y′) = n. So, every point of Γn(x) ∩ Γ1(y) has value n. By the connectedness
of Γn(x), see Theorem 2.7, it then follows that every point of Γn(x) has value
n. Now, let z be an arbitrary point of S. Then, by Theorem 2.14, there exists
a path of length n − d(x, z) between z and a point z′ of Γn(x). From d(x, z) ≥
|f(z) − f(x)| = f(z) and n − f(z) = |f(z′) − f(z)| ≤ d(z, z′) = n − d(x, z), it
follows that f(z) = d(x, z). This proves that f is classical.

(b) Suppose now that max{f(x)|x ∈ P} = 1. By property (V2), every line of
S contains a unique point with value 0. So, the points with value 0 determine an
ovoid of S and f is ovoidal. �

Corollary 5.10. Every valuation of a dense generalized quadrangle is either classical
or ovoidal.

Theorem 5.11. Let f be a valuation of a dense near polygon S.

(a) If every induced quad valuation is classical, then the valuation f itself is
classical.

(b) If every induced quad valuation is ovoidal, then the valuation f itself is
ovoidal.

Proof. (a) Suppose that f is a nonclassical valuation of S. Let x denote an arbi-
trary point with value 0 and let i be the smallest nonnegative integer for which
there exists a point y satisfying i = d(x, y) �= f(y). Obviously, i ≥ 2. Choose
points y′ ∈ Γ1(y) ∩ Γi−1(x) and y′′ ∈ Γ1(y′) ∩ Γi−2(x). Then f(y′′) = i − 2,
f(y′) = i − 1 and f(y) ∈ {i − 1, i − 2}. Every point of Q := C(y′′, y) collinear
with y′′ has distance i − 1 from x and hence has value i− 1. Since the valuation
induced in Q is classical, y′′ is the unique point of C(y, y′′) with smallest value and
f(y) = f(y′′) + d(y′′, y) = i− 2 + 2 = i, a contradiction.

(b) Suppose that f is a nonovoidal valuation of S. Let x denote an arbitrary
point with value 0 and let i be the smallest nonnegative integer for which there
exists a point y satisfying i = d(x, y) and f(y) ≥ 2. Obviously, i ≥ 2. Choose
points y′ ∈ Γ1(y) ∩ Γi−1(x) and y′′ ∈ Γ1(y′) ∩ Γi−2(x). Clearly every point of the
line through y′ and y′′ has value 0 or 1. But then the valuation induced in the
quad C(y, y′′) cannot be ovoidal, a contradiction. �
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5.4 The partial linear space Gf

Definition. For every valuation f of a near polygon S, we define Of as the set of
all points of S with value 0.

Theorem 5.12. Let f be a valuation of a dense near polygon S and let x be a point
of S. If d(x, Of ) ≤ 2, then f(x) = d(x, Of ).

Proof. Obviously, this holds if d(x, Of ) ≤ 1. So, suppose that d(x, Of ) = 2 and
let x′ denote a point of Of at distance 2 from x. If the valuation induced in the
quad C(x, x′) is ovoidal, then x would be collinear with a point of Of ∩ C(x, x′), a
contradiction. So, the valuation induced in C(x, x′) is classical and f(x) = f(x′)+
d(x, x′) = 2. �

If x, y ∈ Of , then by Theorem 5.4, d(x, y) ≥ 2. A quad Q of S is called special
if it contains at least two points of Of . Let Gf be the partial linear space whose
points are the points of Of and whose lines are the special quads of S (natural
incidence). If f is a valuation of a dense near polygon and if x and y are two
different collinear points of Gf , then the line of Gf through x and y corresponds
with an ovoid in the special quad through x and y. So, in this case every line of
Gf contains at least three points.

5.5 A property of valuations

Theorem 5.13. Let f be a valuation of a finite dense near 2n-gon S and let let mi,
i ∈ N, denote the number of points with value i. If S contains lines of size s+ 1,
then

∑∞
i=0

mi

(−s)i = 0.

Proof. Notice that mi = 0 if i ≥ n+ 1.
(a) Suppose first that S has order (s, t). For every line L of S,

∑
x∈L

1
(−s)f(x)

=
1

(−s)f(xL)
+ s

1
(−s)f(xL)+1

= 0,

with xL the unique point of L with smallest value. Hence,

0 =
∑
L∈L

∑
x∈L

1
(−s)f(x)

=
∑
x∈P

∑
LIx

1
(−s)f(x)

= (t+1)
∑
x∈P

1
(−s)f(x)

= (t+1)
∞∑

i=0

mi

(−s)i
.

This proves that the theorem holds if S has an order.
(b) Suppose next that not every line of S is incident with the same number of

points, then by Theorem 1.12, S has a partition in isomorphic convex subpolygons
of order (s, t′) for some t′ ≥ 0. By (a), the theorem holds for each valuation induced
in one of the subpolygons of the partition. If we add all obtained equations (after
multiplying with a suitable power of−s), then we obtain the required equation. �
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Corollary 5.14. Let f be a valuation of a finite dense near polygon S = (P ,L, I).
If k different line sizes s1 + 1, . . . , sk +1 occur in S, then max{f(x) |x ∈ P} ≥ k.

Proof. Put M := max{f(x) |x ∈ P}. By Theorem 5.13, the polynomial p(s) :=∑M
i=0 mi(−s)M−i = 0 has at least k different roots. Hence, k ≤ deg(f(s)) =

M . �

5.6 Some classes of valuations

The two most important classes of valuations are the classical and ovoidal valua-
tions. In this section, we will describe several other classes of valuations.

5.6.1 Hybrid valuations

Let S = (P ,L, I) be a near 2n-gon, n ≥ 2, and letW be a set of convex subpolygons
of S such that the pair (S,W) is nice. Choose a point x in S and a δ ∈ {2, . . . , n}.
Let Ax,δ be the incidence structure with points the points of S at distance at least
δ from x and with lines the lines of S at distance at least δ − 1 from x (natural
incidence). For every ovoid O of Ax,δ, we can define the following function fx,O

from P to N: if y is a point of S at distance at most δ− 1 from x, then fx,O(y) :=
d(x, y); if y is a point of S at distance at least δ from x, then fx,O(y) = δ − 2 if
y ∈ O and fx,O(y) = δ − 1 otherwise.

Theorem 5.15. The map fx,O is a valuation of S.

Proof. Since f(x) = 0, property (V1) holds. Now, let L be an arbitrary line of S.
If d(x, L) ≤ δ − 2, then the unique point on L nearest to x is also the unique
point on L with smallest value. If d(x, L) ≥ δ − 1, then the unique point of O on
L is the unique point of L with smallest value. This proves property (V2). Now,
property (V3) also holds if we make the following choices for Fy , y ∈ P : we put
Fy := H(x, y) if d(x, y) ≤ δ − 2, Fy := {y} if y ∈ O and Fy := S otherwise. Here,
H(x, y) denotes the unique convex sub-2 · d(x, y)-gon of W through the points x
and y. �
Definition. Any valuation which can be obtained as in Theorem 5.15 is called a
hybrid valuation of type δ. A hybrid valuation of type 2 is just an ovoidal valuation.
A hybrid valuation of type n is also called a semi-classical valuation. We could
regard classical valuations as hybrid valuations of type n+ 1.

Theorem 5.16. If f is a valuation of a dense near 2n-gon and if x is a point of S
such that f(y) = d(x, y) for every point y at distance at most n− 1 from y, then
f is either classical or semi-classical.

Proof. Suppose that f is not classical and consider a point z ∈ Γn(x). Every point
of Γ1(z) ∩ Γn−1(x) has value n − 1. Hence by property (V2) and Theorem 5.9,
f(z) ∈ {n − 2, n − 1}. By property (V2), it now follows that the points of Γn(x)
with value n− 2 form an ovoid in Ax,n. This proves that f is semi-classical. �



100 Chapter 5. Valuations

Theorem 5.17. Let S be a dense near 2n-gon, n ≥ 2, of order (2, t) and let x be
a point of S for which Γn(x) �= ∅. Then there exists a semi-classical valuation f
with f(x) = 0 if and only if Γn(x) is bipartite. In that case, there are precisely 2
semi-classical valuations with f(x) = 0.

Proof. Every line of Ax,n contains two points. So, Ax,n has ovoids if and only if
the graph induced by Γn(x) is bipartite. It follows that there exist semi-classical
valuations with f(x) = 0 if and only if Γn(x) is bipartite. If Γn(x) is bipartite,
then Γn(x) contains two ovoids by Theorem 2.7. �

5.6.2 Product valuations

Let Si = (Pi,Li, Ii), i ∈ {1, 2}, be a near polygon and let Wi denote a set of
convex subpolygons of Si such that the pair (Si,Wi) is nice. For every F1 ∈ W1

and every F2 ∈ W2, F1 × F2 := {(a, b) | a ∈ F1, b ∈ F2} is a convex subpolygon of
S1 × S2. We define W1 ×W2 := {F1 × F2 |F1 ∈ W1, F2 ∈ W2}.
Theorem 5.18. The pair (S1 × S2,W1 ×W2) is nice.

Proof. • Let F1, F
′
1 ∈ W1 and F2, F

′
2 ∈ W2, then F1 ∩ F ′1 ∈ W1, F2 ∩ F ′2 ∈ W2

and (F1 × F2) ∩ (F ′1 × F ′2) = (F1 ∩ F ′1)× (F2 ∩ F ′2) ∈ W1 ×W2. This proves
property (N1).

• Let Hi(a, b), i ∈ {1, 2}, denote the unique convex sub-2 · di(a, b)-gon of Wi

through the points a and b of Si. If (x1, y1) and (x2, y2) are two points of
S1 × S2 and if F1 × F2 is a convex subpolygon of W1 ×W2 through (x1, y1)
and (x2, y2), then F1 contains the points x1, x2 and F2 contains the points
y1, y2. Hence, H1(x1, x2) ⊆ F1, H2(x1, x2) ⊆ F2, diam(F1) ≥ d1(x1, x2),
diam(F2) ≥ d2(y1, y2) and diam(F1×F2) = diam(F1)+diam(F2) ≥ d1(x1, x2)
+ d2(y1, y2) = d[(x1, y1), (x2, y2)]. So, if diam(F1 ×F2) = d[(x1, y1), (x2, y2)],
then F1 = H1(x1, x2) and F2 = H2(y1, y2). As a consequence, H1(x1, x2) ×
H2(y1, y2) is the unique convex sub-2 · d[(x1, y1), (x2, y2)]-gon of W1 × W2

through the points (x1, y1) and (x2, y2). This proves property (N2). �

Theorem 5.19. If fi, i ∈ {1, 2}, is a valuation of (Si,Wi), then the map f :
P1 × P2 → N, (x1, x2) �→ f1(x1) + f2(x2) is a valuation of (S1 × S2,W1 ×W2).

Proof. If xi, i ∈ {1, 2}, is a point of Si for which fi(xi) = 0, then f [(x1, x2)] = 0.
This proves property (V1). If L is a line of S1×S2, then without loss of generality,
we may suppose that L is of the form K × {y}, with K a line of S1 and y a
point of S2. Now, f [(k, y)] = f1(k) + f2(y) for every point k of K. Property
(V2) now immediately follows: the unique point of L with smallest f -value is
the point (xK , y), where xK denotes the unique point of K with smallest f1-
value. It remains to check property (V3). For every point xi, i ∈ {1, 2}, of Si,
let Fxi , i ∈ {1, 2}, denote the subpolygon of Si satisfying (V3). For every point
(x1, x2) of S1 × S2, we define F(x1,x2) := Fx1 × Fx2 . Let (a1, a2) be a point of
F(x1,x2). Then f [(a1, a2)] = f1(a1) + f2(a2) ≤ f1(x1) + f2(x2) = f [(x1, x2)] and
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F(a1,a2) = Fa1 × Fa2 ⊆ Fx1 × Fx2 . If (b1, b2) is a point of S1 × S2 collinear with
(a1, a2) and satisfying f [(b1, b2)] = f(a1, a2)−1, then without loss of generality, we
may suppose that a2 = b2 and a1 ∼ b1 (in S1). Then f1(b1) = f [(b1, b2)]−f2(b2) =
f [(a1, a2)]− 1− f2(a2) = f1(a1)− 1. Since a1 ∈ Fx1 , also the point b1 belongs to
Fx1 . Hence, the point (b1, b2) belongs to F(x1,x2). This proves property (V3). �
Definition. Any valuation of a product near polygon which can be obtained as in
Theorem 5.19 is called a product valuation.

5.6.3 Diagonal valuations

Theorem 5.20. Let S = (P ,L, I) be a near polygon and let W be a set of convex
subpolygons of S such that the set (S,W) is nice. Define X := {(x, x) |x ∈ P}.
Then the function f : P ×P → N; p �→ d(p, X) is a valuation of (S × S,W ×W).

Proof. For every point (u, v) of S×S, we have f [(u, v)] = d(u, v). So, every point of
S×S has value at most diam(S). Obviously, there exists a point with value 0. Let L
denote a line of S×S. Without loss of generality, we may suppose that L = {u}×M
for some point u and some line M of S. If u′ denotes the unique point of M nearest
to u, then (u, u′) is the unique point of L with smallest value. Now, for every point
(u, v) of S × S, we define F(u,v) := H(u, v) ×H(u, v), where H(u, v) denotes the
unique convex sub-2 · d(u, v)-gon of W through u and v. Let (u1, v1) denote an
arbitrary point of F(u,v). Then f [(u1, v1)] = d(u1, v1) ≤ d(u, v) = f [(u, v)] and
F(u1,v1) = H(u1, v1) × H(u1, v1) ⊆ H(u, v) × H(u, v) = F(u,v). Let (u2, v2) be
a point of S × S collinear with (u1, v1) such that f [(u2, v2)] = f [(u1, v1)] − 1.
Without loss of generality, we may suppose that u1 = u2. Then v2 ∼ v1 and
d(u1, v2) = d(u1, v1)−1. So, v2 ∈ H(u1, v1) ⊆ H(u, v). As a consequence, (u2, v2) ∈
H(u, v)×H(u, v) = F(u,v). This proves that f is a valuation of (S×S,W×W). �
Definition. Any valuation which can be obtained as in Theorem 5.20 is called a
diagonal valuation.

Remark. With every set Y of points in F × F , we can associate a matrix MY

whose rows and columns are indexed by the points of F . If (u, v) ∈ Y , then the
(u, v)-th entry of MY is equal to 1; otherwise it is equal to 0. The matrix MX

corresponding with the above-mentioned set X gives rise to a matrix with all 1’s
on the diagonal. This explains the name we have given to these valuations.

5.6.4 Semi-diagonal valuations

Theorem 5.21. Let S = (P ,L, I) be a dense glued near hexagon, let {T1, T2} ∈
Δ1(S) and let X be a set of points of S satisfying the following properties:

(1) every element of T1 ∪ T2 has a unique point in common with X;

(2) d(x1, x2) = 2 for all x1, x2 ∈ X with x1 �= x2.

Then the map f : P → N;x �→ d(x, X) is a valuation of S.
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Proof. (a) Let Q denote an arbitrary quad of T1 ∪ T2, let xQ denote the unique
point of X in Q and let y denote an arbitrary point of Q. Then f(y) = d(y, xQ).

Obviously, this holds if d(y, xQ) ≤ 1. So, suppose that d(y, xQ) = 2. Since y �∈ X ,
d(y, X) ∈ {1, 2}. If d(y, X) = 1, then y is collinear with a point y′ ∈ X which is
not contained in Q. Then d(y′, xQ) = d(y′, y) + d(y, xQ) = 3, a contradiction. So,
d(y, X) = 2 = d(y, xQ).

(b) Every line L contains a unique point with smallest value.

Let Q denote a quad of T1 ∪ T2 through L and let xQ denote the unique point
of X in Q. Then f(y) = d(y, xQ) for every point y of L. So, L contains a unique
point with smallest value, namely the point of L nearest to xQ.

If x is a point of S with value 0, then we define Fx := {x}. If x is a point with
value 2, then we define Fx := S. Suppose now that x is a point with value 1, let Qi,
i ∈ {1, 2}, denote the unique element of Ti through x and let yi denote the unique
point of X ∩Qi. Then d(x, y1) = d(x, y2) = 1. Put Fx := C(x, y1, y2). If y1 = y2,
then Fx is a line. Suppose now that y1 �= y2; then Fx is a grid. Let L be a line of
Fx not containing y1 and y2, let QL denote the unique element of T1 ∪T2 through
L and let xL denote the unique point of X in QL. Since d(y1, xL) = d(y2, xL) = 2,
the points πQL(y1) and πQL(y2) of the line L are collinear with xL. Hence, the
point xL itself is also contained in L. This proves that Fx ∩X is an ovoid.

By the above discussion, it is now clear that f is a valuation of S. �

Definition. Any valuation which can be obtained as described in Theorem 5.21 is
called a semi-diagonal valuation. Semi-diagonal valuations were introduced in [48].
They have similar properties as diagonal valuations, see e.g. the following lemma.

Lemma 5.22. Let S = (P ,L, I) be a dense product near polygon, let {T1, T2} ∈
Δ0(S) and let Fi, i ∈ {1, 2}, denote an arbitrary element of Ti . For every point
x of S and every i ∈ {1, 2}, let Fi(x) denote the unique element of Ti through x.
Let X be a set of points of S satisfying the following properties.

• Every element of T1 ∪ T2 has a unique point in common with X.

• For every point x of S, d(x, x1) = d(x, x2), with xi, i ∈ {1, 2}, the unique
point of X in Fi(x).

Then F1 and F2 are isomorphic. Moreover, there exists an isomorphism φ from
F1 × F1 to S such that X = {φ(x, x) |x ∈ F1}. As a consequence, the function
f : P → N;x→ d(x, X) is a diagonal valuation of S.

Proof. For every point x of F1, let θ(x) denote the unique point of F2 such that the
unique point x̃ in F2(x)∩F1(θ(x)) belongs to X . Obviously, θ is a bijection. Now,
suppose that x and y are collinear points of F1. The unique point in F2(y)∩F1(θ(x))
has distance 1 from the point x̃ ∈ X and hence has distance 1 from another point
in X . This point necessarily coincides with the unique point ỹ in F2(y)∩F1(θ(y)),
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proving that θ(x) and θ(y) are collinear. So, θ preserves collinearity. By symmetry,
also θ−1 preserves collinearity. So, θ is an isomorphism from F1 to F2. Now, for
every point x ∈ F1 and every point y ∈ F2, let φ′(x, y) denote the unique point in
F1(y) ∩ F2(x). The map φ : F1 × F1; (x, y) �→ φ′(x, θ(y)) is an isomorphism from
F1 × F1 to S. Moreover, X = {φ(x, x) |x ∈ F1}. This proves the lemma. �

Property (V )

Let T1 = (L1, G1,Δ1) and T2 = (L2, G2,Δ2) be two admissible triples where G1

and G2 are isomorphic additive groups. Let Pi, i ∈ {1, 2}, be the point set of Li.
If x1, x2, . . . , xk are points of Pi, i ∈ {1, 2}, then we define Δi(x1, x2, . . . , xk) :=
Δi(x1, x2) + Δi(x2, x3) + · · ·+Δi(xk−1, xk).

Definition. Let x be a point of L2, let α be an isomorphism between L2 and L1

and let gx be an element of G1. An anti-isomorphism θ between G1 and G2 is said
to satisfy property (Vx) (with respect to (α, gx)) if

gx = θ−1(Δ2(x, y, z, x)) + gx +Δ1(xα, yα, zα, xα)

holds for all points y and z of L2.

Lemma 5.23. Suppose that L2 is not a line. There for every point x of L2, for
every isomorphism α from L2 to L1 and for every gx ∈ G1, there exists at most
one anti-isomorphism θ satisfying property (Vx) with respect to (α, gx).

Proof. It suffices to prove that Δ2(x, y, z, x) can take all values of G2. Let L denote
a line of L2 not containing x and let y denote an arbitrary point of L. If

Δ2(x, y) + Δ2(y, z1) + Δ2(z1, x) = Δ2(x, y) + Δ2(y, z2) + Δ2(z2, x)

for two different points z1 and z2 of L, then

Δ2(z2, z1) + Δ2(z1, x) = Δ2(z2, y) + Δ2(y, z1) + Δ2(z1, x) = Δ2(z2, x),

contradicting the fact that x, z1 and z2 are not collinear. So, the elements Δ2(x, y,
z, x), z ∈ L, of G2 are mutually different. Since there are as many points on L as
elements in G2, Δ2(x, y, z, x) will take all values of G2. This proves the lemma. �
Lemma 5.24. Let x and y be points of L2, let α be an isomorphism from L2

to L1 and let gx ∈ G1. If an anti-isomorphism θ between G1 and G2 satisfies
property (Vx) with respect to (α, gx), then θ satisfies property (Vy) with respect to
(α, θ−1(Δ2(x, y)) + gx +Δ1(xα, yα)).

Proof. Let z1 and z2 be arbitrary points of L2. Then we have

gx = θ−1(Δ2(x, y, z1, x)) + gx +Δ1(xα, yα, zα
1 , xα), (5.1)

gx = θ−1(Δ2(x, z1, z2, x)) + gx +Δ1(xα, zα
1 , zα

2 , xα), (5.2)
gx = θ−1(Δ2(x, z2, y, x)) + gx +Δ1(xα, zα

2 , yα, xα). (5.3)
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From equations (5.1) and (5.2), we have

gx = θ−1(Δ2(x, y, z1, z2, x)) + gx +Δ1(xα, yα, zα
1 , zα

2 , xα). (5.4)

From equations (5.3) and (5.4), we have

gx = θ−1(Δ2(x, y, z1, z2, y, x)) + gx +Δ1(xα, yα, zα
1 , zα

2 , yα, xα),

or
gy = θ−1(Δ2(y, z1, z2, y)) + gy +Δ1(yα, zα

1 , zα
2 , yα),

with gy = θ−1(Δ2(x, y)) + gx +Δ1(xα, yα). This proves the lemma. �

Definition. Let α be an isomorphism from L2 to L1. We say that an anti-isomor-
phism θ between G1 and G2 satisfies property (V ) with respect to α if there exists
a point x in L2 and an element gx ∈ G1 such that θ satisfies property (Vx) with
respect to (α, gx). We say that an anti-isomorphism between G1 and G2 satisfies
property (V ) if it satisfies property (V) with respect to some isomorphism between
L2 and L1.

Necessary and sufficient conditions for the existence of semi-diagonal valuations

We will now determine necessary and sufficient conditions for the existence of
semi-diagonal valuations. We will use the coordinatization of glued near hexagons
as presented in Theorem 4.50. Let T1 = (L1, G1,Δ1) and T2 = (L2, G2, Δ2) denote
two admissible triples where G1 and G2 are two isomorphic additive groups. For
any anti-isomorphism θ between G1 and G2, let Sθ denote the corresponding glued
near hexagon. Let {R1, R2} be the element of Δ1(Sθ) which arises in the natural
way from the admissible triples T1 and T2. If (g, p1, p2), (g′, p′1, p′2) and (g′′, p′′1 , p′′2)
are three points of Sθ at mutual distance 2, then

g′ = θ−1(Δ2(p2, p
′
2)) + g +Δ1(p1, p

′
1),

g′′ = θ−1(Δ2(p′2, p
′′
2)) + g′ +Δ1(p′1, p

′′
1),

g = θ−1(Δ2(p′′2 , p2)) + g′′ +Δ1(p′′1 , p1).

As a consequence,

g = θ−1(Δ2(p2, p
′
2, p

′′
2 , p2)) + g +Δ1(p1, p

′
1, p

′′
1 , p1).

We have: p1, p′1 and p′′1 are collinear points of L1 ⇔ Δ1(p1, p
′
1, p

′′
1 , p1) = 0 ⇔

Δ2(p2, p
′
2, p

′′
2 , p2) = 0 ⇔ p2, p′2 and p′′2 are collinear points of L2.

Proposition 5.25. The following are equivalent:

(1) θ satisfies property (V );

(2) there exists a set X of points in Sθ satisfying the following properties:
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(i) d(x, y) = 2 for any two different points x and y of X;

(ii) every quad of R1 ∪R2 has a unique point in common with X.

Proof. By the remark preceding this proposition, we know that if X is a set of
points satisfying (2i) and (2ii), then there exists an isomorphism α from L2 to L1

and a function λ from P2 to G1 such that X = X(α,λ) := {(λ(p), pα, p) | p ∈ P2}.
We will now determine the conditions that need to be satisfied by α and λ so that
X(α,λ) satisfies properties (2i) and (2ii). Choose a point x ∈ P2 and put gx :=
λ(x). Then for every point y of P2, the unique point (∗, yα, y) at distance 2 from
(gx, xα, x) is the point (θ−1(Δ2(x, y)) + gx + Δ1(xα, yα), yα, y). Now, the points
(θ−1(Δ2(x, y))+gx+Δ1(xα, yα), yα, y) and (θ−1(Δ2(x, z))+gx+Δ1(xα, zα), zα, z)
are at distance 2 if and only if gx = θ−1

(
Δ2(x, y) + Δ2(y, z) + Δ2(z, x)

)
+ gx +

Δ1(xα, yα)+Δ1(yα, zα)+Δ1(zα, xα). So, X(α,λ) satisfies properties (2i) and (2ii)
if and only if θ satisfies property (Vx) with respect to (α, gx). The proposition now
readily follows. �
Corollary 5.26. Let θ be an anti-isomorphism between G1 and G2. Then Sθ has
semi-diagonal valuations if and only if θ satisfies property (V ).

Examples. Suppose that T1 and T2 are equal to some admissible triple T =
(L, G,Δ) where G is a commutative group of size at least three. Let 1L denote the
trivial automorphism of L and let −1G be the (anti-)automorphism of G mapping
g to −g. Put S := S−1G . The map −1G satisfies property (Vx) with respect to
(1L, g) for every point x of L and every g ∈ G. Hence, S has a semi-diagonal
valuation fg with Ofg := {(g, p, p) | p ∈ L}. All these semi-diagonal valuations are
equivalent since the map (g, p1, p2) �→ (g + h, p1, p2) defines an automorphism of
S for every h ∈ G. For each known admissible triple (L, G,Δ) for which the linear
space L is not a line, the group G is commutative, see [29, Section 8].

5.6.5 Distance-j-ovoidal valuations

Definition. Let S be a near 2n-gon, n ≥ 2. A distance-j-ovoid (2 ≤ j ≤ n) of S is
a set X of points satisfying:

(1) d(x, y) ≥ j for every two different points x and y of X ;

(2) for every point a of S, there exists a point x ∈ X such that d(a, x) ≤ j
2 ;

(3) for every line L of S, there exists a point x ∈ X such that d(L, x) ≤ j−1
2
.

A distance-2-ovoid is just an ovoid. From (1), (2) and (3), we immediately have:

• If j is odd, then for every point a of S, there exists a unique point x ∈ X
such that d(a, x) ≤ j−1

2 .

• If j is even, then for every line L of S, there exists a unique point x ∈ X
such that d(L, x) ≤ j−2

2 .
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Theorem 5.27. Let S = (P ,L, I) be a near 2n-gon, n ≥ 2, and let W be a set of
convex subpolygons of S such that the pair (S,W) is nice. Let X be a distance-j-
ovoid of S (2 ≤ j ≤ n and j even). Then the map f : P → N, x �→ d(x, X) is a
valuation of (S,W).

Proof. Since f(x) = 0 for every point x ∈ X , property (V1) holds.
Let L be a line of S. Then there exists a unique point x∗ ∈ X such that

d(x∗, L) ≤ j−2
2

= j
2
− 1. So, d(a, x∗) ≤ j

2
for every point a of L. By property (1),

we then have that d(a, X) = d(a, x∗) for every point a of L. It is now easily seen
that property (V2) holds: the point xL of L with smallest value is the unique point
of L nearest to x∗.

Let x denote an arbitrary point of S. If d(x, X) = j
2
, then we define Fx := S.

If d(x, X) < j
2 , then by property (1), there exists a unique point x′ ∈ X at distance

d(x, X) from x and we define Fx := H(x, x′), where H(x, x′) denotes the unique
convex sub-2·d(x, x′)-gon ofW through the points x and x′. Clearly, property (V3)
holds for any point x for which d(x, X) = j

2 . Suppose therefore that d(x, X) < j
2

and let x′ denote the unique point of X at distance d(x, X) from x. Then for every
point y of Fx, d(y, x′) ≤ d(x, x′) < j

2 . So, f(y) = d(y, X) = d(y, x′) ≤ f(x) and
Fy = H(y, x′) ⊆ H(x, x′) = Fx. If z is a point of S collinear with y such that
f(z) = f(y)−1, then there exists a point x′′ ∈ X such that d(z, x′′) = d(y, x′)−1.
Since y has distance at most d(y, x′) to x′′, x′ coincides with x′′. So, d(z, x′) =
d(y, x′)− 1 and z ∈ H(x′, y) ⊆ Fx. This proves that also (V3) holds. �

Definition. Any valuation f which can be obtained as in Theorem 5.27 is called
a distance-j-ovoidal valuation. A distance-2-ovoidal valuation is the same as an
ovoidal valuation.

5.6.6 Extended valuations

Theorem 5.28. Let S = (P ,L, I) be a near 2n-gon and let W be a set of convex
subpolygons of S such that (S,W) is nice. Let F be a convex subpolygon of S which
is classical in S. Put W ′ := {F ∩ F ′ |F ′ ∈ W and F ∩ F ′ �= ∅}. Suppose that the
following holds:

(a) (F,W ′) is nice;

(b) for every G ∈ W ′ and every x ∈ G, there exists an x′ ∈ G such that d(x, x′) =
diam(G).

If f ′ is a valuation of (F,W ′), then the map f : P → N, x �→ f(x) := d(x, πF (x))+
f ′(πF (x)), is a valuation of (S,W). If f ′ is a classical valuation, then also f is
classical.

Proof. Obviously, property (V1) is satisfied. From Theorem 1.9, it easily follows
that also property (V2) is satisfied.
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For every point x of F , let Gx denote a convex subpolygon of W ′ for which
property (V3) holds (with respect to the valuation f ′). Put Gx := GπF (x) for
every point x of S. For all points x and y of S, let H(x, y) denote the unique
convex sub-2 · d(x, y)-gon of W through the points x and y. For every point x of
S, we define Fx := H(x, x1), where x1 is a point of Gx at distance diam(Gx) from
πF (x). This is a good definition. Let x′1 denote another point of Gx at distance
diam(Gx) from πF (x). By our assumption (b) and the fact that F is classical in
S, H(x, x1) contains a point at distance d(x, πF (x)) + diam(H(x, x1) ∩ F ) from
x. Hence, diam(H(x, x1) ∩ F ) ≤ d(x, x1) − d(x, πF (x)) = d(πF (x), x1). Since
H(x, x1)∩F contains the points πF (x) and x1, H(x, x1)∩F = Gx. Hence, H(x, x1)
contains the point x′1 and H(x, x′1) ⊆ H(x, x1). In a similar way one shows that
H(x, x1) ⊆ H(x, x′1). So, H(x, x1) is equal to H(x, x′1) and Fx is well-defined. By
the above reasoning we also know that Fx ∩ F = Gx for every point x of S. The
following properties hold:

• For every y ∈ Fx, πF (y) ∈ Gx. Clearly every shortest path between y and
a point z ∈ Gx is contained in Fx. Since the point πF (y) is contained in a
shortest path between y and z, the point πF (y) belongs to Fx ∩ F = Gx.

• For every point y of Fx, d(y, πF (y)) ≤ d(x, πF (x)). Let y′ denote a point of
Gx at maximal distance diam(Gx) from the point πF (y). Then d(x, πF (x))+
diam(Gx) = diam(Fx) ≥ d(y, y′) = d(y, πF (y))+d(πF (y), y′) = d(y, πF (y))+
diam(Gx). Hence, d(y, πF (y)) ≤ d(x, πF (x)).

Let u be a point of Fx. Since πF (u) ∈ Gx, f ′(πF (u)) ≤ f ′(πF (x)). Hence, f(u) =
d(u, πF (u)) + f ′(πF (u)) ≤ d(x, πF (x)) + f ′(πF (x)) = f(x). Since πF (u) ∈ GπF (x),
Gu ⊆ Gx and Fu ⊆ Fx. Let v be a neighbour of u with value f(u)− 1. In order to
prove property (V3), we distinguish two possibilities.

− d(v, πF (v)) �= d(u, πF (u)). Then πF (u) = πF (v) by Lemma 1.8. In this case
we have d(v, πF (v)) = d(u, πF (u))− 1. So, v is on a shortest path between u
and πF (u) = πF (v). Since u, πF (u) ∈ Fx, also v belongs to Fx.

− d(v, πF (v)) = d(u, πF (u)). In this case we have f ′(πF (v)) = f ′(πF (u)) − 1.
By Theorem 1.9, d(πF (u), πF (v)) = 1. From πF (u) ∈ Gx, it then follows that
also πF (v) ∈ Gx. Now, v lies on a shortest path between πF (v) and u. Since
πF (v) ∈ Fx and u ∈ Fx, also v belongs to Fx.

If f ′ is classical valuation of F , then we have f(x) = d(x, πF (x))+f ′(πF (x)) =
d(x, πF (x)) + d(πF (x), x∗) = d(x, x∗), where x∗ denotes the unique point of F for
which f ′(x∗) = 0. Hence f is classical if f ′ is classical. �

Definition. The valuation f is called an extension of f ′. If F = S, then f is called
a trivial extension of f ′.
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5.6.7 SDPS-valuations

Let A = (P ,L, I) be a possibly infinite thick dual polar space of rank 2n, n ∈ N.
A set X of points of A is called an SDPS-set (SDPS = sub dual polar space) of
A if it satisfies the following properties:

(1) No two points of X are collinear in A.
(2) If x, y ∈ X such that d(x, y) = 2, then X ∩ C(x, y) is an ovoid of the quad

C(x, y).

(3) The partial linear space Ã whose points are the elements ofX and whose lines
are the quads of A containing at least two points of X (natural incidence) is
a dual polar space of rank n.

(4) For all x, y ∈ X , d(x, y) = 2 · δ(x, y). Here, d(x, y) and δ(x, y) denote the
distances between x and y in the respective dual polar spaces A and Ã.

(5) If x ∈ X and if L is a line of A through x, then L is contained in a quad of
A which contains at least two points of X .

An SDPS-set of the near 0-gon consists of the unique point of the near 0-gon. An
SDPS-set of a thick generalized quadrangle is just an ovoid of that generalized
quadrangle. We will now describe two classes of SDPS-sets in thick dual polar
spaces of rank 2n ≥ 4 (see also Section 9 of [90]).

Consider the finite field Fq2 with q2 elements and let Fq denote the unique
subfield of order q of Fq2 . Let η denote an arbitrary element of Fq2 \ Fq. Then
Fq2 = {x1 + x2η |x1, x2 ∈ Fq}; define τ : Fq2 → Fq, x1 + x2η �→ x1.

• Consider the following bijection φ between the vector spaces F4n
q and F2n

q2 :

φ(x1, x2, . . . , x4n) = (x1 + ηx2, . . . , x4n−1 + ηx4n).

If 〈·, ·〉 is a nondegenerate symplectic form of F2n
q2 , then τ(〈φ(·), φ(·)〉) is a

nondegenerate symplectic form in F4n
q . If α is a totally isotropic n-dimensional

subspace of F2n
q2 , then φ−1(α) is a 2n-dimensional totally isotropic subspace

of F4n
q . In this way we obtain an “embedding” of DW (2n−1, q2) in DW (4n−

1, q), giving rise to an SDPS-set.

• Consider the following bijection φ between the vector spaces F4n+2
q and

F2n+1
q2 :

φ(x1, x2, . . . , x4n+2) = (x1 + ηx2, . . . , x4n+1 + ηx4n+2).

Let 〈·, ·〉 be a nondegenerate hermitian form of F2n+1
q2 . For every x ∈ F2n+1

q2 , we
define h(x) := 〈x, x〉 and for every x ∈ F4n+2

q , we define q(x) := 〈φ(x), φ(x)〉.
The equation h(x) = 0, respectively q(x) = 0, defines a nonsingular her-
mitian variety H(2n, q2) in PG(2n, q2), respectively a nonsingular elliptic
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quadric Q−(4n + 1, q) in PG(4n + 1, q). With every generator of H(2n, q2),
there corresponds a generator of Q−(4n + 1, q). In this way we obtain an
“embedding” of DH(2n, q2) in DQ−(4n+ 1, q), giving rise to an SDPS-set.

Theorem 5.29 (Section 5.8). Let X be an SDPS-set of a thick dual polar space A
of rank 2n ≥ 0. For every point x of A, we define f(x) := d(x, X). Then f is a
valuation of A.

Definition. A valuation which can be obtained from an SDPS-set as described in
Theorem 5.29 is called an SDPS-valuation. SDPS-valuations were introduced in
[61] for finite thick dual polar spaces.

Theorem 5.30 (Section 5.9). Let A be a thick dual polar space and let f be a
valuation of A which is the (possibly trivial) extension of an SDPS-valuation in a
convex subpolygon B of A. Then the following holds:

(i) f(x) = d(x, Of ) for every point x of A;

(ii) if H is a hex of A, then the valuation induced in H is either classical or the
extension of an ovoidal valuation in a quad of H.

Theorem 5.31 (Section 5.10). If X is an SDPS-set of a finite thick dual polar space
A of rank 2n ≥ 4 and if Ã denotes the associated dual polar space of rank n, then
one of the following cases occurs:

(1) A ∼= DW (4n− 1, q) and Ã ∼= DW (2n− 1, q2) for some prime power q. If Q
is a quad containing two points of X, then Q ∩X is a classical ovoid of Q,
i.e., an elliptic quadric Q−(3, q) on Q ∼= Q(4, q).

(2) A ∼= DQ−(4n+1, q) and Ã ∼= DH(2n, q2) for some prime power q. If Q is a
quad containing two points of X, then Q ∩X is a classical ovoid of Q, i.e.,
a unital H(2, q2) on Q ∼= H(3, q2).

Also the converse of Theorem 5.30 is true.

Theorem 5.32 (Section 5.11). Let A be a thick dual polar space and let f be a
valuation of A with the property that every induced hex valuation is either classical
or the extension of an ovoidal valuation in a quad. Then f is the (possibly trivial)
extension of an SDPS-valuation in a convex subpolygon of A.

5.7 Valuations of dense near hexagons

Let f be a valuation of a dense near hexagon S = (P ,L, I). We know that f is
classical if and only if max{f(x)|x ∈ P} = 3 and that f is ovoidal if and only if
max{f(x)|x ∈ P} = 1.

Theorem 5.33. If |Of | = 1, then f is a classical or a semi-classical valuation.

Proof. This follows directly from Theorems 5.12 and 5.16. �
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Theorem 5.34. Suppose that |Of | ≥ 2 and that f is not ovoidal. Then every two
points of Of lie at distance 2 from each other. As a consequence, Gf is a linear
space.

Proof. Let x and y denote two distinct points of Of . Then d(x, y) ∈ {2, 3}. Suppose
that d(x, y) = 3 and consider a shortest path x, x1, x2, y from x to y. By property
(V2), the points x1 and x2 have value 1, and there exists a point p on x1x2 with
value 0. Let Fx1 denote the subpolygon through x1 satisfying property (V3). Since
x and p are points with value 0 collinear with x1, we have x, p ∈ Fx1 . Since x1 and
p belong to Fx1 , also the point x2 belongs to Fx1 . Since y is a point with value
0 collinear with x2, we also have y ∈ Fx1 . Hence, x, y ∈ Fx1 and C(x, y) ⊆ Fx1 .
Since d(x, y) = 3, S = C(x, y) = Fx1 , a contradiction, since every point of Fx1 has
value at most 1 and S contains points with value 2. �

Theorem 5.35. If not every line of a dense near hexagon S is incident with the
same number of points, then f is either a classical valuation or the extension of
an ovoidal valuation in a quad of S.

Proof. By Corollary 1.13, the near hexagon S is the direct product of a generalized
quadrangle Q and a line L such that no line of Q is incident with the same number
of points as L.

Let x denote an arbitrary point of Of , let Qx denote the unique quad through
x isomorphic to Q and let Lx denote the line through x not contained in Qx. Every
quad intersecting Qx in a line is a nonsymmetrical grid. As a consequence, the
valuation induced in each such quad is classical. We distinguish two cases.

(i) The valuation induced in Qx is classical. Since the valuation induced in every
quad through x is classical, f(y) = d(x, y) for every point y at distance at most
2 from x. By Theorem 5.16, f is either classical or semi-classical. Let Q denote a
grid-quad not containing x intersecting Qx in a line. If f were semi-classical, then
the valuation induced in Q would be ovoidal, which is impossible. Hence, f is a
classical valuation.

(ii) The valuation induced in Qx is ovoidal. Then d(y, Of ) ≤ 2 for every point y of
S. By Theorem 5.12, f(y) = d(y, Of ). Since the valuation induced in every quad
intersecting Qx in a line is classical, Of is an ovoid of Qx. It follows that f is the
extension of the ovoidal valuation of Qx associated with the ovoid Ox. �

Theorem 5.36. If S is classical, then f is either classical, ovoidal, semi-classical
or the extension of an ovoidal valuation in a quad of S.

Proof. By Theorem 5.12, f(x) = d(x, Of ) for every point x at distance at most 2
from Of . If |Of | = 1, then f must be classical or semi-classical by Theorem 5.16.
Suppose therefore that |Of | ≥ 2. Suppose also that f is not ovoidal, then every
two different points of Of lie at distance 2 from each other by Theorem 5.34. Let
o1 and o2 be two different points of Of and let Q denote the unique quad through
o1 and o2. Then Q∩Of is an ovoid of Q. For every point x outside Q, there exists a
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point in Of∩Q at distance 3 from x. Hence Of = Of∩Q. Now, every point of S lies
at distance at most 2 from Of . So, f(x) = d(x, Of ) = d(x, πQ(x)) + d(πQ(x), Of )
and f is the extension of an ovoidal valuation of Q. �

Theorem 5.37. Let f be a valuation of a dense glued near hexagon S of type 1 and
let {T1, T2} ∈ Δ1(S). Then the following are equivalent:

(i) the valuation induced in every quad of T1 ∪ T2 is classical;

(ii) f is either classical or semi-diagonal.

Proof. Obviously, (ii) implies (i). Suppose that the valuation induced in every
quad of T1 ∪ T2 is classical. If there exists a point with value 3, then f is classical
by Theorem 5.9. Suppose now that f(x) ≤ 2 for every point x of S. The valuation
induced in an element Q ∈ T1∪T2 is classical and hence Q contains a unique point
of Of . By Theorem 5.34, every two points of Of lie at distance 2 from each other.
Now, every point x of S lies at distance at most 2 from Of . By Theorem 5.12,
f(x) = d(x, Of ). Hence, f is a semi-diagonal valuation. �

5.8 Proof of Theorem 5.29

We will prove Theorem 5.29 in several lemmas. We will use the same notation as
in Section 5.6.7. We call a quad of A special if it contains at least two points of
X . If Q is a special quad, then Q ∩X is an ovoid of Q.

Lemma 5.38. No two special quads intersect in a line.

Proof. Suppose the contrary. Let Q1 and Q2 denote two special quads which in-
tersect in a line L. Let x denote the unique point of X on L and let x1, x2 denote
two other points of L. Let yi, i ∈ {1, 2}, denote a point of (Qi ∩X) \ {x} collinear
with xi. Then d(y1, y2) = d(y1, x1)+d(x1, y2) = 1+2 = 3, contradicting property
(4) in the definition of SDPS-set. �

Corollary 5.39. If x is a point of X, then every line through x is contained in a
unique special quad.

Lemma 5.40. Let x1 and x2 be two distinct points of X and let L be a line through
x1 contained in C(x1, x2). Then the unique special quad Q through L is contained
in C(x1, x2).

Proof. Suppose the contrary. Let y denote the unique point on L nearest to x2

and let x3 denote a point of Q ∩ Of at distance 2 from y. Then d(x2, x3) =
d(x2, y) + d(y, x3) = d(x1, x2) − 1 + 2 = d(x1, x2) + 1. Now, by property (4) in
the definition of SDPS-set, d(x2, x3) and d(x1, x2) must be even. A contradiction
follows. �

Lemma 5.41. Let F be a convex subpolygon of A. Then F ∩X is either empty or
a convex subspace of Ã.
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Proof. We suppose that F ∩X is nonempty. Let x1 and x2 denote two points of
F∩X such that δ(x1, x2) = 1. Then d(x1, x2) = 2. Since F is convex, C(x1, x2) ⊆ F

and hence C(x1, x2) ∩ X ⊆ F ∩ X . This proves that F ∩ X is a subspace of Ã.
Now, let a, b, c denote points of X such that a, b ∈ F ∩ X , δ(a, c) = δ(a, b) − 1
and δ(c, b) = 1. Then d(a, c) = d(a, b)− 2 and d(c, b) = 2. Since F is convex and
d(a, c) + d(c, b) = d(a, b), c ∈ F ∩X . Hence F ∩X is also convex (in Ã). �

Lemma 5.42. Let F̃ be a convex subpolygon of Ã. Then there exists a unique convex
subpolygon F of A such that diamA(F ) = 2 ·diam eA(F̃ ) and F̃ = F ∩X. Moreover,
F̃ is an SDPS-set of F .

Proof. Let x and y be two points of F̃ such that δ(x, y) = diam eA(F̃ ). If F is a
convex subpolygon of A such that diamA(F ) = 2 ·diam eA(F̃ ) and F̃ = F ∩X , then
F necessarily equals C(x, y) since x, y ∈ F and d(x, y) = 2·δ(x, y) = 2·diam eA(F̃ ) =
diamA(F ). We will now show that F := C(x, y) satisfies all required properties. By
Lemma 5.41, F ∩X is a convex subpolygon of Ã containing x and y and hence also
F̃ . On the other hand, we have diam eA(F ∩X) = 1

2diamA(F ∩X) ≤ 1
2diam(F ) =

1
2 d(x, y) = δ(x, y) = diam eA(F̃ ). This proves that F ∩X = F̃ . From Lemma 5.40,
it readily follows that F̃ is an SDPS-set of F . �

Definition. A convex subpolygon F of A is called special if F ∩X is an SDPS-set
of F . The special subpolygons of A are those subpolygons of the form C(x1, x2)
where x1, x2 ∈ X .

From Lemmas 5.41 and 5.42, we have the following corollary.

Corollary 5.43. If F is a convex subpolygon of A, then F ∩X is either empty or
an SDPS-set in a convex subpolygon of F .

Lemma 5.44. Let n ≥ 1. If F is a convex sub-(4n− 2)-gon of A, then F ∩X is a
convex sub-(2n− 2)-gon of Ã.

Proof. We first show that F ∩X is nonempty. Let x be an arbitrary point of X . If
x ∈ F , then we are done. If x �∈ F , let Q denote the unique special quad through
the line xπF (x). Then F ∩Q is a line. Since this line contains a point of X , also
F contains a point of X .

Now, let x∗ denote a point of F ∩X and let y denote a point of X at maximal
distance from x∗. Then d(x∗, y) = 2n and y �∈ F . Let Q denote the unique special
quad through the line yπF (y). The quad Q intersects F in a line which contains
a point y′′ of X . Now, d(x∗, y′′) ≥ 2n − 2 and hence δ(x∗, y′′) ≥ n − 1. This
proves that diam eA(F ∩X) ≥ n− 1. On the other hand, we have diam eA(F ∩X) =
1
2
diamA(F ∩X) ≤ 1

2
diamA(F ) = 2n−1

2
. Hence, diam eA(F ∩X) = n− 1. In Lemma

5.41, we have already shown that F ∩X is convex (in Ã). �

Lemma 5.45. Let n ≥ 1. Let x be a point of A and let F denote a convex sub-
(4n− 2)-gon through x. Then d(x, X) = d(x, F ∩X).
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Proof. Let y be a point of X \ F , let Q denote the unique special quad through
the line yπF (y) and let y′ denote the unique point of X on the line Q ∩ F . Then
d(x, y) = d(x, πF (y)) + 1 ≥ d(x, y′). As a consequence, d(x, X \ F ) ≥ d(x, F ∩X)
and d(x, X) = d(x, F ∩X). �
Lemma 5.46. Let x be a point of A and let F denote a special subpolygon through
x. Then d(x, X) = d(x, F ∩X).

Proof. The lemma holds if F = A. So, suppose that F �= A and that the lemma
holds for any special subpolygon of diameter diam(F ) + 2. Let F ′′ denote a spe-
cial subpolygon of diameter diam(F ) + 2 through F and let F ′ denote a convex
subpolygon of diameter diam(F ) + 1 such that F ⊂ F ′ ⊂ F ′′. By our assumption,
d(x, X) = d(x, F ′′ ∩X). By Lemma 5.45, d(x, F ′′ ∩X) = d(x, F ′′ ∩X ∩ F ′) and
by Lemma 5.44, F ′′ ∩X ∩ F ′ = F ∩X . The lemma now follows. �
Lemma 5.47. For every point x of A, d(x, X) ≤ n. Moreover, there exists a point
x∗ of A such that d(x∗, X) = n.

Proof. We will prove this by induction on n. Obviously, the lemma holds if n
is equal to 0 or 1. Suppose therefore that n ≥ 2. Let F denote a convex sub-
(4n − 2)-gon through x and let F ′ denote the unique convex sub-(4n − 4)-gon
of A containing all points of F ∩ X . Then d(x, πF ′ (x)) ≤ 1. Since F ∩ X is
an SDPS-set in F ′, we have d(πF ′(x), F ∩ X) ≤ n − 1 and hence d(x, X) ≤ n.
By the induction hypothesis, we know that there exists a point y ∈ F ′ such
that d(y, X ∩ F ) = n − 1. If x∗ denotes a point of F \ F ′ collinear with y, then
d(x∗, X) = d(x∗, X ∩ F ) = 1 + d(y, X ∩ F ) = n. This proves the lemma. �
Lemma 5.48. Let x be a point of A. Then there exist two points x1, x2 ∈ X such
that d(x, x1) = d(x, x2) = d(x, X) and d(x1, x2) = 2 · d(x, X). As a consequence,
every point is contained in a special convex sub-[4 · d(x, X)]-gon.

Proof. We will prove this by induction on the distance d(x, X). Obviously, the
property holds if d(x, X) = 0. Suppose therefore that d(x, X) ≥ 1 and that the
property holds for any point at distance at most d(x, X)−1 fromX . Take a point x′

collinear with x at distance d(x, X)−1 from X and let x′1 and x′2 denote two points
of X such that d(x′, x′1) = d(x′, x′2) = d(x, X)− 1 and d(x′1, x′2) = 2 · d(x, X)− 2.
Put F ′ := C(x′1, x′2). Then x′ ∈ F ′ since x′ is on a shortest path between x′1 and
x′2. If x ∈ F ′, then by Lemma 5.47, x would have distance at most d(x, X)−1 from
X ∩ F ′, a contradiction. So, x is not contained in F ′ and d(x, x′1) = d(x, x′2) =
1 + d(x′, x′1) = 1 + d(x′, x′2) = d(x, X). Now, the special convex sub-[4 · d(x, X)]-
gons through F ′ partition the set of lines through x′2 not contained in F ′ and hence
also the set of lines through x′ not contained in F ′. As a consequence, there exists
a unique special convex sub-[4 ·d(x, X)]-gon F through F ′ containing the line xx′.
Let L2 denote a line of F through x′2 not contained in F ′ and containing a point y2

at distance d(x, X)−1 from x. Let Q2 denote the unique special quad through L2.
Then Q2 ⊆ F (recall Lemma 5.40). Now, put x1 := x′1 and let x2 denote a point
of (X∩Q2)\{x′2} collinear with y2. Then d(x, x2) ≤ d(x, y2)+d(y2, x2) = d(x, X)
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and hence d(x, x2) = d(x, X). Since the quad Q2 intersects F ′ only in the point
x′2, we have d(x1, x2) = d(x1, x

′
2)+d(x

′
2, x2) = 2 ·d(x, X). We have already noticed

that d(x, x1) = d(x, x′1) = d(x, X). This proves the lemma. �

Lemma 5.49. Every line L of A contains a unique point at smallest distance from
X.

Proof. We prove the lemma by induction on n. Obviously, the lemma holds if n is
equal to 0 or 1. Suppose therefore that n ≥ 2. Let F denote a convex sub-(4n−2)-
gon through L and let F ′ denote the unique special sub-(4n − 4)-gon contained
in F . For every point x of L, d(x, X) = d(x, F ′ ∩ X) by Lemma 5.45. If L is
contained in F ′, then the lemma holds for the line L by the induction hypothesis.
If L is disjoint from F ′, then the lemma holds for the line πF ′(L) and hence also
for the line L since d(x, F ′ ∩X) = 1 + d(πF ′(x), F ′ ∩X) for every point x of L.
If L intersects F ′ in a unique point, then this point is the unique point of L at
smallest distance from X . �

Lemma 5.50. Let x be a point of A and let F denote a special sub-[4 · d(x, X)]-gon
through x. Then a line L through x contains a point at distance d(x, X)− 1 from
X if and only if L is contained in F . As a consequence, x is contained in a unique
special sub-[4 · d(x, X)]-gon Fx.

Proof. Suppose that L is contained in F . By Lemma 5.49, L contains a unique
point nearest to X and by Lemmas 5.46 and 5.47 every point of F has distance at
most d(x, X) to X . Hence L contains a unique point at distance d(x, X)−1 from x.
Conversely, suppose that L is not contained in F and contains a point y at distance
d(x, X)−1 from X . Let F ′ denote the unique special (4 ·d(x, X)+4)-gon through
C(y, F ). Then d(y, X) = d(y, F ′ ∩ X) by Lemma 5.46. Let y′ denote a point of
X ∩ F ′ at distance d(x, X) − 1 from y. Then y′ �∈ F and hence also y′ �∈ C(y, F ).
Let y′′ denote the unique point of C(y, F ) collinear with y′ and let Q denote the
unique special quad through the line y′y′′. Then the line Q ∩ C(y, F ) contains a
point z of X which necessarily belongs to F . We have d(y, z) ≥ d(x, X) + 1 and
d(y, z) ≤ d(y, y′) + d(y′, z) = d(x, X)− 1 + 2 = d(x, X) + 1. Hence y′ is contained
in a shortest path between y and z. But this is impossible since y′ �∈ C(y, F ). �

Lemma 5.51. For every point x of A and every point y ∈ Fx, Fy ⊆ Fx.

Proof. In the near polygon Fx, there exists a unique special sub-[4 · d(y, Fx ∩X)]-
gon F ′y through y. By Lemma 5.46, d(y, Fx∩X) = d(y, X). Hence F ′y must coincide
with Fy. This proves the lemma. �

The following lemma completes the proof of Theorem 5.29.

Lemma 5.52. The map f : P → N;x �→ d(x, X) is a valuation of A.
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Proof. Obviously, there exists a point with value 0. By Lemma 5.49, every line
contains a unique point with smallest value. We will now show that f also satisfies
property (V3). For every point y of Fx, we have d(y, X) ≤ d(x, X) by Lemma
5.47. If y is a point of Fx and if z is a point of A collinear with y for which
d(z, X) = d(y, X) − 1, then z ∈ Fy by Lemma 5.50. By Lemma 5.51, it now
follows that z ∈ Fx. Hence f is a valuation of A. �

5.9 Proof of Theorem 5.30

For every point x of A, f(x) = d(x, πB(x))+d(πB(x), Of ) = d(x, Of ). This proves
(i). We will prove property (ii) by induction on the diameter n of A. Obviously,
the property holds if n ≤ 3. So, suppose n ≥ 4 and that the property holds for
any thick dual polar space of diameter less than n (= induction hypothesis). We
distinguish the following possibilities:

• B �= A.
Let A′ denote a convex sub-(2n− 2)-gon of A through B. For every point x
of A, we have

f(x) = d(x, Of ) = d(x, πA′(x)) + d(πA′(x), Of ). (∗)

If H is contained in A′, then the valuation induced in H is either classical or
the extension of an ovoidal valuation in a quad of H since property (ii) holds
for A′. If H meets A′ in a quad Q, then by (∗), the valuation induced in H
is the extension of the valuation induced in Q. So, the property also holds in
this case. If H is disjoint from A′, then by the induction hypothesis applied
to the dual polar space A′, the property holds for the hex πA′(H). Hence,
the property also holds for H by (∗).

• B = A.
Let A′ denote a convex sub-2(n − 1)-gon through H and let A′′ denote the
unique special convex sub-(2n−4)-gon ofA′. The valuation f ′ induced by f in
A′ is the extension of an SDPS-valuation in A′′. By the induction hypothesis
applied to A′ it follows that the valuation f ′′ induced by f ′ in H is classical
or the extension of an SDPS-valuation in a quad of H . The theorem then
holds since f ′′ is also the valuation induced by f in H .

5.10 Proof of Theorem 5.31

Let (s, t), respectively (s′, t′), denote the order of A, respectively Ã. Let (s, t2),
respectively (s′, t′2), denote the order of the quads of A, respectively Ã. We call a
quad Q of A special if it contains two points of X , or equivalently, if Q ∩X is an
ovoid of Q. By Corollary 5.39, (1+ t) = (1+ t2)(1+ t′) with t = t2+ t22+ · · ·+ t2n−1

2
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and t′ = t′2+ t′2
2+ · · ·+ t′2

n−1. Hence, t′2+ t′2
2+ · · ·+ t′2

n−1 = t22 + t42+ · · ·+ t2n−2
2 .

It follows that t′2 = t22. Obviously, s′ = st2.
Suppose n = 2. By the classification of finite thick dual polar spaces, see

Section 1.9.5, one of the following cases occurs:

(1) A ∼= DW (7, q) and Ã is a generalized quadrangle of order q2;

(2) A ∼= DQ(8, q) and Ã is a generalized quadrangle of order q2;

(3) A ∼= DQ−(9, q) and Ã is a generalized quadrangle of order (q3, q2);

(4) A ∼= DH(8, q2) and Ã is a generalized quadrangle of order (q5, q4);

(5) A ∼= DH(7, q2) and Ã is a generalized quadrangle of order (q3, q4).

Case (5) cannot occur, since the quads of DH(7, q2) are isomorphic to Q(5, q) and
do not have ovoids, see e.g. [82, 1.8.3]. Pralle and Shpectorov [84] have studied the
automorphism group of a special quad Q stabilizing Q∩X . From their treatment,
it follows that either (A ∼= DW (7, q) and Ã ∼= DW (3, q2)) or (A ∼= DQ−(9, q) and
Ã ∼= DH(4, q2)). Moreover, they have shown the claims regarding the intersection
of a special quad Q with the SDPS-set.

Suppose now that n ≥ 3. By Lemma 5.42, every special quad Q is contained
in a convex suboctagon F such that F∩X is an SDPS-set of F . From the discussion
of the case n = 2, the theorem then readily follows.

5.11 Proof of Theorem 5.32

Let n be the diameter of A. We will prove the theorem by induction on n. Obvi-
ously, the theorem holds if n ≤ 3. So, suppose that n ≥ 4 and that the theorem
holds for any thick dual polar space of diameter less than n (= induction hy-
pothesis). Recall that a quad of A is special if it contains two points of Of , or
equivalently, if it intersects Of in an ovoid.

Lemma 5.53. No two special quads intersect in a line.

Proof. Suppose that Q1 and Q2 are two special quads intersecting in a line. Then
C(Q1, Q2) is a hex H . Now, the valuation induced in H is either classical or the
extension of an ovoidal valuation in a quad. It is easily seen that none of these
two possibilities can occur. �
Lemma 5.54. For all x1, x2 ∈ Of , d(x1, x2) is even.

Proof. We distinguish three possibilities.

(1) d(x1, x2) < n. If f ′ denotes the valuation induced in C(x1, x2), then by the
induction hypothesis, f ′ is an SDPS-valuation in C(x1, x2). Since x1, x2 ∈
Of ′ , d(x1, x2) is even.

(2) d(x1, x2) = n and n is even.



5.11. Proof of Theorem 5.32 117

(3) d(x1, x2) = n and n is odd. Let F denote a convex sub-(2n− 2)-gon through
x1 and let x′2 denote the unique point of F collinear with x2. Then f(x′2) = 1.
By the induction hypothesis, the valuation f ′ induced in F is the (possibly
trivial) extension of an SDPS-valuation in a convex subpolygon of F . Since
f(x′2) = 1, x′2 is collinear with a point x′′2 of Of ∩F , see Theorem 5.30. Since
d(x1, x

′′
2) is even and d(x1, x

′′
2) ≥ n−2, d(x1, x

′′
2) = n−1. So, f ′ is an SDPS-

valuation of F = C(x1, x
′′
2). Now, the line x′2x

′′
2 is contained in at least two

special quads, namely C(x2, x
′′
2) and the unique special quad through x′2x

′′
2

contained in F , see Corollary 5.39. This contradicts Lemma 5.53. �
Lemma 5.55. If x1, x2 ∈ Of with d(x1, x2) as big as possible, then Of ⊆ C(x1, x2).

Proof. Obviously, this holds if d(x1, x2) = n. Suppose therefore that d(x1, x2) < n
and let F denote a convex sub-(2n− 2)-gon through C(x1, x2). By the induction
hypothesis applied to F , it follows that every point of Of ∩ F is contained in
C(x1, x2). Suppose now that there exists a point y ∈ Of not contained in F and
let y′ denote the unique point of F collinear with y. Since f(y′) = 1, there exists
a point x3 ∈ Of ∩ F collinear with y′. Then x3 ∈ C(x1, x2). Since the valuation
induced in C(x1, x2) is an SDPS-valuation, there exists a point x4 ∈ Of ∩C(x1, x2)
at distance d(x1, x2) from x3. We now distinguish two possibilities.

(1) The quad C(y, x3) intersects C(x1, x2) in a line L. Then L would be contained
in two special quads, namely C(y, x3) and the unique special quad through
L contained in C(x1, x2). This contradicts Lemma 5.53.

(2) The quad C(y, x3) intersects C(x1, x2) in the point x3. Then d(y, x4) = 2 +
d(x1, x2), contradicting the maximality of d(x1, x2). �

Lemma 5.56. The valuation f is not semi-classical.

Proof. Suppose the contrary. Let x denote the unique point of A with value 0
and let H denote a hex containing a point at maximal distance n from x. Then it
is easily seen that the valuation induced in H is semi-classical, contradicting our
assumptions. �
Lemma 5.57. If |Of | = 1, then f is a classical valuation.

Proof. Let x denote the unique point of Of . If y is a point at distance at most n−1
from x, then by the induction hypothesis, the valuation induced in C(x, y) is the
(possibly trivial) extension of an SDPS-valuation in a convex subpolygon of C(x, y).
Since |Of | = 1, this induced valuation must be classical. Hence, f(y) = d(x, y)
for every point y at distance at most n− 1 from x. The lemma now follows from
Theorem 5.16 and Lemma 5.56. �
Lemma 5.58. If |Of | ≥ 2, then every point x of Of is contained in a special quad.

Proof. Suppose the contrary. Then, by the induction hypothesis, the valuation
induced in every convex sub-(2n − 2)-gon through x must be classical. Hence,
f(y) = d(x, y) for every point y at distance at most n − 1 from x. By Theorem
5.16 and Lemma 5.56, it now follows that f is classical, contradicting |Of | ≥ 2. �
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Lemma 5.59. For every point x of A, f(x) = d(x, Of ).

Proof. By Lemma 5.57, this holds if |Of | = 1. Suppose therefore that |Of | ≥ 2.
Let x∗ denote a point of Of nearest to x and let Q denote a special quad through
x∗. Then either πQ(x) = x∗ or πQ(x) ∼ x∗. Since d(x, πQ(x)) ≤ n − 2, we have
d(x, x∗) ≤ n−1. By the induction hypothesis, the valuation f ′ induced in C(x, x∗)
is the (possibly trivial) extension of an SDPS-valuation in a convex subpolygon of
C(x, x∗). So, f(x) = f ′(x) = d(x, Of ∩ C(x, x∗)) = d(x, x∗) = d(x, Of ). �

Lemma 5.60. If the maximal distance between two points of Of is smaller than n,
then f is the extension of an SDPS-valuation in a convex subpolygon of A.

Proof. Let x1, x2 ∈ Of with d(x1, x2) as big as possible. Since d(x1, x2) < n, the
valuation induced in F := C(x1, x2) is an SDPS-valuation f ′ with Of ′ = Of , see
Lemma 5.55. For every point x of A, we have f(x) = d(x, Of ) = d(x, πF (x)) +
d(πF (x), Of ′ ), proving the lemma. �

In the sequel, we will suppose that the maximal distance between two points
of Of is equal to n. This implies that n is even, see Lemma 5.54. Let Ã denote
the following partial linear space:

• the points of Ã are the elements of Of ,

• the lines of Ã are the special quads,

• incidence is containment.

If x1 and x2 are two points of Of , then we denote by d(x1, x2) the distance between
x1 and x2 in the geometry A and by δ(x1, x2) the distance between x1 and x2 in
the geometry Ã.
Lemma 5.61. For all points x1, x2 ∈ Of , d(x1, x2) = 2·δ(x1, x2). As a consequence,
the diameter of Ã is half the diameter of A.

Proof. Every path of Ã between x1 and x2 can be turned into a path of A with
double length. This proves that d(x1, x2) ≤ 2 · δ(x1, x2) for all points x1, x2 ∈ Of .

We will prove the lemma by induction on the distance d(x1, x2) which is
always even by Lemma 5.54. Obviously, the lemma holds if d(x1, x2) is 0 or 2.
Suppose therefore that d(x1, x2) = 2k ≥ 4. Then we already know that δ(x1, x2) ≥
k. We will now show that there exists a special quad Q through x2 containing a
point x3 at distance 2k − 2 from x1. If 2k < n, this follows from the fact that the
valuation induced in C(x1, x2) is an SDPS-valuation. If 2k = n, this follows from
Lemma 5.58. If x3 �∈ Of , then there exists a point in Q ∩ Of at distance 2k − 1
from x1, contradicting Lemma 5.54. Hence x3 ∈ Of . Since d(x1, x3) = 2k − 2,
δ(x1, x3) = k− 1 and δ(x1, x2) ≤ k. Together with δ(x1, x2) ≥ k, this implies that
d(x1, x2) = 2 · δ(x1, x2). �

Lemma 5.62. Ã is a near polygon (and hence a near n-gon).
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Proof. Let x denote a point of Of and let Q denote a special quad. If πQ(x) �∈ Of ,
then there exists a point in Of ∩ Q at distance d(x, πQ(x)) + 1 from x and a
point in Of ∩ Q at distance d(x, πQ(x)) + 2 from x, contradicting Lemma 5.54.
So, πQ(x) ∈ Of and πQ(x) is the unique point of Of ∩Q nearest to x. The claim
now follows from Lemma 5.61. �

Lemma 5.63. Ã is a dense near polygon.

Proof. Obviously, every line of Ã is incident with at least three points. Now, let
x1 and x2 be two points of Ã at distance 2 from each other, i.e., at distance 4
in A. We will show that every line L of C(x1, x2) through x1 is contained in a
(necessarily unique) special quad QL ⊆ C(x1, x2). Let y denote the point of L
nearest to x2. By the induction hypothesis, the valuation induced in C(y, x2) is
the possibly trivial extension of an SDPS-valuation. Since f(y) = 1, there exists
a point x3 ∈ C(y, x2) ∩Of collinear with y. Obviously, L is contained in a special
quad C(x1, x3) and x3 is a common neighbour of x1 and x2 in the near polygon
Ã. Repeating this argument for every line L of C(x1, x2) through x1, we see that
x1 and x2 have at least two common neighbours (in Ã). �

If x1 and x2 are two points of Of at distance 4 from each other, then Of ∩
C(x1, x2) is a convex subspace and hence a quad of Ã. Conversely, every quad is
obtained in this way.

Lemma 5.64. The near polygon Ã is classical.

Proof. The lemma holds trivially if Ã is a generalized quadrangle. So, suppose
n > 4. Let x denote a point of Ã and let Q̃ denote a quad of Ã. Let F denote
the convex suboctagon of A containing all points of Q̃. Then, by the induction
hypothesis, the valuation induced in F is an SDPS-valuation. Let H denote an
arbitrary hex of F through πF (x). Then H ∩ Of is an ovoid in a quad Q. Let
x′ denote the unique point of Q nearest to πF (x). Then d(πF (x), Of ∩ F ) =
d(πF (x), H ∩ Of ) = d(πF (x), x′) + d(x′, H ∩ Of ) ≤ 2. So, we have the following
possibilities.

(a) πF (x) ∈ Of ∩ F . Then πF (x) is indeed the unique point of Q̃ nearest to x.

(b) d(πF (x), Of ∩F ) = 1. Then πF (x) is contained in a special quad Q of F , see
Corollary 5.39. Then there exists a point in Of ∩Q at distance d(x, πF (x))+1
from x and a point in Of ∩Q at distance d(x, πF (x))+2 from x, contradicting
Lemma 5.54.

(c) d(πF (x), Of ∩ F ) = 2. Let x′ denote a neighbour of πF (x) collinear with a
point of Of ∩ F , then x′ is contained in a special quad Q of F . Then there
exists a point in Of ∩ Q at distance d(x, πF (x)) + 2 from x and a point in
Of ∩Q at distance d(x, πF (x)) + 3 from x, contradicting Lemma 5.54. �
The following lemma, in combination with Lemma 5.59, completes the proof

of Theorem 5.32.
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Lemma 5.65. The set Of is an SDPS-set of A.

Proof. We still must check property (5) in the definition of SDPS-set. Let x denote
an arbitrary point of Of and let L denote an arbitrary line of A through x. Since
Ã is a dense near n-gon, there exists a point x′ in Of at distance n from x.
Let y denote the unique point of L nearest to x′. By the induction hypothesis, the
valuation induced in C(y, x′) is the possibly trivial extension of an SDPS-valuation.
So, there exists a point x′′ ∈ Of ∩ C(y, x′) collinear with y. Hence, the line L is
contained in the special quad C(x, x′′). �



Chapter 6

The known slim dense near
polygons

In this chapter, we will discuss five infinite classes of slim dense near polygons
and three “exceptional” slim dense near hexagons. We will determine the convex
subpolygons and the spreads of symmetry of these near polygons. For the near
hexagons, we will determine all valuations. The above-mentioned near polygons
cover all known examples of slim dense near polygons which are not glued. At
the end of this chapter, we will also discuss the glued near polygons which can be
derived from the five infinite classes and the three exceptional examples.

6.1 The classical near polygons DQ(2n, 2) and

DH(2n− 1, 4)

Let n ∈ N \ {0, 1}. Let F be a nonsingular parabolic quadric in PG(2n, 2) or a
nonsingular hermitian variety in PG(2n−1, 4) and let FD denote its corresponding
dual polar space, i.e.

• the points of FD are the maximal subspaces (i.e. generators) of F ,
• the lines of FD are the next-to-maximal subspaces of F ,
• incidence is reverse containment.

The generalized quadrangle Q(4, 2)D = DQ(4, 2) is isomorphic to W (2) and the
generalized quadrangle H(3, 4)D = DH(3, 4) is isomorphic to Q(5, 2).

Theorem 6.1. (a) If π1 and π2 are two generators of F intersecting each other
in an (n − 1 − i)-dimensional subspace, then the distance d(π1, π2) between
π1 and π2 in the near polygon FD is equal to i.

(b) FD is a near 2n-gon.
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(c) The near polygon FD is dense.

(d) Suppose π is an (n− 1− i)-dimensional subspace lying on F . Then the gen-
erators through π form a convex sub-2i-gon of FD.

(e) If π1 and π2 are two generators of F , then C(π1, π2) consists of all generators
through π1 ∩ π2.

(f) Every convex sub-2(n− 1)-gon of FD is big in FD.

(g) Every convex subpolygon of FD is classical in FD. As a consequence, FD is
classical.

Proof. (a) Suppose d(π1, π2) = k. Then there exist k+1 generators α0, α1, . . . , αk

such that α0 = π1, αk = π2 and dim(αj ∩ αj+1) = n − 2 for every j ∈
{0, . . . , k− 1}. It easily follows (by induction) that dim(α0 ∩αj) ≥ n− 1− j
for every j ∈ {0, . . . , k}. In particular, n+1−i ≥ n−1−k or k ≥ i. We will now
show by induction on i that k ≤ i. Obviously, this holds if i ≤ 1. So, suppose
that i ≥ 2. Let x be a point of π1 \ π2 and let π3 be the unique generator
through x such that dim(π3 ∩ π2) = n− 2. Then π1 ∩ π3 = 〈x, π1 ∩ π2〉 and
dim(π1∩π3) = n−1− (i−1). By the induction hypothesis, d(π1, π3) ≤ i−1.
Since d(π2, π3) = 1, d(π1, π2) ≤ i or k ≤ i.

(b) Let π be a point and let α be a line of FD. First, suppose that α ∩ π = ∅.
Then there exists a unique generator through α intersecting π in a point.
This proves that the line α of FD contains a unique point nearest to π. Next,
suppose that α ∩ π �= ∅. Then the generators through α ∩ π define a polar
space F ′ of type Q(2k, 2) or H(2k−1, 4). (We take the following convention:
a dual polar space of type Q(2, 2) or H(1, 4) is a line of size 3.) The point π

of F corresponds with a point π′ of F ′D and the line α of F corresponds with
a line α′ of F ′D. In F ′D, the line α′ contains a unique point nearest to π′.
It follows that the line α of FD contains a unique point nearest to π. Hence,
FD is a near polygon. By (a) the maximal distance between two points of
FD is equal to n. So, FD is a near 2n-gon.

(c) Obviously, every line of FD is incident with precisely three points. Now, let π1

and π2 be two points of FD at mutual distance 2. Let x be a point of π1 \π2,
let π3 be the generator through x intersecting π2 in an (n − 2)-dimensional
subspace, let y be a point of π2 \π3 and let π4 be the generator of F through
y intersecting π1 in an (n−2)-dimensional subspace. Then π3 and π4 are two
common neighbours of π1 and π2. This proves that FD is dense.

(d) LetX denote the set of generators through π. Let α be a line of FD containing
two different points π1 and π2 of X . Then α = π1 ∩ π2 contains π and hence
all generators through α contain π. This proves that X is a subspace. Now,
let π1 and π2 be two generators of X and let π3 be a third generator such
that d(π1, π3) = d(π1, π2) − 1 and d(π3, π2) = 1. Then dim(π3 ∩ π1) =
dim(π1 ∩ π2) + 1. So, there exists a point x ∈ π3 ∩ π1 not contained in π2.
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Since d(π3, π2) = 1, π3 is the unique generator through x intersecting π2 in
an (n− 2)-dimensional subspace. It follows that π1 ∩ π2 ⊆ π3 and hence also
that π ⊆ π3. Hence, X is convex. Through π, there are now two generators
α1 and α2 such that α1 ∩ α2 = π. By (a), X induces a convex sub-2i-gon.

(e) Let G denote the convex subpolygon which consists of all generators through
π1 ∩ π2. By (d), diam(G) = n− 1− dim(π1 ∩ π2). Since G and C(π1, π2) are
two convex subpolygons of diameter n−1−dim(π1∩π2) = d(π1, π2) through
π1 and π2, we must have that G = C(π1, π2).

(f) Let G denote an arbitrary convex sub-2(n−1)-gon of FD. Then G consists of
all generators through a certain point x of F . Let α be an arbitrary generator
of F . If x ∈ α, then the point α of FD lies in G. If x �∈ α, then there exists
a unique generator α′ through x intersecting α in an (n − 2)-dimensional
subspace. Obviously, α′ is the unique point of G collinear with α.

(g) Let G be a proper convex subpolygon of FD. If diam(G) = n− 1, then G is
classical in FD by (f). If diam(G) ≤ n − 2, then G can be obtained as the
intersection of convex subpolygons of diameter n − 1. The statement then
follows from Theorem 1.6. �

Corollary 6.2. (a) Every convex sub-2i-gon, i ≥ 2, of DQ(2n, 2) is isomorphic
to DQ(2i, 2). In particular, every quad is isomorphic to W (2). Every local
space of DQ(2n, 2) is isomorphic to PG(n− 1, 2).

(b) Every convex sub-2i-gon, i ≥ 2, of DH(2n− 1, 4) is isomorphic to DH(2i−
1, 4). In particular, every quad is isomorphic to Q(5, 2). Every local space of
DH(2n− 1, 4) is isomorphic to PG(n− 1, 4).

Theorem 6.3. The near polygon DQ(2n, 2), n ≥ 2, has no spreads of symmetry.

Proof. Suppose that S is a spread of symmetry of DQ(2n, 2). Let L be a line
of S and let Q be a W (2)-quad through L. By Theorem 4.5, SQ is a spread
of symmetry of Q, a contradiction, since W (2) has no spreads of symmetry by
Theorem 4.42. �
Theorem 6.4. If x is a point of the near hexagon DQ(6, 2), then there exists a path
of length 7 in Γ3(x).

Proof. Let x1 and x2 be points collinear with x such that d(x1, x2) = 2. Let Qi,
i ∈ {1, 2}, denote a quad through xi such that (i) x �∈ Qi and (ii) Q1 ∩ Q2 = ∅.
We will use Sylvester’s model for Q1 and Q2. Suppose that the points of Q1 are
the subsets {i, j} of size 2 of {1, 2, 3, 4, 5, 6}. We denote the unique point of Q2

collinear with {i, j} by {i∗, j∗}. Without loss of generality, we may suppose that
x1 = {1, 2} and x2 = {3∗, 4∗}. (Note that x2 ∼ πQ2(x1) since d(x1, x2) = 2.) Then
{1, 3}, {2, 4}, {1, 5}, {2, 3}, {2∗, 3∗}, {4∗, 5∗}, {1∗, 3∗}, {1, 3} is a path of length 7 in
Γ3(x). �
Corollary 6.5. The near hexagon DQ(6, 2) has no semi-classical valuations.
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Lemma 6.6. If a slim dense near octagon S contains two disjoint big W (2)-quads,
then S has no ovoids.

Proof. Suppose the contrary. Let Q1 and Q2 be two disjoint big W (2)-quads and
let O be an ovoid of S. Then Oi := O∩Qi, i ∈ {1, 2}, is an ovoid of Q. The ovoids
πQ1(O2) and O1 of Q1 have at least one point in common. So, O must contain two
collinear points, a contradiction. �

Corollary 6.7. Every valuation of DQ(6, 2) is either classical or the extension of
an ovoidal valuation in a quad of DQ(6, 2).

Proof. This follows from Theorem 5.36, Corollary 6.5 and Lemma 6.6. �

Theorem 6.8. All valuations of DH(2n− 1, 4) are classical.

Proof. Let f be a valuation of DH(2n− 1, 4). Since Q(5, 2) has no ovoids, every
induced quad-valuation is classical. Hence, f is classical by Theorem 5.11. �

We will now determine all spreads of symmetry of DH(2n − 1, 4). Let (·, ·)
denote the hermitian form of V (2n, 4) associated with H(2n−1, 4) and let ζ denote
the corresponding hermitian polarity. We will suppose that (·, ·) is linear in the
first argument and semi-linear in the second.

Lemma 6.9. Let L be the linear space whose points are the points of H(2n− 1, 4)
and whose lines are the lines of PG(2n − 1, 4) which are not tangent to H(2n −
1, 4). Then the subspaces of L are precisely the intersections of H(2n− 1, 4) with
subspaces of PG(2n− 1, 4).

Proof. For every set X of points on H(2n − 1, 4), let 〈X〉 denote the subspace
of PG(2n − 1, 4) generated by all points of X and let X denote the smallest
subspace of L through X . Since 〈X〉 ∩H(2n − 1, 4) is a subspace of L, we have
X ⊆ 〈X〉∩H(2n− 1, 4). We will now prove that X = 〈X〉∩H(2n− 1, 4) (∗). This
property obviously holds if m := dim(〈X〉) ≤ 1, and since every intersection of a
hermitian variety with a plane is either the plane itself, a unital or a cone pB with
p a point and B a Baer subline, it also holds if m = 2. So, suppose that m ≥ 3
and consider a subset Y of X such that dim(〈Y 〉) = m− 1. We may suppose that
〈Y 〉∩H(2n−1, 4) = Y ⊂ X (otherwise use induction). Now consider a fixed point
x in X \ 〈Y 〉. For every point x′ of 〈X〉 ∩H(2n − 1, 4) different from x, the line
xx′ intersects 〈Y 〉 in a point x′′ and one of the following possibilities occurs.

• There exists a Baer subline L ⊆ H(2n − 1, 4) in 〈Y 〉 through the point x′′.
Since property (∗) holds if m = 2, we have x′ ∈ 〈x, L〉 ∩ H(2n − 1, 4) =
L ∪ {x} ⊆ X .

• Every line of 〈Y 〉 through the point x′′ is a tangent line. Then x′′ is a singular
point of the hermitian variety 〈Y 〉 ∩H(2n− 1, 4). Hence x′′ ∈ H(2n− 1, 4)
and x′ ∈ xx′′ ∩H(2n− 1, 4) ⊆ X .



6.1. The classical near polygons DQ(2n, 2) and DH(2n− 1, 4) 125

In any case, we have x′ ∈ X . Since x′ was an arbitrary point of 〈X〉∩H(2n−1, 4)
different from x and since x ∈ X, we have 〈X〉 ∩ H(2n − 1, 4) ⊆ X and hence
X = 〈X〉 ∩ H(2n − 1, 4). As a consequence the subspaces of L are precisely the
intersections of H(2n− 1, 4) with subspaces of PG(2n− 1, 4). �

Theorem 6.10. For every subspace α of H(2n − 1, 4), let αφ denote the corre-
sponding convex subpolygon of DH(2n − 1, 4). If V is the set of all (n − 2)-
dimensional subspaces of H(2n − 1, 4) which lie in a nontangent hyperplane Π,
then V φ := {αφ|α ∈ V } is a spread of symmetry of DH(2n − 1, 4). Conversely,
every spread of symmetry is obtained in this way.

Proof. (a) Every generator of H(2n − 1, 4) contains a unique element of V , or
equivalently, every point of DH(2n−1, 4) is incident with a unique line of V φ. So,
V φ is a spread. We can choose our reference system in such a way that H(2n−1, 4)
has equation X3

0 + · · · + X3
2n−1 = 0 and that Π has equation X2n−1 = 0. The

group G := {θλ : (x0, . . . , x2n−2, x2n−1) → (x0, . . . , x2n−2, λx2n−1) |λ3 = 1} of
automorphisms of PG(2n − 1, 4) fixes H(2n − 1, 4) setwise and Π pointwise. So,
G determines a group Gφ of automorphisms of DH(2n − 1, 4) which fixes every
element of V φ. This group Gφ acts regularly on each line of V φ, proving that V φ

is a spread of symmetry.
(b) Now consider a spread of symmetry S of DH(2n−1, 4) and let X denote

the set of the points x of H(2n− 1, 4) for which the convex sub-2(n− 1)-gon xφ

contains a line of S. Take two different points x1 and x2 in X , then one of the
following possibilities occurs:

• |x1x2∩H(2n−1, 4)| = 5. Let y denote an arbitrary point of xφ
1∩xφ

2 = (x1x2)φ.
By Theorem 4.5, the unique line of S through y is contained in xφ

1 and xφ
2

and hence in xφ
1 ∩xφ

2 . As a consequence, each of the five convex sub-2(n−1)-
gons through (x1x2)φ belongs to Xφ, or equivalently, each of the five points
of x1x2 belongs to X .

• |x1x2 ∩H(2n−1, 4)| = 3. In this case xφ
1 and xφ

2 are two disjoint convex sub-
2(n−1)-gons of DH(2n−1, 4). Let x3 denote the third point of H(2n−1, 4)
on the line x1x2. Let L denote an arbitrary line of S contained in xφ

1 and let
Q denote the unique quad through L which intersects xφ

2 and xφ
3 in a line.

Now, let y denote an arbitrary point of Q∩xφ
2 . The unique line of S through

y is contained in Q and in xφ
2 and hence coincides with the line Q∩xφ

2 . Since
Q ∩ (xφ

1 ∪ xφ
2 ∪ xφ

3 ) is a subgrid of Q and since S is a regular spread, we now
see that also Q ∩ xφ

3 belongs to S. Hence x1, x2, x3 ∈ X .

As a consequence, the set X is a subspace of L and hence the intersection of
H(2n− 1, 4) with a subspace π of PG(2n− 1, 4). The elements of S are precisely
the elements αφ, where α is an (n − 2)-dimensional subspace contained in π ∩
H(2n − 1, 4). For, if L ∈ S, then every point of Lφ−1

belongs to X and hence
Lφ−1

is contained in π ∩H(2n− 1, 4). Conversely, let α be an (n− 2)-dimensional
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subspace contained in π ∩ H(2n − 1, 4), let x1, . . . , xn−1 denote n − 1 points of
X generating α and let u denote an arbitrary point of αφ. By Theorem 4.5 the
unique line K of S through u is contained in each convex subpolygon xφ

i and hence
coincides with the line αφ = xφ

1∩· · ·∩xφ
n−1. If π∩H(2n−1, 4) contains a subspace β

of dimension n−1, then every line through the point βφ would belong to S, which
is impossible. As a consequence n− 2 is the maximal dimension of the subspaces
contained in π ∩ H(2n − 1, 4). If x is a singular point of π ∩ H(2n − 1, 4), then
x is contained in all (n− 2)-dimensional subspaces of π ∩H(2n− 1, 4) and so all
lines of S would be contained in the convex sub-2(n− 1)-gon xφ, a contradiction.
So, π ∩ H(2n − 1, 4) is a nonsingular hermitian variety of type H(2n − 2, 4) or
H(2n − 3, 4), but since S must have the right amount of lines, i.e. |DH(2n−1,4)|

3 ,
we know that π ∩H(2n− 1, 4) is of type H(2n− 2, 4) and that π is a nontangent
hyperplane. �

If p is a point of PG(2n−1, 4) not contained in H(2n−1, 4), then by Theorem
6.10, pζ is a nontangent plane which determines a spread of symmetry Sp of
DH(2n − 1, 4). Let p = 〈ē〉 for a certain vector ē of V (2n, 4). For every λ ∈ F∗4,
let θē,λ denote the following linear map of V (2n, 4): x̄ �→ x̄ + (λ − 1) (x̄,ē)

(ē,ē) ē. The
map θē,λ induces an automorphism of PG(2n − 1, 4) fixing the hermitian variety
H(2n − 1, 4) and every point of the hyperplane pζ . Hence, θē,λ also induces an
automorphism of DH(2n− 1, 4) fixing each line of Sp. Since θē,λ1 ◦ θē,λ2 = θē,λ1λ2

for all λ1, λ2 ∈ F∗4, H := {θē,λ |λ ∈ F∗4} is a subgroup of GL(2n, 4). The group of
automorphisms of DH(2n−1, 4) induced by the elements of H is the whole group
of automorphisms of DH(2n− 1, 4) fixing each line of Sp.

Theorem 6.11. Let p1 and p2 denote two points of PG(2n − 1, 4) not contained
in H(2n− 1, 4). Then Sp1 is compatible with Sp2 if and only if either p1 = p2 or
p1 ∈ pζ

2.

Proof. Let ē1 and ē2 be vectors of V (2n, 4) such that p1 = 〈ē1〉 and p2 = 〈ē2〉
and let λ1 and λ2 denote arbitrary elements of F∗4 \ {1}. Then one calculates that
θē2,λ2 ◦ θē1,λ1 is the following map:

x̄ �→ x̄+(λ1− 1) (x̄, ē1)
(ē1, ē1)

ē1+(λ2− 1) (x̄, ē2)
(ē2, ē2)

ē2+(λ1− 1)(λ2− 1) (x̄, ē1)(ē1, ē2)
(ē1, ē1)(ē2, ē2)

ē2.

Similarly, one calculates that θē1,λ1 ◦ θē2,λ2 is given by:

x̄ �→ x̄+(λ1− 1) (x̄, ē1)
(ē1, ē1)

ē1+(λ2− 1) (x̄, ē2)
(ē2, ē2)

ē2+(λ1− 1)(λ2− 1) (x̄, ē2)(ē2, ē1)
(ē1, ē1)(ē2, ē2)

ē1.

Hence θē1,λ1 and θē2,λ2 commute if and only if either ē1 ‖ ē2 or (ē1, ē2) = 0. The
theorem now readily follows. �
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6.2 The class Hn

This class of near polygons is due to Brouwer, Cohen, Hall and Wilbrink [12]. Let
A be a set of size 2n + 2, n ≥ 0. Let Hn = (P ,L, I) be the following incidence
structure:

• P is the set of all partitions of A in n+ 1 sets of size 2;

• L is the set of all partitions of A in n− 1 sets of size 2 and one set of size 4;
• a point p ∈ P is incident with a line L ∈ L if and only if the partition
determined by p is a refinement of the partition determined by L.

Every line of Hn is incident with three points and every point is incident with(
n+1

2

)
lines. The incidence structure H0 is a point, H1 is a line of size 3 and H2

is isomorphic to the generalized quadrangle W (2). (Recall Sylvester’s model for
W (2).)

Definition. For all points x and y of Hn a graph Γx,y can be defined whose vertices
are the elements of A. Two vertices v1 and v2 are adjacent if and only if {v1, v2} ∈ x
or {v1, v2} ∈ y. Clearly, Γx,y is the union of disjoint cycles.

Theorem 6.12. The distance d(x, y) between x and y equals n + 1 −Kx,y, where
Kx,y is the number of connected components of the graph Γx,y.

Proof. Put k := n+1−Kx,y. Obviously, the theorem holds if k is equal to 0 or 1.
If z1 and z2 are collinear points of Hn, then |Kx,z1−Kx,z2| ≤ 1. As a consequence,
k = Kx,x − Kx,y ≤ d(x, y). Now, we can find points z0, z1, . . . , zk such that: (i)
z0 = y, (ii) zi ∼ zi−1 and Kx,zi = Kx,zi−1 + 1 for every i ∈ {1, . . . , k}. Since
K(x, zk) = n+ 1, zk = x. So, k ≥ d(x, y). This proves the theorem. �

Theorem 6.13. The incidence structure Hn is a near 2n-gon.

Proof. Let x be a point and let L be a line of Hn. Let Γx,L be the graph with
vertex set A. Two vertices v1 and v2 are adjacent if and only if {v1, v2} ∈ x or
{v1, v2} ∈ L. Γx,y is the union of disjoint cycles and two paths which are not
closed. There is a unique way to complete the two “open paths” to two closed
paths by adding two edges {v, v′} and {w, w′}. If we replace the set {v, v′, w, w′}
in the partition L by the two sets {v, v′} and {w, w′}, then we obtain a point x′ in
Hn which is the unique point of L nearest to x by Theorem 6.12. So, Hn is a near
polygon. By Theorem 6.12, diam(Hn) ≤ n. Obviously, there exist points x and y
such that Kx,y = 1, or equivalently, such that d(x, y) = n. This proves that Hn is
a near 2n-gon. �

Theorem 6.14. Every two points at distance 2 from each other have either two
or three common neighbours. Hence, S is a dense near polygon and every quad is
either a grid-quad or a W (2)-quad.
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Proof. Let x and y be two points of Hn at distance 2 from each other. Then Γx,y

has n− 1 components. There are two possibilities:

• Γx,y has n−2 components of size 2 and one component of size 6. In this case
x and y have precisely three common neighbours.

• Γx,y has n − 3 components of size 2 and two components of size 4. In this
case x and y have precisely two common neighbours. �

Definition. Let {A1, A2, . . . , Ak} denote a partition of A such that |Ai| is even for
every i ∈ {1, . . . , k}. Put |Ai| = 2ni. If Pi, i ∈ {1, . . . , k}, is a partition of Ai in ni

sets of size 2, then P1 ∪ P2 ∪ · · · ∪ Pk is a point of Hn. Let H(A1, . . . , Ak) denote
the sets of all points arising in this way.

Theorem 6.15. H(A1, . . . , Ak) is a convex sub-2(n + 1 − k)-gon isomorphic to
Hn1−1 ×Hn2−1 × · · · ×Hnk−1.

Proof. (a) By Theorem 6.12, the maximal distance between two points of H(A1,
. . . , Ak) is equal to n+ 1− k.

(b) Suppose that x and y are two different collinear points of H(A1, . . . , Ak), then
the line L through x and y is a partition of A in n − 1 sets of size 2 and a set
{a1, a2, a3, a4} of size 4. There exists an i ∈ {1, . . . , k} such that {a1, a2, a3, a4} ⊆
Ai. Hence, also the third point of the line xy will belong to H(A1, . . . , Ak). This
proves that H(A1, . . . , Ak) is a subspace.

(c) Let x and y be two points of H(A1, . . . , Ak) and let z be a point of Hn such
that z ∼ y and d(x, z) = d(x, y) − 1. Let {a1, a2, a3, a4} denote the unique set of
size 4 contained in the line (i.e. partition) yz. Since Γx,z has one component more
than Γx,y, there exists an i ∈ {1, . . . , k} such that {a1, a2, a3, a4} ∈ Ai. Hence, z
belongs to H(A1, . . . , Ak). This proves that H(A1, . . . , Ak) is convex.

(d) The partitions of Ai, i ∈ {1, . . . , k}, determine a convex sub-2(ni − 1)-gon
Ai isomorphic to Hni−1. If P = P1 ∪ · · · ∪ Pk is a point of H(A1, . . . , Ak), with
Pi a partition of Ai, then we define θ(P ) = (P1, P2, . . . , Pk). Obviously, θ is an
isomorphism between H(A1, . . . , Ak) and A1× · · ·×Ak. This proves the theorem.

�

Theorem 6.16. Let x and y be two points of Hn and let C1, . . . , Ck denote the
connected components of Γx,y. Then C(x, y) coincides with H(C1, . . . , Ck).

Proof. This follows from the fact that C(x, y) and H(C1, . . . , Ck) are two convex
sub-2(n+ 1− k)-gons through x and y. �

Corollary 6.17. There exists a bijective correspondence between the partitions of A
in sets of even size and the convex subpolygons of Hn. If P is a partition of A in
sets of even size, then the convex subpolygon of Hn corresponding with P consists
of all partitions of A in n+1 sets of size 2 which are a refinement of the partition
P .
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Theorem 6.18. LetMn denote the linear space whose points, respectively lines, are
the subsets of size 2, respectively size 3, of {1, 2, . . . , n + 1} with containment as
incidence relation. Then every local space of Hn is isomorphic to LHn , the unique
linear space obtained from Mn by adding lines of size 2.

Proof. Let x denote an arbitrary point of Hn. Then x is a partition ofA in n+1 sets
A1, . . . , An+1 of size 2. For every line L through x, we define θ(L) := {i, j} with i
and j such that Ai ∪Aj is the unique set of size 4 contained in the partition L. If
Q is a W (2)-quad through x, then we define θ(x) := {i, j, k} with Ai∪Aj ∪Ak the
unique set of size 6 contained in the partition associated with Q (see Theorem 6.15
and Corollary 6.17). Obviously, θ determines an isomorphism between L(Hn, x)
and LHn . �

Theorem 6.19. If A1 is a set of size 2n and if A2 is a set of size 2, then H(A1, A2)
is a big convex subpolygon. Conversely, every big convex subpolygon is obtained in
this way.

Proof. Put A2 = {a, b}. Let x be a point of Hn not contained in H(A1, A2). Let
a′ and b′ denote the unique elements of A1 such that {a, a′}, {b, b′} ∈ x. Then
x \ ({{a, a′}, {b, b′}}) ∪ ({{a, b}, {a′, b′}}) is a point of H(A1, A2) collinear with
x. This proves that H(A1, A2) is big. Consider now a convex sub-(2n + 2)-gon
H(B1, B2) with |B1|, |B2| ≥ 4. Let x be a point of Hn containing four sets of the
form {b1, b2} with b1 ∈ B1 and b2 ∈ B2. Obviously, x cannot be collinear with a
point of H(B1, B2). This proves the theorem. �

Theorem 6.20. The near polygon Hn has no spreads of symmetry if n ≥ 2.

Proof. Every line of Hn, n ≥ 2, is contained in a W (2)-quad. The proof is now
completely similar to the proof of Theorem 6.3. �

In Section 6.4, we will determine all valuations of H3.

6.3 The class Gn

This class of near polygons is due to the author [39]. The near hexagon G3 was
already described in [12].

6.3.1 Definition of Gn

Let the vector space V (2n, 4), n ≥ 1, with base {ē0, . . . , ē2n−1} be equipped with
the nonsingular hermitian form (x̄, ȳ) = x0y

2
0 + x1y

2
1 + · · · + x2n−1y

2
2n−1 and let

H = H(2n−1, 4) denote the corresponding hermitian variety in PG(2n−1, 4). The
support Sp of a point p = 〈x̄〉 of PG(2n−1, 4) is the set of all i ∈ {0, . . . , 2n−1} for
which (x̄, ēi) �= 0. The number |Sp| is called the weight of p. Since x̄ =

∑
(x̄, ēi) ēi,

|Sp| is equal to the number of nonzero coordinates of p. Let X ⊆ H denote the
set of all points of weight 2. A point of PG(2n − 1, 4) belongs to H if and only
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if its weight is even. A subspace π on H is said to be good if it is generated by a
(possibly empty) set Gπ ⊆ H of points whose supports are two by two disjoint.
If π is good, then Gπ is uniquely determined. If Gπ contains k2i points of weight
2i, i ∈ N \ {0}, then π is said to be of type (2k2 , 4k4 , . . .). Let Y , respectively Y ′,
denote the set of all good subspaces of dimension n− 1, respectively n− 2. Every
element of Y has type (2n). Every element of Y ′ has type (2n−1) or (2n−2, 41).

Lemma 6.21. If π is a good subspace on H, then there exist π1, π2 ∈ Y such that
π = π1 ∩ π2.

Proof. For every point p = 〈x̄〉 of Gπ we take two partitions P 1
p and P 2

p of Sp

into |Sp|
2

subsets of size 2 in such a way that the graph (Sp, P
1
p ∪ P 2

p ) is a cycle
of length |Sp| if |Sp| ≥ 4. If we define Ak

p := {〈(x̄, ēi)ēi + (x̄, ēj)ēj〉|{i, j} ∈ P k
p },

k ∈ {1, 2}, then clearly 〈A1
p〉∩〈A2

p〉 = {p}. If we define Ak :=
⋃

p∈Gπ
Ak

p, k ∈ {1, 2},
then 〈A1〉 ∩ 〈A2〉 = 〈Gπ〉 = π. Now, let N be the complement of

⋃
p∈Gπ

Sp in
{0, . . . , 2n − 1}. Clearly |N | is even. If |N | = 0, then we put B1 = B2 = ∅. If
|N | �= 0, then we consider a partition P of N into |N |

2
sets of size 2 and an element

α ∈ F∗4 \ {1}. We put B1 := {〈ēi + ēj〉|{i, j} ∈ P} and B2 := {〈ēi + αēj〉|{i, j} ∈
P and i < j}. Clearly 〈B1〉 ∩ 〈B2〉 = ∅. If πk := 〈Ak ∪ Bk〉, k ∈ {1, 2}, then
π1, π2 ∈ Y and π1 ∩ π2 = π. �
Lemma 6.22. The intersection of two good subspaces π1 and π2 is again a good
subspace.

Proof. Consider the following graph Γ on the vertex set {0, . . . , 2n − 1}. Two
vertices i and j are adjacent if and only if there exists a p ∈ Gπ1 ∪ Gπ2 such that
{i, j} ⊆ Sp. Let C1, . . . , Cf denote the connected components of Γ. For every i ∈
{1, . . . , f}, there is at most one point p ∈ π1∩π2 with Sp = Ci. We can always label
the components of Γ such that the following holds for a certain f ′ ∈ {0, . . . , f}:
(i) for every i with 1 ≤ i ≤ f ′, there exists a unique point pi ∈ π1 ∩ π2 with

Spi = Ci;

(ii) for every i with f ′ < i ≤ f , there exists no point p ∈ π1 ∩ π2 with Sp = Ci.

It is now easily seen that π1 ∩ π2 is good with Gπ1∩π2 = {pi | 1 ≤ i ≤ f ′}. �
Lemma 6.23. If π is a generator of H, then n− 2 �= |π ∩X | �= n− 1.

Proof. We use induction on n. For n ∈ {1, 2}, it is easily seen that every generator
of H contains exactly n points of weight 2. Suppose therefore that n ≥ 3 and let π
be a generator containing the point 〈ā〉 = 〈(a0, a1, 0, 0, . . . , 0)〉. The points of π∩X
different from 〈ā〉 are all contained in the space α↔ X0 = X1 = 0. The intersection
H ′ := H ∩α is a nonsingular hermitian variety in α and π′ := π ∩α is a generator
of H ′. By induction, n− 3 �= |π′ ∩X | �= n− 2; hence n− 2 �= |π ∩X | �= n− 1. �

Let Gn be the incidence structure with point set Y and line set Y ′ (natural
incidence). Gn is a substructure of DH(2n−1, 4). By Lemma 6.23, every generator
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through an element of Y ′ belongs to Y . Hence, every line of Gn is incident with
three points. Let d(π2, π2) denote the distance between two points π1 and π2 of
DH(2n− 1, 4).

Theorem 6.24. Let π1, π2 ∈ Y . The distance between π1 and π2 in Gn is equal to
d(π1, π2).

Proof. The proof is by induction. If d(π1, π2) = 1, then π1 ∩π2 is a good subspace
of dimension n−2 and hence belongs to Y ′. As a consequence also the Gn-distance
between π1 and π2 is equal to 1. Suppose therefore that d(π1, π2) ≥ 2. Take an
x ∈ X∩(π1\(π1∩π2)) and let π3 be the unique generator through x intersecting π2

in an (n−2)-dimensional subspace. Since there are at least n−2 elements in X∩π2

H-collinear with x, |X ∩ π3| ≥ n− 1. By Lemma 6.23, π3 ∈ Y . Since d(π1, π3) =
d(π1, π2) − 1, the distance between π1 and π3 in Gn is equal to d(π1, π2) − 1.
Since π2 and π3 are collinear in Gn, the distance between π1 and π2 in Gn is at
most d(π1, π2). Since Gn is embedded in DH(2n − 1, 4), this distance is at least
d(π1, π2). This proves the theorem. �

Corollary 6.25. Gn is a sub-2n-gon of DH(2n− 1, 4).

Proof. Let x be a point and L a line of Gn, then x and L are also objects of
DH(2n − 1, 4). In the near polygon DH(2n − 1, 4), L contains a unique point
nearest to x. By Theorem 6.24, this property also holds in Gn. Hence Gn is also
a near polygon. Since d(π1, π2) = n − 1 − dim(π1 ∩ π2) for all π1, π2 ∈ Y and
since there exist π1, π2 ∈ Y such that π1 ∩ π2 = ∅, see Lemma 6.21, Gn is a near
2n-gon. �

The near polygonG1 is the unique line of size 3. The points, respectively lines,
of G2 are all the maximal, respectively next-to maximal, subspaces of H(3, 4).
Hence G2

∼= DH(3, 4) ∼= Q(5, 2). We define G0 as the unique near 0-gon.

6.3.2 Subpolygons of Gn

Theorem 6.26. The near polygon Gn is dense. For every two points π1 and π2

of Gn, C(π1, π2) is the unique convex sub-[2 · d(π1, π2)]-gon through π1 and π2.
Moreover, C(π1, π2) consists of all elements of Y through π1 ∩ π2.

Proof. We noticed earlier that every line of Gn is incident with three points. Now,
let π1, π2 ∈ Y such that d(π1, π2) = 2, or equivalently dim(π1 ∩ π2) = n − 3.
Choose an x3 ∈ X ∩ (π2 \ (π1 ∩ π2)) and an x4 ∈ X ∩ π1 not H-collinear with
x3. Let πi, i ∈ {3, 4}, denote the unique generator through xi intersecting πi−2 in
an (n− 2)-dimensional subspace. By the proof of Theorem 6.24, we know that π3

and π4 are common neighbours of π1 and π2. Hence Gn is dense. By Theorem 2.3,
C(π1, π2) is the unique convex sub-[2 · d(π1, π2)]-gon through π1 and π2. Now, let
F denote the set of all generators of Y through π1 ∩π2. Clearly F is a subspace of
Gn. If γ denotes a shortest path in Gn between two points of F , then by Theorem
6.24, γ is also a shortest path in DH(2n−1, 4) and hence every point of it contains
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π1 ∩ π2. As a consequence every point on γ is contained in F and F is convex. If
π and π′ are two arbitrary elements of F , then π ∩ π′ contains π1 ∩ π2 and hence
d(π, π′) = n−1−dim(π∩π′) ≤ n−1−dim(π1∩π2) = d(π1, π2). As a consequence
the diameter of F is at most d(π1, π2). Since F contains π1 and π2, the diameter
is precisely d(π1, π2). Since F is a convex sub-[2 · d(π1, π2)]-gon through π1 and
π2, it coincides with C(π1, π2). �

For every convex subspace F of Gn, let πF denote the intersection of all
points of F regarded as generators of H . Since there exist elements π1, π2 ∈ Y
such that π1 ∩ π2 = ∅, πGn = ∅.
Theorem 6.27. (a) There exists a one-to-one correspondence between the convex

subspaces of Gn and the good subspaces on H.

(b) If F1 and F2 are two convex subpolygons, then F1 ⊆ F2 if and only if πF2 ⊆
πF1 .

Proof. Let F denote an arbitrary convex subpolygon of Gn. If π1 and π2 denote
two points of F at maximal distance from each other, then F = C(π1, π2). By
Theorem 6.26, πF = π1 ∩ π2. Hence πF is good by Lemma 6.22. Conversely,
suppose that π is a good subspace on H . If π = πF , then F necessarily consists of
all elements of Y through π. Hence, the equation πF = π has at most one solution
for F . It suffices to show that this equation has at least one solution. By Lemma
6.21, there exist elements π1, π2 ∈ Y such that π = π1 ∩ π2. If we put F equal to
C(π1, π2), then by Theorem 6.26, πF = π1 ∩π2 = π. This proves part (a). Part (b)
follows from the fact that the points of a convex subpolygon F are precisely the
generators of Y through πF . �
Corollary 6.28. Let F1 and F2 be two convex subpolygons of Gn and let F3 =
C(F1, F2). Then πF3 = πF1 ∩ πF2 .

Proof. Since F3 is the smallest convex subpolygon through F1 and F2, πF3 is the
biggest good subspace contained in πF1 and πF2 . The result now easily follows
from Lemma 6.22. �
Theorem 6.29. Let p denote an arbitrary point of weight 2n in PG(2n − 1, 4),
then p ∈ H and the set of all generators of Y through p determines a convex
sub-2(n− 1)-gon isomorphic to Hn−1.

Proof. Put p = 〈α0ē0 + · · · + α2n−1ē2n−1〉. The set {p} is a good subspace of H
and hence, by Theorem 6.27, the set of all generators of Y through p determines
a convex sub-2(n − 1)-gon B. The set {0, . . . , 2n − 1} has size 2n and hence, by
Section 6.2, a near 2(n− 1)-gon A ∼= Hn−1 can be constructed from this set. For
every point P of A, i.e. for every partition P of {0, . . . , 2n− 1} into n sets of size
2, we put φ(P ) := 〈{〈αiēi + αj ēj〉|{i, j} ∈ P}〉. Clearly φ(P ) is a generator of
Y through p. Conversely, every generator of Y through p is of the form φ(P ) for
some point P of A. We will now show that φ determines an isomorphism between
the collinearity graphs of A and B. If P1 and P2 are two collinear points of A, then
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φ(P1) ∩ φ(P2) is a good subspace of type (2n−2, 41); hence φ(P1) and φ(P2) are
collinear in B. Conversely, suppose that φ(P1) and φ(P2) are collinear in B, then
φ(P1) ∩ φ(P2) is a good subspace of type (2n−1) or (2n−2, 41). If φ(P1) ∩ φ(P2)
has type (2n−1), then |P1 ∩ P2| ≥ n− 1 and hence P1 = P2, a contradiction. As a
consequence φ(P1) ∩ φ(P2) has type (2n−2, 41) and P1 and P2 are collinear in A.
Since the collinearity graphs of A and B are isomorphic, A and B themselves are
isomorphic. �

Theorem 6.30. The convex sub-(n−k)-gons, k ∈ {0, . . . , n}, of Gn are of the form
Hn1−1×· · ·×Hnk−1×Gnk+1 with n1, . . . , nk ≥ 1, nk+1 ≥ 0 and n1+· · ·+nk+1 = n.

Proof. Let F denote an arbitrary convex sub-(n − k)-gon, k ∈ {0, . . . , n}, and
put GπF = {p1, . . . , pk}. Let Si, i ∈ {1, . . . , k}, denote the support of pi, and let
Sk+1 = {0, . . . , 2n−1}\(S1∪· · ·∪Sk). For every i ∈ {1, . . . , k+1}, we put |Si| = 2ni

and αi := 〈ēj |j ∈ Si〉. Clearly, n1, . . . , nk ≥ 1, nk+1 ≥ 0 and n1 + · · ·+ nk+1 = n.
Also αi ∩ H is a nonsingular hermitian variety of type H(2ni − 1, 4). If π is an
arbitrary point of F , or equivalently, an arbitrary generator of Y through πF , then
π = 〈π∩α1, . . . , π∩αk, π∩αk+1〉. Moreover, π∩αi is a generator of αi∩H containing
ni points of weight 2, and pi ∈ π∩αi if i �= k+1. Conversely, if βi, i ∈ {1, . . . , k+1},
is a generator of αi∩H containing ni vertices of weight 2 such that pi ∈ βi if i ≤ k,
then 〈β1, . . . , βk+1〉 is a generator of F through πF . Hence, by Theorem 6.29, the
map π → (π ∩ α1, . . . , π ∩ αk, π ∩ αk+1) determines a bijection between the point
sets of the near polygons F and Hn1−1 × · · · × Hnk−1 × Gnk+1 . Now, two points
π1 and π2 of F are collinear if and only if dim(π1 ∩ π2) = n− 2. This happens if
and only if there exists a j ∈ {1, . . . , k + 1} such that dim(π1 ∩ π2 ∩ αj) = nj − 2
and dim(π1 ∩ π2 ∩αi) = ni− 1 for every i ∈ {1, . . . , k+1} \ {j}. These conditions
are equivalent with dim((π1 ∩ αj) ∩ (π2 ∩ αj)) = nj − 2 and π1 ∩ αi = π2 ∩ αi.
Hence π1 and π2 are collinear in F if and only if (π1 ∩ α1, . . . , π1 ∩ αk+1) and
(π2 ∩ α1, . . . , π2 ∩ αk+1) are collinear in Hn1−1 × · · · ×Hnk−1 ×Gnk+1 . Hence, the
collinearity graphs of F and Hn1−1× · · · ×Hnk−1×Gnk+1 are isomorphic. So, the
near polygons themselves are also isomorphic. �

6.3.3 Lines and quads in Gn

Let n ≥ 3. If L is a line of Gn, then there are two possibilities for πL (= L):

(a) πL has type (2n−1);

(b) πL has type (2n−2, 41).

If Q is a quad of Gn, then there are four possibilities for πQ.

(i) πQ has type (2n−2).
By Lemma 6.23, each of the 27 generators through πQ belongs to Y , proving
that Q is a Q(5, 2)-quad. The quad Q has 18 lines of type (a) and 27 lines of
type (b). The 18 lines of type (a) define three grids which partition the point
set of Q.
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(ii) πQ has type (2n−3, 61).
From the 27 generators through πQ, 15 are contained in Y , proving that Q
is a W (2)-quad. Clearly Q contains only lines of type (b).

(iii) πQ has type (2n−3, 41).
From the 27 generators through πQ, nine are contained in Y , proving that Q
is a grid. The quad Q contains three lines of type (a) and three lines of type
(b). Three lines of the same type partition the point set of Q.

(iv) πQ has type (2n−4, 42).
This type of quad only exists if n ≥ 4. From the 27 generators through πQ,
nine are contained in Y , proving that Q is a grid. All six lines of Q have type
(b).

By Lemma 6.27, it then easily follows:

Theorem 6.31. Consider the near polygon Gn with n ≥ 3. Then

• each point is contained in n lines of type (a) and 3n(n−1)
2

lines of type (b);

• each line of type (a) is contained in exactly n−1 Q(5, 2)-quads, 0 W (2)-quads
and 3 (n−1)(n−2)

2
grid-quads;

• each line of type (b) is contained in a unique Q(5, 2)-quad, 3(n − 2) W (2)-
quads and (n−2)(3n−7)

2 grid-quads;

• each line is contained in exactly (n−1)(3n−4)
2

quads.

In the sequel lines of type (a) in Gn, n ≥ 3, will be called special, while
lines of type (b) are called ordinary. Clearly, a line is special if and only if it is
not contained in a W (2)-quad. For every permutation σ of {0, . . . , 2n − 1} and
for every λ0, . . . , λ2n−1 ∈ F∗4, the linear transformation of V (2n, 4) defined by
ēi �→ λiēσ(i), i ∈ {0, . . . , 2n− 1}, determines an automorphism of Gn. Using these
automorphisms it is easily seen that any two lines of the same type are in the
same Aut(Gn)-orbit. Similarly, any two quads of the same type are contained in
the same Aut(Gn)-orbit. Since a special line can never be mapped to an ordinary
line, Aut(Gn) has two orbits on the set of lines and three or four orbits on the set
of quads depending on whether n = 3 or n ≥ 4. In Section 6.3.5 we will determine
Aut(Gn).

Remark. The above remarks on the orbits of Aut(Gn), n ≥ 3, do not hold for G2.
Since G2

∼= Q(5, 2) all lines are in the same orbit.

6.3.4 Some properties of Gn

Theorem 6.32. The near 2n-gon Gn, n ≥ 1, has order (s, t) = (2, 3n2−n−2
2 ) and

v = 3n·(2n)!
2n·n! points.
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Proof. Clearly, the theorem holds if n ∈ {1, 2}. So suppose that n ≥ 3. H(2n−1, 4)
has exactly 3n·(2n)!

2n·n! good subspaces of type (2n). We noticed earlier that every line
is incident with exactly s + 1 = 3 points, and by Theorem 6.31, it follows that
t+ 1 = n+ 3n(n−1)

2
. �

Theorem 6.33. Let F be a convex subpolygon of Gn isomorphic to Gk, k ≥ 2, and
let x denote an arbitrary point of F . Then πF has type (2n−k) and precisely k
from the n special lines through x are contained in F .

Proof. Recall that no near polygon of type Hl, l ≥ 0, has a Q(5, 2)-quad. If F ∼=
Hl×A for some l ≥ 1 and some dense near 2(k− l)-gon A, then F has a line that
is not contained in a Q(5, 2)-quad, contradicting Theorem 6.31. By the proof of
Theorem 6.30, it then follows that that πF has type (2n−k). Theorem 6.27 allows
us to count the number of special lines through x which are also contained in F .
It is easily seen that this number equals k. �

Theorem 6.34. If L1, . . . , Lk are different special lines of Gn, n ≥ 3, through a
given point x, then C(L1, . . . , Lk) ∼= Gk.

Proof. Put F = C(L1, . . . , Lk). By Corollary 6.28, πF = πL1∩· · ·∩πLk
. Every πLi ,

i ∈ {1, . . . , k}, is a good subspace of type (2n−1) contained in the good subspace
of type (2n) associated with x. Hence πF = πL1 ∩ · · · ∩ πLk

is a good subspace of
type (2n−k). By Theorem 6.30, F ∼= H0 × · · · ×H0︸ ︷︷ ︸

n−k

×Gk
∼= Gk. �

Theorem 6.35. Let F be a convex sub-2(n− 1)-gon of Gn, n ≥ 3.

(a) If F ∼= Gn−1, then F is big in Gn.

(b) If F is big in Gn, then F ∼= Gn−1 and πF has type (21).

Proof. (a) If F ∼= Gn−1, then the total number of points at distance at most 1
from F is equal to |F | · (1 + 2(t− tF )) which is exactly the total number of
points in Gn. Hence F is big in Gn.

(b) Take a line L intersecting F in a point, then L is contained in precisely
(n−1)(3n−4)

2
quads, see Theorem 6.31. Since F is big, each of these (n−1)(3n−4)

2

quads meets F in a line by Theorem 1.7. Hence tF +1 =
(n−1)(3n−4)

2 . Since F
is a convex sub-2(n−1)-gon, πF has type ((2k)1) for a certain k ∈ {1, . . . , n}.
By Theorem 6.30, F ∼= Hk−1×Gn−k. Hence

(n−1)(3n−4)
2

= tF +1 =
k(k−1)

2
+

(n−k)(3n−3k−1)
2

or (k−1)(6n−4k−4) = 0. Now 6n−4k−4 = 4(n−k)+2n−4 >
0 since n ≥ 3. Hence k = 1, F ∼= Gn−1 and πF has type (21). �

6.3.5 Determination of Aut(Gn), n ≥ 3

Let n ≥ 3 and let B denote the set of all big convex sub-2(n − 1)-gons of Gn

isomorphic to Gn−1, or equivalently, the set of all convex subpolygons F for which
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πF has type (21). Consider the following relationR on the elements ofB: (F1, F2) ∈
R ⇔ (F1 = F2) or (F1 ∩ F2 = ∅ and every line meeting F1 and F2 is special).

Lemma 6.36. The relation R is an equivalence relation and each equivalence class
contains exactly three elements.

Proof. For every element F of B, let CF denote the set of all elements F ′ ∈ B
satisfying (F, F ′) ∈ R. If F1 and F2 are two elements of B such that πF1 =
〈ēi + α1ēj〉 and πF2 = 〈ēi + α2ēj〉, then one readily verifies that (F1, F2) ∈ R.
Hence |CF | ≥ 3 for every F ∈ B. It now suffices to prove that |CF | ≤ 3. Let L
denote an arbitrary special line intersecting F in a point. If F ′ is an element of
CF , then F ′ intersects L in a point. Now, each point x on L is contained in at
most one element of CF , namely the element of B generated by the n− 1 special
lines through x different from L. Hence |CF | ≤ 3. This proves our lemma. �

Clearly the equivalence classes are in bijective correspondence with the pairs
{i, j} ⊆ {0, . . . , 2n− 1}. Consider now the graph Γ whose vertices are the equiv-
alence classes, with two classes C1 and C2 adjacent if and only if F1 ∩ F2 = ∅ for
every F1 ∈ C1 and every F2 ∈ C2. Clearly two vertices are adjacent if and only if
the corresponding pairs have one element in common. Γ is a so-called triangular
graph.

If F1 and F2 are two elements of B satisfying πF1 = 〈ē0 + rē1〉 and πF2 =
〈ē0 + sē1〉, r �= s, then the reflection F3 = RF2(F1) of F1 about F2 is the unique
element of CF1 different from F1 and F2; hence πF3 = 〈ē0 + (r + s)ē1〉.
Lemma 6.37. If F1 and F2 are two elements of B satisfying πF1 = 〈ē0 + rē1〉 and
πF2 = 〈ē0 + sē2〉, then F3 := RF2(F1) satisfies πF3 = 〈ē1 + r−1sē2〉.
Proof. Every point p of F1 is of the form 〈ē0 + rē1, ē2 + tēi, v̄3, . . . , v̄n〉 for some
i ∈ {3, . . . , 2n − 1}, some t ∈ F∗4 and some vectors v̄j , j ∈ {3, . . . , n}, of weight
2. The unique line L through p intersecting F2 is then equal to 〈ē0 + rē1 + sē2 +
stēi, v̄3, . . . , v̄n〉. The point 〈ē0+ stēi, ē1+ r−1sē2, v̄3, . . . , v̄n〉 of L is not contained
in F1 ∪ F2 and hence belongs to F3. Considering all possibilities for i, t and v̄j ,
j ∈ {3, . . . , 2n− 1}, we easily see that πF3 = 〈ē1 + r−1sē2〉. �

Theorem 6.38. For every permutation φ of {0, . . . , 2n− 1}, every automorphism
θ of F4, and all λ0, . . . , λ2n−1 ∈ F∗4, the semilinear map V (2n, 4) → V (2n, 4) :∑

αiēi �→
∑

λiα
θ
i ēφ(i) induces an automorphism of Gn. Conversely, every auto-

morphism of Gn, n ≥ 3, is obtained in this way.

Proof. Clearly every semilinear map V (2n, 4)→ V (2n, 4) :
∑

αiēi �→
∑

λiα
θ
i ēφ(i)

induces an automorphism of Gn. We will now prove that every μ ∈ Aut(Gn)
is derived from a semilinear map. The action of μ on the set B determines an
action on the vertices of Γ. Clearly, that action permutes the 2n maximal cliques
of size 2n − 1 in Γ. Thus, there exists a permutation φ of {0, . . . , 2n − 1} such
that, if C is the equivalence class corresponding to the pair {i, j}, then μ(C) is
the class corresponding to {φ(i), φ(j)}. Now, fix i, j ∈ {0, . . . , 2n− 1} with i �= j.
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For all r ∈ F∗4, μ maps the element 〈ēi + rēj〉 of B to an element of the form
〈ēφ(i)+ r′ēφ(j)〉 (notice that we identify each element F ∈ B with πF ); hence there
exists an εij ∈ {1, 2} and a λij ∈ F∗4 such that μ(〈ēi + rēj〉) = 〈ēφ(i)+λijr

εij ēφ(j)〉
for all r ∈ GF (4)∗. Clearly, λji = λ−1

ij and εji = εij for all i, j ∈ {0, . . . , 2n − 1}
with i �= j. Put λii equal to 1 for all i ∈ {0, . . . , 2n−1}. Now take mutually distinct
i, j, k ∈ {0, . . . , 2n−1}. For all r, s ∈ F∗4, the reflection of 〈ēi+rēj〉 around 〈ēi+sēk〉
equals 〈ēj + r−1sēk〉. Since μ ∈ Aut(Gn), the reflection of 〈ēφ(i) + λijr

εij ēφ(j)〉
around 〈ēφ(i) + λiksεik ēφ(k)〉 equals 〈ēφ(j) + λjk(r−1s)εjk ēφ(k)〉, or equivalently,
λ−1

ij r−εij λiksεik = λjkr−εjk sεjk . Since this holds for all r, s ∈ F∗4, λijλjk = λik,
εij = εjk and εik = εjk. It now easily follows that εij = ε01 = ε and λij = λ−1

0i λ0j

for all i, j ∈ {0, . . . , 2n− 1} with i �= j. For all r ∈ F∗4 and all j, k ∈ {0, . . . , 2n− 1}
with j �= k, μ(〈ēj + rēk〉) = 〈ēφ(j) + λ−1

0j λ0krε ēφ(k)〉 = 〈λ0j ēφ(j) + λ0krεēφ(k)〉. The
action of μ on the elements of B completely determines the action of μ on the
points of Gn. For, if p is a point of Gn, then μ(p) =

⋂
μ(F ) where F ranges over

all the n elements of B through p. Hence μ is induced by the semi-linear map∑
αiēi �→

∑
λ0iα

ε
i ēφ(i). �

Remark. We have |Aut(Gn)| = 2 · 32n−1 · (2n)!. The condition n ≥ 3 in Theorem
6.38 is necessary. For n = 2, the natural distinction between lines of type (a)
and lines of type (b) disappears. Since G2

∼= Q(5, 2), |Aut(G2)| = |PΓU(4, 4)| =
103680, while 2 · 33 · 4! = 1296.

6.3.6 Spreads in Gn

For every i, j ∈ {0, . . . , 2n − 1} with i �= j, let Ai,j denote the set of all good
subspaces α on H = H(2n− 1, 4) that satisfy the following properties:

• α has type (2n−1);

• 〈〈ēi + rēj〉, α〉 is a generator of H for every r ∈ F∗4.

Clearly,
⋃

0≤i<j≤2n−1 Ai,j is the set of all special lines of Gn. For every i ∈
{0, . . . , 2n − 1}, we put Bi :=

⋃
j �=i Ai,j . Obviously Bi consists of all good sub-

spaces of type (2n−1) contained in 〈ēi〉ζ∩H . Here ζ denotes the hermitian polarity
associated with H .

Lemma 6.39. Let n ≥ 2. For every i ∈ {0, . . . , 2n−1}, Bi is a spread of symmetry
of Gn. As a consequence, Bi is also an admissible spread.

Proof. If π is a point of Gn, i.e. a good subspace of type (2n), then π contains a
unique point of the form 〈ēi + rēj〉. Clearly 〈(X ∩ π) \ {〈ēi + rēj〉}〉 is the unique
line of Bi incident with π. This proves that Bi is a spread. For every λ ∈ F∗4, the
linear map ēi �→ λēi, ēj �→ ēj for all j �= i, induces an automorphism θλ,i of Gn

which fixes each line of S. Clearly, {θλ,i |λ ∈ F∗4} acts regularly on every line of
Bi, proving that Bi is a spread of symmetry. �
Lemma 6.40. An admissible spread S of Gn, n ≥ 3, contains only special lines.
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Proof. Suppose that S has an ordinary line L and let x denote an arbitrary point
of L. By Theorems 6.31 and 6.33, there exists a unique pair {L1, L2} of special
lines through x such that L ∈ C(L1, L2). Let L3 denote a special line through x
different from L1 and L2 and let H denote the hex C(L1, L2, L3). By Theorem
6.34, H ∼= G3. By Theorem 4.5, the spread S induces an admissible spread S′ in
H. By Theorem 6.31, there exist two W (2)-quads Q1 and Q2 in H through the line
L. Let Si, i ∈ {1, 2}, denote the spread of Qi induced by S′. Let L′ be an element
of S2 different from L, let Q3 denote a Q(5, 2)-quad of H through L′ and let S3

denote the spread of Q3 induced by S′. Now, Q1 and Q3 are disjoint, and since
Q3 is big in H, every point of Q1 has distance one to a unique point of Q3. As a
consequence Q1 projects to a subGQ Q4 of Q3 isomorphic to W (2). If y ∈ Q4 then
y is collinear with a unique point y′ of Q1 and y′ is contained in a unique line M
of S1. The unique line of S3 through y is contained in the quads C(M, y) and Q3

and hence coincides with the line C(M, y) ∩ Q3 which is precisely the projection
of M on Q3. As a consequence the spread S1 projects to a spread S4 of Q4 and
S4 ⊆ S3. Let z be a point of Q3 \Q4. Through z there is a line of S3 and five lines
intersecting an element of S4. Hence, the point z of Q3 is contained in at least six
lines, contradicting Q3

∼= Q(5, 2). �

Lemma 6.41. Let S be a spread of Gn, n ≥ 3, satisfying

(a) every line of S is special,

(b) if a grid-quad contains one line of S, then it contains exactly three lines of
S.

Then S = Bi for a certain i ∈ {0, . . . , 2n− 1}.
Proof. Suppose that S contains a special line K of the set A2n−2,2n−1, e.g. let
K = 〈〈α0ē0 + α1ē1〉, 〈α2ē2 + α3ē3〉, . . . , 〈α2n−4ē2n−4 + α2n−3ē2n−3〉〉 for certain
α0, . . . , α2n−3 ∈ F∗4. Now, for every λ ∈ F∗4, the grid-quad Q for which πQ =
〈〈α0ē0+α1ē1+λα2ē2+λα3ē3〉, . . . , 〈α2n−4ē2n−4+α2n−3ē2n−3〉〉 containsK. Hence,
the two other lines in Q disjoint from K are also contained in S, or equivalently,
〈〈α0ē0+λα2ē2〉, 〈α1ē1+λα3ē3〉, . . . , 〈α2n−4ē2n−4+α2n−3ē2n−3〉〉 ∈ S and 〈〈α0ē0+
λα3ē3〉, 〈α1ē1+λα2ē2〉, . . . , 〈α2n−4ē2n−4+α2n−3ē2n−3〉〉 ∈ S. Applying this several
times, we see that every line of A2n−2,2n−1 belongs to S. Hence S is a union of
sets of the form Ai,j . Since S = |Y |

3
, S is the union of 2n− 1 sets of the form Ai,j .

For all i, j, k, l ∈ {0, . . . , 2n−1} with i �= j, k �= l and {i, j}∩{k, l} = ∅, Ai,j ∪Ak,l

always contains two intersecting lines. The lemma now easily follows. �

Corollary 6.42. The spreads Bi, i ∈ {0, . . . , 2n−1}, are the only admissible spreads
in Gn, n ≥ 3.

Proof. This follows immediately from Theorem 4.5 and Lemmas 6.39, 6.40, 6.41.
�

Theorem 6.43. For all i, j ∈ {0, 1, . . . , 2n− 1}, Bi is compatible with Bj.
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Proof. Let Gi, i ∈ {0, . . . , 2n − 1}, denote the group of automorphisms of Gn

fixing each line of Si. By Theorem 4.43, Gi = {θi,λ |λ ∈ F∗4}, with θi,λ as defined
in the proof of Lemma 6.39. It is now easy to see that [Gi, Gj ] = 0 for all i, j ∈
{0, . . . , 2n− 1}. �

So, the near polygon Gn, n ≥ 3, has 2n spreads of symmetry and all these
spreads are mutually compatible. The generalized quadrangle G2

∼= Q(5, 2) ∼=
DH(3, 4) has more than 2n = 4 spreads of symmetry and not every pair of such
spreads is compatible, as we have seen in Theorem 6.11.

6.3.7 Valuations of G3

Definition. Let W (2) denote the linear space derived from the generalized quad-
rangle W (2) by adding its six ovoids as extra lines.

Lemma 6.44. A linear space L is isomorphic to W (2) if and only if each point of
L is incident with exactly three lines of size 3 and two lines of size 5.

Proof. One calculates that L has fifteen points, fifteen lines of size 3 and six lines
of size 5. If L is a line of size 5 then precisely 20 other lines meet L in a point.
Hence no line is disjoint from L. Let L′ be the partial linear space obtained from
L by removing all lines of size 5. We will show that L′ ∼= W (2). Obviously, L′
has order (2, 2). Let (y, L) be a non-incident point-line pair in L′. Because both
lines of size 5 through x intersect L in a point, exactly one line of size 3 through x
intersects L in a point. It follows that L′ is the generalized quadrangle of order 2.
Since every line of size 5 in L intersects every line of size 3 in exactly one point,
every line of size 5 determines an ovoid in L. This proves the lemma. �

We have shown above that there exists a distance-preserving embedding of
G3 in DH(5, 4). So, every (classical) valuation of DH(5, 4) induces a valuation of
G3. Since G3 has Q(5, 2)-quads, there are no ovoids in G3.

Theorem 6.45. If f is a nonclassical valuation of G3, then Gf
∼= W (2) and f is

induced by a (classical) valuation of DH(5, 4).

Proof. Since f is not classical, f(u) ∈ {0, 1, 2} for every point u of E3 by Theorem
5.9. Since Q(5, 2) has no ovoids, every Q(5, 2)-quad contains a unique point of Of .
Since there are 45Q(5, 2)-quads and since every point is contained in three Q(5, 2)-
quads, |Of | = 45

3 = 15. Now, choose an arbitrary point x of Of and suppose that
x is contained in αx special grid-quads and βx special W (2)-quads. Since f is not
ovoidal, Gf is a linear space and we find that

2αx + 4βx = 14.

Since no special quads intersect in a line,

2αx + 3βx ≤ 12.
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Hence, βx ≥ 2. From the structure of the local spaces, see Theorem 6.31, it follows
that the possibility (αx, βx) = (1, 3) is impossible. Hence, (αx, βx) = (3, 2). By
Lemma 6.44, Gf

∼= W (2).

Let Q be a special quad such that x �∈ Q. Let Q′ denote the unique Q(5, 2)-
quad of DH(5, 4) containing Q, let x′ denote the unique point of Q′ collinear with
x, let g′ denote the classical valuation of DH(5, 4) determined by g′(x′) = 0 and
let g denote the valuation of G3 induced by g′. Since |Of | = |Og| = 15, Gf

∼= Gg
∼=

W (2) and {x} ∪ (Γ2(x) ∩ Q) ⊆ Of ∩ Og, Of = Og. Since every point y of G3 is
contained in a Q(5, 2)-quad, d(y, Of ) ≤ 2 and f(y) = d(y, Of ) = d(y, Og) = g(y).
This proves the theorem. �

6.4 The class In

This class of near polygons is due to Brouwer, Cohen, Hall and Wilbrink [12].
Consider a nonsingular quadric Q(2n, 2), n ≥ 2, in PG(2n, 2) and a hyperplane Π
of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric Q+(2n −
1, 2).

Theorem 6.46. The generators of Q(2n, 2) not contained in Q+(2n− 1, 2) form a
subspace X of DQ(2n, 2).

Proof. Let π1 and π2 be two generators of Q(2n, 2) which are not contained in
Q+(2n − 1, 2) intersecting each other in an (n − 2)-dimensional subspace. The
subspace Π∩π1 is contained in three generators ofQ(2n, 2). One of these generators
is π1 and the other two are contained in Q+(2n− 1, 2). Hence, π1 ∩ π2 �= Π ∩ π1.
Hence none of the generators through π1 ∩ π2 is contained in Q+(2n− 1, 2). This
proves the theorem. �

Let In denote the following incidence structure:

• the points of In are the maximal subspaces of Q(2n, 2) not contained in
Q+(2n− 1, 2);

• the lines of In are the next-to-maximal subspaces of Q(2n, 2) not contained
in Q+(2n− 1, 2);

• incidence is reverse containment.

The incidence structure In is a subgeometry of DQ(2n, 2). Every line of In is
incident with three points. Let d(π1, π2) denote the distance between two points
π1 and π2 of DQ(2n, 2).

Theorem 6.47. The distance between two points π1 and π2 of In in the geometry
In is equal to d(π1, π2).

Proof. We will prove this by induction on the distance d(π1, π2). Obviously, the
theorem holds if d(π1, π2) ≤ 1. So, suppose d(π1, π2) ≥ 2. Obviously, the distance
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between π1 and π2 in In is at least d(π1, π2). Let x be a point of π1 not contained
in π2 ∪ Π and let π3 be the unique generator through x intersecting π2 in an
(n− 2)-dimensional subspace. Then d(π1, π3) = d(π1, π2)− 1. The generator π3 is
a point of In and the distance between π1 and π3 in In is equal to d(π1, π3). Hence,
the distance between π1 and π2 in I3 is at most (and hence precisely) d(π1, π2).
This proves the theorem. �

Theorem 6.48. In is a dense near 2n-gon.

Proof. Let (π, L) be a point-line pair of In. Since π and L are also objects of the
near polygon DQ(2n, 2) and since distances in In are inherited from distances in
DQ(2n, 2), L contains a unique point nearest to π (in In). This proves that In

is a near polygon. By Theorem 6.47, the distance between two points of In is
at most n. If π1 and π2 are two disjoint generators of Q(2n, 2) not contained in
Q+(2n−1, 2), then d(π1, π2) = n, proving that In is a slim near 2n-gon. Now, take
two points π1 and π2 at distance 2 from each other. So, dim(π1 ∩ π2) = n− 2. Let
x be a point of π1 not contained in π2 ∪Π, let π3 be the unique generator through
x intersecting π2 in an (n − 2)-dimensional subspace, let y be a point of π2 not
contained in π3 ∪Π and let π4 be the unique generator through y intersecting π1

in an (n− 2)-dimensional subspace. Then π3 and π4 are two common neighbours
of π1 and π2. This proves that In is dense. �

Theorem 6.49. Let α be an (n − 1 − i)-dimensional subspace of Q(2n, 2) which
is not contained in Q+(2n − 1, 2) if i ∈ {0, 1}. Then the set Fα of all generators
through α not contained in Q+(2n − 1, 2) defines a convex subpolygon of In. If
i ≥ 2 and α is not contained in Q+(2n− 1, 2), then Fα

∼= DQ(2i, 2). If i ≥ 2 and
α is contained in Q+(2n− 1, 2), then Fα

∼= Ii.

Proof. Let π1 and π2 be two different collinear points of In belonging to Fα and let
π3 denote the unique third point on the line through π1 and π2. Since α ⊆ π1∩π2,
α ⊆ π3. Hence, π3 is also a point of Fα and Fα is a subspace.

Let π1 and π2 be two arbitrary points of Fα. Every point on a shortest path
in DQ(2n, 2) between π1 and π2 contains α. Hence, every point on a shortest path
in In between π1 and π2 contains α. This proves that Fα is convex.

If i ≥ 2, then the subspaces through α define a polar space of type Q(2i, 2).
If α is contained in Q+(2n − 1, 2), then the subspaces through α contained in
Q+(2n− 1, 2) define a polar space of type Q+(2i− 1, 2). The theorem now readily
follows. �

Theorem 6.50. If π1 and π2 are two points of In, then Fπ1∩π2 is the unique convex
sub-[2 · d(π1, π2)]-gon of In through π1 and π2.

Proof. This follows from the fact that C(π1, π2) and Fπ1∩π2 are two convex sub-
[2 · d(π1, π2)]-gons through π1 and π2. �

Theorem 6.51. Every local space of In is isomorphic to PG(n − 1, 2)′, the linear
space derived from the point-line system of PG(n− 1, 2) by deleting a point.
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Proof. A point π of In is an (n − 1)-dimensional space of Q(2n, 2). The lines
through π correspond with the hyperplanes of π different from π ∩ Π and the
quads through π correspond with the (n − 3)-dimensional subspaces of π. This
proves the theorem. �
Theorem 6.52. Let n ≥ 3 and let F be a convex sub-2(n − 1)-gon of In. If F ∼=
DQ(2n− 2, 2), then F is big in In. If F ∼= In−1, then F is not big in In.

Proof. Suppose F ∼= DQ(2n − 2, 2). Then F consists of all generators through a
point p of Q(2n, 2) not contained in Π. Let π denote an arbitrary point of In not
contained in F . Let π′ denote the unique generator through p intersecting π in an
(n− 2)-dimensional subspace. Then π′ is the unique point of F collinear with π.
This proves that F is big.

Suppose that F ∼= In−1. Then F consists of all generators through a point p
of Q+(2n−1, 2) which are not contained in Q+(2n−1, 2). Let α be a generator of
Q+(2n− 1, 2) through p, let β be an (n − 2)-dimensional subspace of α not con-
taining p and let γ denote the unique generator through β which is not contained
in Q+(2n− 1, 2). Obviously, d(γ, F ) ≥ 2, proving that F is not big. �
Theorem 6.53. The near polygon In does not contain spreads of symmetry if n ≥ 3.

Proof. Similarly as in the proof of Theorem 6.3, this follows from the fact that
every line of In is contained in a W (2)-quad. �

We will now determine all valuations of I3. The above-mentioned embedding
of I3 in DQ(6, 2) is distance-preserving. Hence by Theorem 5.7, every valuation f
of DQ(6, 2) induces a valuation f̃ of I3. In this way, we obtain at least four classes
of valuations of I3.

• If f is a classical valuation of DQ(6, 2) such that the unique point x with
value 0 belongs to I3, then f̃ is also a classical valuation of I3.

• If f is a classical valuation of DQ(6, 2) such that the unique point x with
value 0 does not belong to I3, then f̃ is not a classical valuation. Every line
through x corresponds with a line of Q(6, 2) contained in Q+(5, 2). Through
this line there are three generators, two are also generators of Q+(5, 2) and
one is not contained in Q+(5, 2). This proves that every line through x meets
I3 in a unique point. So, |Of̃ | = 7. Also, f̃ admits only special grid-quads.
Hence, Gf̃

∼= PG(2, 2).

• If f is the extension of an ovoidal valuation in a W (2)-quad of DQ(6, 2)
which is also contained in I3, then f̃ is the extension of an ovoidal valuation
of Q (in the near hexagon I3). We have Of̃ = Of .

• If f is the extension of an ovoidal valuation of a W (2)-quad Q of DQ(6, 2)
which is not contained in I3, then Of̃ is an ovoid in the grid-quad Q ∩ I3.

Theorem 6.54. For every point x of I3, there exists a path of length 7 in Γ3(x).
As a consequence, I3 has no semi-classical valuations.
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Proof. Let x1, x2 ∈ Γ1(x) such that C(x1, x2) ∼= W (2). Let L1 and L2 be lines of
C(x1, x2) such that L1 ∩ L2 = ∅ and xi ∈ Li, Li �= xxi for every i ∈ {1, 2}. Let
Qi, i ∈ {1, 2}, denote the unique W (2)-quad through Li different from C(x1, x2).
Then Q1 and Q2 are disjoint big quads of I3 and we can follow a similar reasoning
as in the proof of Theorem 6.4. �

By Lemma 6.6, I3 does not have ovoids and hence also no ovoidal valuations.

Theorem 6.55. Let f be a nonclassical valuation of I3. Then f is induced by a
valuation of DQ(6, 2).

Proof. If |Of | = 1, then f is a classical valuation by Theorems 5.33 and 6.54. So,
suppose that |Of | ≥ 2. Since f is not ovoidal, every two points of Of lie at distance
2 from each other by Theorem 5.34. We distinguish the following possibilities.

• There exists a special W (2)-quad Q. For every point outside Q, there exists
a point of Of ∩Q at distance 3 from that point. Hence, Of = Of ∩ Q. For
every point x of I3, we have f(x) = d(x, Of ) = d(x, πQ(x))+d(πQ(x), Of ) by
Theorem 5.12. So, f is the extension of an ovoidal valuation in a W (2)-quad.

• Gf
∼= L3. Let Q denote the unique special grid-quad. By the discussion before

Theorem 6.54, there exists a unique valuation f ′ such that (i) Of ′ = Of and
(ii) f ′ is induced by a valuation of DQ(6, 2). Let mi, i ∈ {0, 1, 2}, denote the
total number of points with f -value i. By Theorem 5.13, m0 − m1

2 + m2
4 = 0.

It follows from m0 = 3 and m0 + m1 + m2 = 105 that m0 = 3, m1 = 38
and m2 = 64. By Theorem 5.12, f is completely determined by Of : the 64
points with value 2 are on the one hand the 48 points in Γ1(Q) which are not
collinear with a point of Of and the 16 points of Γ2(Q) which lie at distance
2 from at least one point of Of . Since Of = Of ′ , f = f ′ and f is induced by
a valuation of DQ(6, 2).

• Gf has only lines of size 3 and contains a point x and a line L such that x �∈ L.
There exist no points with value 3 by Theorem 5.9. So, every W (2)-quad
contains a unique point of Of . It follows that |Of | = 7 and Gf

∼= PG(2, 2).
Let Q denote the grid-quad corresponding with L. Let Q′ denote the unique
W (2)-quad of DQ(6, 2) containing Q, let x′ denote the unique point of Q′

collinear with x, let g′ denote the classical valuation of DQ(6, 2) determined
by g′(x′) = 0 and let g denote the valuation of I3 induced by g. Since |Of | =
|Og| = 7, Gf

∼= Gg
∼= PG(2, 2) and {x}∪(Γ2(x)∩Q) ⊆ Of∩Og , we must have

Of = Og. Since every point of I3 is contained in a W (2)-quad which contains
a unique point of Of , d(x, Of ) ≤ 2 and f(x) = d(x, Of ) = d(x, Og) = g(x).
This proves the theorem. �

6.5 The near hexagon E1

The near hexagon E1 is due to Shult and Yanushka [91].
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6.5.1 Description of E1 in terms of the extended ternary Golay
code

Let F12
3 denote the 12-th dimensional vector space over the finite field F3. Let

B = {e1, . . . , e12} denote a base of F12
3 . Let M denote the following matrix with

entries Mij , 1 ≤ i ≤ 6 and 1 ≤ j ≤ 12, belonging to F3.⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 1 1 1 1 1 0
0 1 0 0 0 0 0 1 −1 −1 1 −1
0 0 1 0 0 0 1 0 1 −1 −1 −1
0 0 0 1 0 0 −1 1 0 1 −1 −1
0 0 0 0 1 0 −1 −1 1 0 1 −1
0 0 0 0 0 1 1 −1 −1 1 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎦

.

Put vi :=
∑12

j=1 Mijej for every i ∈ {1, . . . , 6}. We call the subspace C of F12
3

generated by the vectors vi, i ∈ {1, . . . , 6}, the extended ternary Golay code ([22]).

For all vectors x =
∑

xiei and y =
∑

yiei, we define

〈x, y〉 :=
∑

xiyi.

If 〈x, y〉 = 0, then we say that x is orthogonal with y.

Lemma 6.56. Every two vectors of C are orthogonal. If x is a vector of F12
3 which

is orthogonal with every vector of C, then x ∈ C.

Proof. One easily verifies that 〈vi, vj〉 = 0 for all i, j ∈ {1, . . . , 6}. It then follows
that every vector of C is orthogonal with every vector of C. The six equations
〈x, vi〉 = 0, i ∈ {1, . . . , 6}, determine a 6-dimensional subspace of F12

3 which con-
tains C and hence is equal to C. �
Lemma 6.57. Every vector of C has weight 0, 6, 9 or 12.

Proof. Let x be an arbitrary nonzero vector of C. Since x is orthogonal with itself,
its weight is equal to either 0, 3, 6, 9 or 12. One easily sees that the following
holds.

• Every vector of the form αvi with α �= 0 and i ∈ {1, . . . , 6} has weight 6.
• Every vector of the form αvi+βvj with αβ �= 0 and 1 ≤ i < j ≤ 6 has weight
at least 4 and hence weight at least 6.

• Every vector of the form αvi+βvj+γvk with αβγ �= 0 and 1 ≤ i < j < k ≤ 6
has weight at least 4 and hence weight at least 6.

• Every vector of the form α1v1 + · · ·+α6v6 where at least four of the αi’s are
different from 0 has weight at least 4 and hence weight at least 6.

The lemma now easily follows. �
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Remark. If all nonzero vectors of a 6-dimensional subspace of F12
3 have weight at

least 6, then by [66] and [83], this subspace is isomorphic to the extended ternary
Golay code.

Lemma 6.58. Every five columns of M are linearly independent.

Proof. Suppose the contrary. Let w =
∑

wiei be a nonzero vector of weight at
most 5 such that M · [w1, . . . , w12]T = 0. By Lemma 6.56, w ∈ C. But this
contradicts Lemma 6.57. �

Now, let E1 be the following incidence structure:

• the points of E1 are all the cosets v + C, v ∈ F12
3 ;

• the lines of E1 are all the sets of the form {v + C, v + ei + C, v − ei + C};
• incidence is containment.

The incidence structure E1 has 729 points. Every line of E1 is incident with three
points and every point is incident with 12 lines. So, E1 has 2916 lines.

Theorem 6.59. E1 is a regular near hexagon with parameters (s, t2, t) = (2, 1, 11).
Every local space of E1 is isomorphic to the complete graph K12 on 12 vertices.

Proof. If v+C is a point of E1, then the points of E1 at distance 1, 2, respectively
3, from v + C are the points of the form v ± ei + C, v ± ei ± ej + C, respectively
v ± ei ± ej ± ek + C. By Lemma 6.58, |Γ1(v + C)| = 24 and |Γ2(v + C)| = 264.
Moreover, every two points at distance 2 have precisely two common neighbours.
If x is a point of E1 and if L is a line of E1 such that d(x, L) ≤ 2, then by Lemma
6.58, L contains a unique point nearest to x. Hence, for a given point x there are
12 lines through x, 24 · 11 = 264 lines at distance 1 from x and 264 · 10 lines at
distance 2 from x. In this way we obtain 12+264+2640 = 2916 lines. Since these
are all the lines, E1 is a near hexagon. The theorem now readily follows. �

Theorem 6.60. Every regular near hexagon with parameters (s, t2, t) = (2, 1, 11)
is isomorphic to E1.

Proof. This was proved in [7] using the results of [91]. �

6.5.2 Description of E1 in terms of the Coxeter cap

The 12 columns of the matrix M define a set K of 12 points in PG(5, 3). This set
of 12 points, which was discovered by Coxeter [28], has several nice properties. For
every point x of PG(5, 3), define the generating index iK(x) of x as the minimal
number of points of K which are necessary to generate a subspace containing x.

Lemma 6.61. (a) Every point has index at most 3.

(b) If L is a line of PG(5, 3) through a point x of K, then L \ {x} contains a
unique point with smallest index.
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Proof. Let x be a given point of PG(5, 3). By Lemma 6.58, there are |K\{x}| = 11
lines through x containing besides x a necessarily unique point with index 1, and
2 · (|K\{x}|2

)
= 110 lines through x containing besides x a necessarily unique point

with index 2 but no point with index 1. The lemma now follows from the fact that
there are precisely 121 lines through x. �

Now, embed PG(5, 3) as a hyperplane Π∞ in a 6-dimensional projective space
Π. Then we can define the following geometry T ∗5 (K):
• the points of T ∗5 (K) are the affine points of Π, i.e. the points of Π not con-
tained in Π∞;

• the lines of T ∗5 (K) are the lines of Π not contained in Π∞ and intersecting
Π∞ in a point of K;

• incidence is derived from Π.

Theorem 6.62. (a) Let x and y be two different points of T ∗5 (K) and let z be the
intersection point of the line xy with the hyperplane Π∞. Then d(x, y) =
iK(z).

(b) T ∗5 (K) is a regular near hexagon with parameters (s, t2, t) = (2, 1, 11).

Proof. (a) Obviously, d(x, y) = 1 if and only if z ∈ K, i.e. if and only if iK(z) = 1.

If iK(z) = 2, then there exists a unique line Lz through z containing two
different points z1, z2 ∈ K. Then the points xz1 ∩ yz2 and xz2 ∩ yz1 are
common neighbours of x and y, proving that d(x, y) = 2.

If d(x, y) = 2 and if u is a common neighbour of x and y, then the points
xy ∩ Π∞, xu ∩ Π∞ and yu ∩ Π∞ lie on a line. So, iK(z) = 2. Since there
exists a unique line Lz through z containing two different points z1, z2 ∈ K
(Lemma 6.58), we see that xz1 ∩ yz2 and xz2 ∩ yz1 are the only common
neighbours of z1 and z2.

If iK(z) = 3, then there exist points z1, z2 and z3 such that z ∈ 〈z1, z2, z3〉.
Put {z′} = zz3 ∩ z1z2 and {u} = z′x ∩ z3y. Since iK(z′) = 2, d(x, u) = 2.
Since iK(z3) = 1, d(u, y) = 1. This proves that d(x, y) = 3.

(b) Let x denote an arbitrary point of T ∗5 (K) and let L be an arbitrary line of
T ∗5 (K). Put L∩Π∞ = {z}. If x ∈ L, then obviously L contains a unique point
nearest to x. Suppose therefore that x �∈ L. Then the plane 〈x, L〉 intersects
Π∞ in a line L′ through z. By Lemma 6.61, L′ \ {z} contains a unique point
z′ with smallest index. The point z′x∩L is the unique point of L nearest to
x. This proves that T ∗5 (K) is a near polygon. By (a) and Lemma 6.61, T ∗5 (K)
is a regular near hexagon with parameters (s, t2, t) = (2, 1, 11). �

Theorem 6.63. Let L be a line of Π∞ intersecting K in two points and let α be
a plane through L not contained in Π∞. Then the points of α not contained in L
form a quad of T ∗5 (K). Conversely, every quad of T ∗5 (K) is obtained in this way.
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Proof. By Theorem 6.62, we know that every quad is a (3×3)-grid. Obviously, the
points in α determine a subgrid of T ∗5 (K) which is necessarily a quad. Conversely,
suppose that x and y are two points at distance 2 from each other. Let Q denote
the unique quad through x and y and let z denote the unique point on the line
xy contained in Π∞. Through z there exists a unique line containing two different
points z1 and z2 of K. Now, the plane 〈z1, z2, x〉 determines a quad through x and
y and this quad necessarily coincides with Q. �

Theorem 6.64. Let α be a hyperplane of Π intersecting Π∞ in a four-dimension-
al subspace disjoint with K. Then the affine points of α define an ovoid of K.
Conversely, every ovoid is obtained in this way.

Proof. Every line of Π∞ intersects α in a unique point, proving that the affine
points of α define an ovoid. Conversely, let O be an ovoid of T ∗5 (K). In order to
show that O comes from a hyperplane it suffices to show that for every two different
points x1 and x2 of O, also the third affine point x3 on the line x1x2 belongs to
O. We distinguish two possibilities. In both cases, let z be the intersection point
of the line x1x2 and the hyperplane Π∞.

• d(x1, x2) = 2. Let Q denote the unique quad through x1 and x2. By Theorem
6.63, x3 also belongs to Q. Now, O ∩Q is the unique ovoid of Q through the
points x1 and x2. Since iK(z) = 2, x1, x2 and x3 are three points of Q at
mutual distance 2. It follows that x3 ∈ O.

• d(x1, x2) = 3. Since iK(z) = 3, there exist three points z1, z2 and z3 such
that z ∈ 〈z1, z2, z3〉. By Lemma 6.58, z1, z2 and z3 are the only points
of K contained in 〈z1, z2, z3〉. Consider now the three-dimensional subspace
〈z1, z2, z3, x, y〉 and let X denote the set of affine points contained in this
subspace. By looking at the points, lines and of T ∗5 (K) which are contained
in X , we see that the subspace X induces a near hexagon H isomorphic to
L3 × L3 × L3. The subhexagon H is not necessarily convex. The set O ∩H
is the unique ovoid of H through the points x1 and x2. Since iK(z) = 3, x1,
x2 and x3 form a set of points of H at mutual distance 3. It follows that
x3 ∈ O ∩H . �

Remark. There are 12 hyperplanes in Π∞ disjoint from K. These hyperplanes form
a Coxeter cap in the dual projective space Π∗∞.

Theorem 6.65. Let x be be a point of K and let Sx denote the set of lines of
Π through x not contained in Π∞. Then Sx is a spread of symmetry of T ∗5 (K).
Conversely, every spread of symmetry of T ∗5 (K) is obtained in this way.

Proof. Obviously, Sx is a spread of T ∗5 (K). Let G denote the group of elations
with center x and axis Π∞. Then G induces a group of automorphisms of T ∗5 (K)
acting transitively on every line of Sx. Hence, Sx is a spread of symmetry of T ∗5 (K).
Conversely, let S be a spread of symmetry of T ∗5 (K). For every line L of S, let xL

denote the unique point of K contained in L. We need to show that xK = xL for
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every two lines K and L of S. By connectedness of T ∗5 (K), we may suppose that
d(K, L) = 1. Since S is a spread of symmetry, it is also a regular spread. So, K
and L are contained in a subgrid which is also a quad. By Theorem 6.63, it then
follows that xK = xL. �

Corollary 6.66. The near hexagon E1 has, up to isomorphism, only one spread of
symmetry.

Proof. By [28], the automorphism group of Π∞ fixing the set K acts 5-transitively
on the set of points of K (see also [99]). The result now readily follows. �

Theorem 6.67. If x1 and x2 are two points of K, then the spreads of symmetry
Sx1 and Sx2 are compatible.

Proof. Let Gi, i ∈ {1, 2}, denote the group of elations of Π with center xi and
axis Π∞. Gi induces a group G̃i of automorphisms of T ∗5 (K). By Theorem 4.43,
G̃i is the whole group of automorphisms fixing each line of Sxi . The theorem now
follows from the fact that any element of G1 commutes with every element of
G2. �

Remark. The spreads of symmetry of E1 can easily be recognized in the model
of E1 which makes use of the extended ternary Golay code C ⊂ F12

3 . For every
i ∈ {1, . . . , 12}, let Si denote the set of all lines of the form {v + C, v + ei +
C, v− ei+C}. Obviously, Si is a spread of E1. The three translations v �→ v+λei,
λ ∈ F3, determine a group of automorphisms of E1 fixing each line of Si and acting
regularly on each line of Si. So, S1, . . . , S12 are the twelve spreads of symmetry of
E1.

Theorem 6.68. For every point x of E3, there exists a closed path of length 7 in
Γ3(x). As a consequence, E3 has no semiclassical valuations.

Proof. Take a 3-dimensional subspace α of Π∞ for which |α ∩ K| = 4. By [28],
the automorphism group of Π∞ fixing the set K acts 5-transitively on the set of
points of K. So, we may suppose that α is generated by the first four columns of the
matrix M . Let β be a plane generated by three points of α∩K. Let γ �∈ {α, 〈x, β〉}
be a 3-dimensional subspace of 〈x, α〉 through β. The points of γ \Π∞ determine a
subhexagon C of T ∗5 (K) which is isomorphic to L3×L3×L3. The points of C can
be labeled with the triples (i, j, k), i, j, k ∈ {−1, 0, 1}, such that (i, j, k) ∼ (i′, j′, k′)
if and only if these triples agree in exactly two positions. If (0, 0, 0) is the unique
point of γ \Π∞ collinear with x, then d(x, (0, 0, 0)) = 1 and

d(x, (1, 0, 0)) = d(x, (−1, 0, 0)) = d(x, (0, 1, 0)) = 2,

d(x, (0,−1, 0)) = d(x, (0, 0, 1)) = d(x, (0, 0,−1)) = 2,

d(x, (1, 1, 0)) = d(x, (1,−1, 0)) = d(x, (−1, 1, 0)) = d(x, (−1,−1, 0)) = 3,

d(x, (1, 0, 1)) = d(x, (1, 0,−1)) = d(x, (−1, 0, 1)) = d(x, (−1, 0,−1)) = 3,
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d(x, (0, 1, 1)) = d(x, (0, 1,−1)) = d(x, (0,−1, 1)) = d(x, (0,−1,−1)) = 3.

We may suppose that d(x, (1, 1, 1)) = 3. Then

d(x, (1, 1,−1)) = d(x, (−1, 1, 1)) = d(x, (1,−1, 1)) = d(x, (−1,−1,−1)) = 2

and
d(x, (−1,−1, 1)) = d(x, (−1, 1,−1)) = d(x, (1,−1,−1)) = 3.

The closed path

(0,−1,−1), (1,−1,−1), (1, 0,−1), (1, 0, 1), (1, 1, 1), (0, 1, 1), (0,−1, 1), (0,−1,−1)
has length 7 and is completely contained in Γ3(x). �

6.5.3 The valuations of E1

In this paragraph, we will show the following.

Theorem 6.69. Every valuation of E1 is either classical or ovoidal.

We take the proof of [63]. Let f be a valuation of E1. There are three possi-
bilities.

• The maximal value attained by f is equal to 3. Then f is a classical valuation
by Theorem 5.9.

• The maximal value attained by f is equal to 1. Then f is an ovoidal valuation
by Theorem 5.9.

• The maximal value attained by f is equal to 2. We will prove that this case
cannot occur.

Suppose that the maximal value attained by f is equal to 2. Let Of denote
the set of points of E1 with value 0. By Theorem 5.34, every two different points
of Of lie at distance 2 from each other.

Let θ denote an isomorphism between E1 and T ∗5 (K). So, θ is a bijection be-
tween the point sets of E1 and AG(6, 3) := Π\Π∞ such that d(x, y) = iK[θ(x)θ(y)∩
Π∞] for all points x and y in E1 with x �= y.

Lemma 6.70. The set θ(Of ) is a proper subspace of AG(6, 3). As a consequence,
|Of | ∈ {1, 3, 9, 27, 81, 243}.
Proof. Let θ(x1) and θ(x2) denote two arbitrary different points of θ(Of ). Then
the quad C(θ(x1), θ(x2)) of T ∗5 (K) consists of all affine points in a plane α of Π
and the intersection line α ∩ Π∞ contains precisely two points of K. The third
affine point of the line θ(x1)θ(x2) is not T ∗5 (K)-collinear with θ(x1) and θ(x2) and
hence equals θ(x3), where x3 is the unique point of C(x1, x2) not collinear with
x1 and x2. Since |Of ∩ C(x1, x2)| ≥ 2, Of ∩ C(x1, x2) is an ovoid of C(x1, x2) by
Theorem 5.7 and Corollary 5.10. Hence, x3 ∈ Of and θ(x3) ∈ θ(Of ). This proves
that θ(Of ) is a subspace of AG(6, 3). Since no two points of Of are collinear,
θ(Of ) �= AG(6, 3). It follows that |Of | ∈ {1, 3, 9, 27, 81, 243}. �
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Lemma 6.71. |Of | ≤ 13.

Proof. Let x ∈ Of and let V denote the set of all quads of the form C(x, z) where
z ∈ Of \{x}. Suppose that |Of | ≥ 14. Then |V | ≥ 14−1

2 or |V | ≥ 7. Since there are
precisely 12 lines through x, there exists a line L through x which is contained in
two quads Q1 and Q2 of V . Let u denote an arbitrary point of L\{x}, let u1 denote
the unique point of (Q1 ∩Of ) \ {x} collinear with u and let u2 denote the unique
point of Q2 ∩ Of not collinear with u. Then d(u1, u2) = d(u1, u) + d(u, u2) = 3,
contradicting Theorem 5.34. �

Lemma 6.72. The case |Of | = 1 cannot occur.

Proof. Suppose that Of = {x}. By Theorem 5.12, f(x) = d(x, y) for every point
y at distance at most 2 from x. Since the maximal value attained by f is equal to
2, it follows by property (V2) that every point of Γ3(x) has value 1 or 2 and that
the subgraph induced by Γ3(x) must be bipartite. But in Theorem 6.68, we have
shown that there exists a path of length 7 in Γ3(x). Hence it is impossible that
|Of | = 1. �

Lemma 6.73. The case |Of | = 3 cannot occur.

Proof. If |Of | = 3, then Of is an ovoid in a quad Q of E1. Let O1 be an ovoid
of Q which intersects Of in a unique point, let x1 be a point of E1 at distance
2 from Q such that Γ2(x1) ∩ Q = O1, let L = {x1, x2, x3} be a line through x1

completely contained in Γ2(Q) and let Oi, i ∈ {2, 3}, denote the ovoid Γ2(xi)∩Q of
Q. Then {O1, O2, O3} is a partition of Q in ovoids. Hence, |Oi ∩Of | = 1 for every
i ∈ {1, 2, 3}. It follows that the point xi has distance 2 from Of . By Theorem 5.12,
it now follows that every point of L has value 2, contradicting property (V2). �

By Lemmas 6.70, 6.71, 6.72 and 6.73, it follows that |Of | = 9. Let T denote
the set of all quads of the form C(x1, x2) where x1 and x2 are two points of Of .
Since θ(Of ) is a subplane of AG(6, 3), the incidence structure Gf defined by Of

and T is an affine plane of order 3. So, |T | = 12.

Lemma 6.74. Γ3(Of ) = ∅.
Proof. Suppose that u is a point of Γ3(Of ), then u has distance 3 to every point of
Of and distance 2 to every quad of T . There are precisely |T | · 6 = 72 pairs (Q, L)
with Q a quad of T and L a line through u contained in Γ2(Q). For every line L
through u, let T (L) denote the set of all quads Q ∈ T for which L ⊂ Γ2(Q). Since
u is contained in precisely 12 lines, there exists a line L = {u, u1, u2} through u
for which |T (L)| ≥ 6. For every x ∈ Of , L contains a unique point nearest to x of
Of and hence {d(x, u1), d(x, u2)} = {2, 3}.

Let Q denote a quad of T and put Q ∩ Of = {x1, x2, x3}. If Q ∈ T (L),
then the points u, u1 and u2 determine three mutually disjoint ovoids Ou, Ou1

and Ou2 of Q. Since Ou is disjoint from the ovoid {x1, x2, x3}, either Ou1 or Ou2

coincides with {x1, x2, x3}. In any case, we have d(u1, x1) = d(u1, x2) = d(u1, x3)
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and d(u2, x1) = d(u2, x2) = d(u2, x3). If Q /∈ T (L), then ui ∈ Γ1(Q) for a certain
i ∈ {1, 2}. Since (ui, Q) is classical, |{d(ui, x1), d(ui, x2), d(ui, x3)}| = 2 and hence
also |{d(u3−i, x1), d(u3−i, x2), d(u3−i, x3)}| = 2.

Now, consider the partial linear space with point set Of and line set T (L)
(natural incidence). Since |T (L)| ≥ 6, we have two possibilities.

• The partial linear space is connected. Then d(x, ui), i ∈ {1, 2}, is independent
of the chosen point x ∈ Of . So, T = T (L). Suppose that d(u1, x) = 2
for every point of x ∈ Of . If x1 and x2 are two different points of Of ,
then C(u1, x1) ∩ C(u1, x2) = {u1} and so the quads C(u1, x1) and C(u1, x2)
determine four different lines through u1. Now, the nine quads C(u1, x), x ∈
Of , will determine 18 different lines of E1 through u1, a contradiction, since
there are only twelve such lines.

• The partial linear space is disconnected: there is one connected component
O′f of size 8 and one single point x∗. Then d(x, ui), i ∈ {1, 2}, is independent
of the chosen point x ∈ O′f and different from d(x∗, ui). So, |T (L)| = 8 and
T \ T (L) = {Q1, Q2, Q3, Q4}, where Q1, Q2, Q3 and Q4 are the four quads
of T through x∗. By reasons of symmetry we may suppose that d(u1, x) = 2
for every point of x ∈ O′f . For every i ∈ {1, 2, 3, 4}, d(u1, Qi) = 1 and hence
there exists a unique point vi in Qi collinear with u1. Let wi1 and wi2 denote
the two points of Qi∩Of collinear with vi. For every i ∈ {1, 2, 3, 4} and every
j ∈ {1, 2}, let Aij denote the set of two lines through u1 contained in the quad
C(u1, wij). Since Ai1 ∩ Ai2 = u1vi, |Ai1 ∪ Ai2| = 3 for every i ∈ {1, 2, 3, 4}.
Now, for all i, i′ ∈ {1, 2, 3, 4} and all j, j′ ∈ {1, 2} with i �= i′, C(wij , wi′j′) ∈
T (L) and hence Aij ∩Ai′j′ = ∅. It now easily follows that |⋃Aij | = 12. So,
L ∈ Ai∗j∗ for a certain i∗ ∈ {1, 2, 3, 4} and a certain j∗ ∈ {1, 2}. Now, u ∈ L
and d(wi∗j∗ , L) = 1 and so d(u, Of ) ≤ 2, a contradiction. �

Put Y := Γ1(Of ) and Z := Γ2(Of ). Let Yi, i ∈ N \ {0}, denote the set of
points of Y which are collinear with precisely i points of Of . We have

∑ |Yi| · i =
|Of | · 24 = 216.

Lemma 6.75. |Y1| = |Y2| = 72 and |Yi| = 0 for all i ≥ 3. So, |Y | = 144 and
|Z| = 576.

Proof. Suppose that the point u of Γ1(Of ) is collinear with three different points
x1, x2 and x3 of Of . Then u is contained in the quad C(x1, x2). Since x1 and x2

are the only points of C(x1, x2)∩Of collinear with u, we have x3 �∈ C(x1, x2). Now,
u is also contained in C(x1, x3) and so the quads C(x1, x3) and C(x1, x2) intersect
in a line ux1. If x4 denotes the unique point of C(x1, x3) ∩ Of not collinear with
u, then d(x2, x4) = d(x2, u) + d(u, x4) = 1 + 2 = 3, a contradiction. So, |Yi| = 0
if i ≥ 3. Since every two points of Of have precisely two common neighbours, we
have |Y2| = 2 · (|Of |

2

)
= 72, |Y1| = 216 − 2|Y2| = 72 and |Y | = |Y1| + |Y2| = 144.

Since E1 has precisely 729 points, |Z| = 729− |Of | − |Y | = 576. �
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Using the notation of Theorem 5.13, we have that m0 = 9, m1 = 144,
m2 = 576 and mi = 0 if i ≥ 3. Since

∑∞
i=0(− 1

s
)imi = 81, we have found a

contradiction.

6.6 The near hexagon E2

This near hexagon is due to Shult and Yanushka [91].

6.6.1 Definition and properties of E2

By [102], there is a unique Steiner system S(5, 8, 24). (There are 24 points in such
a Steiner system, each block contains eight points and every five different points
are contained in a unique block.) We will now provide a model of S(5, 8, 24). The
projective plane PG(2, 4) has the following properties.

• The set of 168 hyperovals (i.e. sets of six points no three of which are collinear)
can be divided into three classes O1, O2 and O3 of equal size. Two hyperovals
are in the same class if and only if they intersect in an even number of points.

• The set of 360 Baer subplanes (i.e. subplanes of order 2) can be divided into
three classes B1, B2 and B3 of equal size. Two Baer subplanes are in the same
class if and only if they intersect in an odd number of points

• The indices i and j can be chosen in such a way that for O ∈ Oi and S ∈ Bj ,
|O ∩ S| is even if and only if i = j.

Define now the following design D. The points of D are the points of PG(2, 4)
together with three new symbols∞1,∞2, and∞3. There are four types of blocks:

• L ∪ {∞1,∞2,∞3} where L is a line of PG(2, 4);

• (O ∪ {∞1,∞2,∞3}) \ {∞i} for each O ∈ Oi;

• S ∪ {∞i} for each S ∈ Bi;

• the symmetric difference L� L′ of two distinct lines L and L′ of PG(2, 4).

Taking the natural incidence, we find the unique Steiner system S(5, 8, 24). Follow-
ing [26], we will call the blocks of S(5, 8, 24) octads. The Steiner system S(5, 8, 24)
has the following properties:

• Every i ∈ {1, 2, 3, 4, 5} different points of S(5, 8, 24) are contained in ni oc-
tads. Here, n1 = 253, n2 = 77, n3 = 21, n4 = 5 and n5 = 1.

• Every two different octads of S(5, 8, 24) meet in either 0, 2 or 4 points.

• If B1 and B2 are two disjoint octads, then the complement of B1 ∪B2 is also
an octad.

• If B1 and B2 are two octads which meet in four points, then the symmetric
difference B1ΔB2 is again an octad of S(5, 8, 24).
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From S(5, 8, 24), we can construct the following incidence structure E2:

• the points of E2 are the octads of S(5, 8, 24);

• the lines of E2 are the triples of mutually disjoint octads;

• incidence is containment.

Theorem 6.76. • If B1 and B2 are two octads of S(5, 8, 24), then d(B1, B2) is
equal to 0, 1, 2, respectively 3, if and only if |B1 ∩ B2| is equal to 8, 0, 4,
respectively 2.

• E2 is a dense near hexagon and every quad of E2 is isomorphic to W (2).

• E2 is a regular near hexagon with parameters (s, t2, t) = (2, 2, 14). Every local
space is isomorphic to PG(3, 2).

Proof. • Let B1 and B2 be two octads of S(5, 8, 24). Obviously, d(B1, B2) = 0
if and only if |B1 ∩B2| = 8.

Suppose |B1 ∩B2| = 4 and let B3, B4, B5 denote the remaining octads
through B1 ∩B2. If B is a common neighbour of B1 and B2, then B has at
least three points in common with one of the octads B3, B4 or B5. Suppose
|B ∩ B3| ≥ 3. Then |B ∩ B3| = 4 and B ∩ B3 = B3 \ (B1 ∩ B2). The five
octads through B3 \ (B1 ∩B2) are the octads B3, B3ΔBi, i ∈ {1, 2, 4, 5}. As
a consequence, B3ΔB4, B3ΔB5 and B4ΔB5 are three common neighbours
of B1 and B2.

Conversely, suppose that d(B1, B2) = 2. Let B denote a common neigh-
bour of B1 and B2 and let B′ denote the complement of B ∪B1. The octad
B2 has at most four points in common with B1 and B′. Hence, |B2∩B1| = 4
and |B′ ∩B2| = 4.

Finally, suppose that |B1 ∩ B2| = 2. Let B and B′ denote two octads
of S(4, 5, 24) such that {B1, B, B′} is a line of E2. Then B2 has at least
three points in common with one of the octads B, B′. If |B2 ∩B| ≥ 3, then
|B2 ∩B| = 4. From d(B2, B) = 2 and d(B, B1) = 1, d(B1, B2) = 3.

• Let L = {B1, B2, B3} be a line of E2 and let B denote a point of E2. In
view of the possible intersections of two octads of S(5, 8, 24), the multiset
{|B ∩B1|, |B ∩B2|, |B ∩B2|} is equal to either {8, 02}, {0, 42} or {4, 22}. In
any case we have that L contains a unique point nearest B. So, E2 is a near
hexagon. Since every two points at distance 2 have precisely three common
neighbours, E2 is a dense near hexagon and every quad is isomorphic to
W (2).

• By an easy counting, one finds that for every octad B, there are 30 other
octads which are disjoint from B. It follows that E2 is a regular near hexagon
with parameters (s, t2, t) = (2, 2, 14). By the Corollary on page 55 of [8], every
local space of E2 is isomorphic to PG(3, 2). �
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Remark. Let B1 and B2 be two points at distance 2 from each other. Then |B1 ∩
B2| = 4. Let B3, B4 and B5 denote the other octads through B1 ∩ B2. Put
X0 := B1∩B2 and Xi := Bi \X0 for every i ∈ {1, 2, 3, 4, 5}. Then the 15 octads of
the W (2)-quad through B1 and B2 consists of the octads Xi ∪Xj, where i and j
are two different elements of {0, 1, 2, 3, 4, 5}. In this way, we rediscover Sylvester’s
model for W (2).

Theorem 6.77 ([8]). Every regular near hexagon with parameters (s, t2, t) = (2, 2,
14) is isomorphic to E2.

Theorem 6.78. E2 has no spread of symmetry.

Proof. Similarly as in the proof of Theorem 6.3, this follows from the fact that
every line of E2 is contained in a W (2)-quad. �

Theorem 6.79. Let x be a point of S(5, 8, 24). Then the 253 octads through x define
an ovoid Ox of E2.

Proof. If {B1, B2, B3} is a line of E2, then precisely one of the octads B1, B2, B3

contains x, proving the theorem. �

In Section 6.6.2 we will show that every ovoid of E2 is of the form Ox for a
certain point x of S(5, 8, 24). This proves that E2 has 24 ovoids and hence also 24
ovoidal valuations.

Theorem 6.80. For every point x of E2, there exists a path of length 5 in Γ3(x).
As a consequence, E2 has no semiclassical ovoids.

Proof. Take a quad Q at distance 2 from x. Then Γ2(x) ∩Q is an ovoid of Q and
by Lemma 1.39 there exists a path of length 5 in Q not containing points of O.
This path of length 5 is also a path of length 5 in Γ3(x). �

Theorem 6.81. Every valuation f of E2 is either classical or ovoidal.

Proof. Let f be a valuation of E2 which is neither classical nor ovoidal. By Theorem
6.80, f is not semiclassical. So, Of ≥ 2 and Gf is a linear space by Theorems 5.33
and 5.34.

We will now show that d(x, Of ) ≤ 2 and f(x) = d(x, Of ) for every point x
of E2. Let Q be a special quad. If x ∈ Q∪Γ1(Q), then d(x, Of ) ≤ 2. If x ∈ Γ2(Q),
then the ovoids Γ2(x) ∩ Q and Of ∩ Q of Q meet in at least one point, proving
that d(x, Of ) ≤ 2. By Theorem 5.12, it follows that f(x) = d(x, Of ).

Suppose |Of | = 5. Let Q denote the unique W (2)-quad containing all points
of Of , let x be a point in Γ1(Q) not collinear with a point of Of and let L =
{x, y1, y2} be a line through x such that y1, y2 ∈ Γ2(Q). Since d(x, Of ) = d(y1, Of )
= d(y2, Of ) = 2, every point of L has value 2 by Theorem 5.12. This contradicts
Property (V2) in the definition of valuation.

Suppose |Of | > 5. Considering an antiflag in Gf , we see that there exists a
point in Gf which is incident with at least five lines. Hence, |Of | ≥ 21. On the
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other hand, since no two special quads meet in a line, |Of | ≤ 21. Hence, |Of | = 21
and Gf

∼= PG(2, 4). Using the notation of Theorem 5.13, m0 = 21, m1 = |Γ1(Of )|
and m2 = |Γ2(Of )|. Since every point of Γ1(Of ) is collinear with three points of
Of , m1 = m0·30

3 = 210. Since E2 has 759 points, m2 = 528. So,m0−m1
2 +m2

4 = 48,
contradicting Theorem 5.13. �

6.6.2 The ovoids of E2

The ovoids of E2 were classified in [15] with the aid of the Erdös–Ko–Rado Theo-
rem ([70]). We will give an alternative proof. Let X denote the set of 24 points of
the Steiner system S(5, 8, 24). Recall that E2 is a regular near hexagon on v = 759
points with parameters (s, t2, t) = (2, 2, 14). Let O be an ovoid of E2.

Lemma 6.82. The ovoid O has 253 octads. If α is a octad of O, then m2 :=
|Γ2(α) ∩O| = 140 and m3 := |Γ3(α) ∩O| = 112.

Proof. The number of lines of E2 is equal to
v(t+1)

s+1
= (t+1) · |O|. Hence |O| = 253.

Counting the number of connections between points of Γ1(α) and Γ2(α)∩O yields
|Γ1(α)| · t = (t2 + 1) · |Γ2(α) ∩ O|, from which it follows that m2 = 140 and
m3 = |O| − 1−m2 = 112. �

Lemma 6.83. Four different elements of X are contained in one or five elements
of O.

Proof. The five octads through four elements of X form an ovoid O′ in a quad Q.
Let O′′ be the ovoid of Q, induced by O, then O′ and O′′ have one or five points
in common. �

Lemma 6.84. Three different elements of X are contained in at least five elements
and at most 21 elements of O.

Proof. Take three elements a, b, c of X . Let d1 be a fourth element of X and let
α be an octad of O through {a, b, c,d1}. Let d2 be an element of X not in α and
let β be an octad of O through {a, b, c, d2}. By Lemma 6.83, there are now five
octads of O through α ∩ β. The upper bound is immediate since n3 = 21. �

Lemma 6.85. Three different elements of X are contained in five or 21 elements
of O.
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Proof. Let α ∈ (X3 ) be contained in tα octads of O. Double counting yields

∑
α∈(X

3 )
1 =

(
24
3

)
,

∑
α∈(X

3 )
tα = |O| ·

(
8
3

)
,

∑
α∈(X

3 )
tα(tα − 1) = |O| ·m2 ·

(
4
3

)
.

From Lemma 6.84 and
∑

α∈(X
3 )(tα − 5)(21− tα) = 0, tα = 5 or tα = 21. �

Remarks. (1) Let T1, respectively T2, be the number of α ∈ (X
3

)
for which tα = 5,

respectively tα = 21. From

T1 + T2 =
(
24
3

)
,

5T1 + 21T2 = |O| ·
(
8
3

)
,

T1 =
(
23
3

)
and T2 =

(
23
2

)
.

(2) Let R1, respectively R2, denote the number of α ∈ (X
4

)
, which are contained

in exactly one, respectively exactly five, elements of O. From

R1 +R2 =
(
24
4

)
,

R1 + 5R2 = |O| ·
(
8
4

)
,

R1 =
(
23
4

)
and R2 =

(
23
3

)
.

Lemma 6.86. For every A = {p1, p2, p3, p4} ⊆ X, there exists an i ∈ {1, 2, 3, 4}
such that A \ {pi} is contained in exactly five octads of O.

Proof. Suppose the contrary. Let α and β be two different elements of O through
A. Take two different points x and y in α \ β and let z be a point of α ∩ β. Let
γ �= α be an octad of O through {x, y, z}, then γ intersects α in a fourth point u.
Through {x, y, z, u}, there are five octads of O. If u ∈ α \ β, then α \ {x, y, z, u} is
contained in only one octad of O, a contradiction. Hence, u ∈ α∩ β. Take a point
v ∈ β \α. Let D1 be the octad through [(α∩β)−{z}]∪{v, y} and D2 be the octad
through [(α ∩ β) − {u}] ∪ {v, x}. D1 and D2 are two octads of the ovoid meeting
in four points. The octad D1�D2 is not an element of O, a contradiction, since
the set {x, y, z, u} is contained in it. �
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Lemma 6.87. If {p1, p2, p3, p4} ⊆ X is contained in exactly five elements of O,
then there are exactly three subsets of size 3 in {p1, p2, p3, p4} which are contained
in 21 elements of O.

Proof. Counting pairs (A, B) with (i) A ∈ (X3 ), (ii) B ∈ (X
4

)
, (iii) A ⊆ B and (iv)

A is contained in 21 elements of O, yields 21 · T2 =
∑

kB, where the summation
ranges over all R2 elements B of

(
X
4

)
through which there are five octads of O.

The number kB denotes the number of subsets of size 3 of B through which there
are precisely 21 octads of O. By Lemma 6.86, kB ≤ 3. Since 21T2 = 3R2, all values
of kB are equal to 3. �
Lemma 6.88. Every two elements x and y of X are contained in at least 21 elements
and in at most 77 elements of O.

Proof. Let z ∈ X be a third element of X . From the proof of Lemma 6.84, it
follows that there exists a fourth element u ∈ X such that {x, y, z, u} is contained
in five elements of O. By Lemma 6.87, at least one of {x, y, z}, {x, y, u} is contained
in 21 octads of O. The upper bound is immediate since n2 = 77. �
Lemma 6.89. Two different elements of X are contained in 21 or 77 octads of O.

Proof. Let α ∈ (X
2

)
be contained in sα octads of O. Double counting yields

∑
α∈(X

2 )
1 =

(
24
2

)
,

∑
α∈(X

2 )
sα = |O| ·

(
8
2

)
,

∑
α∈(X

2 )
sα(sα − 1) = |O| ·m2 ·

(
4
2

)
+ |O| ·m3.

From Lemma 6.88 and
∑

α(sα − 21)(77 − sα) = 0, it follows that sα = 21 or
sα = 77. �
Remark. Let S1, respectively S2, be the number of α ∈ (X

2

)
for which sα = 21,

respectively sα = 77. From

S1 + S2 =
(
24
2

)
,

21S1 + 77S2 = |O| ·
(
8
2

)
,

it follows that S1 =
(
23
2

)
and S2 =

(
23
1

)
.

Lemma 6.90. For every A = {p1, p2, p3} ⊆ X, there exists an i ∈ {1, 2, 3} such
that A \ {pi} is contained in exactly 21 octads of O.
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Proof. Suppose that all octads through {p1, p2} or through {p2, p3} belong to
O. Choose q1, q2 �∈ A with q1 �= q2 and q3 not in the unique octad through
{p1, p2, p3, q1, q2}. Let B1, respectively B2, be the octad through {p1, p2, q1, q2,
q3}, respectively {p2, p3, q1, q2, q3}. Then B1�B2 �∈ O, since B1, B2 ∈ O. Since
{p1, p3} ⊆ B1�B2, the lemma follows. �
Lemma 6.91. If {p1, p2, p3} ⊆ X is contained in 21 octads of O, then there are
exactly two subsets of size 2 in {p1, p2, p3} which are contained in 77 octads of O.

Proof. Counting pairs (A, B) with (i) A ∈ (X
2

)
, (ii) B ∈ (X

3

)
, (iii) A ⊆ B and (iv)

A is contained in 77 elements of O, yields 22 · S2 =
∑

lB , where the summation
ranges over all T2 elements B of

(
X
3

)
, through which there are 21 octads of O. The

number lB denotes the number of subsets of size 2 of B through which there are
77 octads of O. By Lemma 6.90, lB ≤ 2. Since 22 · S2 = T2 · 2, all values of lB
must be equal to 2. �
Lemma 6.92. There are at least 77 octads of O through every point.

Proof. Let x denote the point. The element x is contained in a set P ⊆ X of size 4,
through which there are five elements of O. By Lemma 6.87, there exists a subset
P ′ of size 3 in P containing x and contained in 21 octads of O. By Lemma 6.91,
there exists a subset P ′′ of size 2 in P ′ containing x and contained in 77 octads of
O. This proves the lemma. �
Lemma 6.93. Every point of X is contained in 77 or 253 octads of O.

Proof. Let α ∈ X be contained in μα octads of O. Double counting yields

∑
α∈X

1 =
(
24
1

)
,

∑
α∈X

μα = |O| ·
(
8
1

)
,

∑
α∈X

μα(μα − 1) = |O| ·m2 ·
(
4
1

)
+ |O| ·m3 ·

(
2
1

)
.

By Lemma 6.92 and
∑

α(μα − 77)(253− μα) = 0, μα = 77 or μα = 253. �
Theorem 6.94. There exists an x ∈ X, such that O = Ox.

Proof. It suffices to prove that there exists a point x ∈ X with μx = 253. Let U1,
respectively U2, be the number of x ∈ X for which μx = 77, respectively μx = 253.
From

U1 + U2 = 24,
5U1 + 21U2 = 8 · |O|,

it follows that U1 = 23 and U2 = 1. This proves the theorem. �
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6.7 The near hexagon E3

A nonempty set X of points of a partial linear space S is called a hyperoval if every
line of S has either 0 or two points in common with X . Pasechnik [78] showed that
the point-line system of the hermitian variety H(5, 4) has two isomorphism classes
of hyperovals. The hyperovals of one class contain 126 points and the hyperovals
of the other class contain 162 points. (Regarding the hyperoval on 126 points, see
also the discussion in Section 2.2 of [19]).

Let X be a hyperoval of size 126 in H(5, 4). One easily verifies that the following
holds:

(1) each generator of H(5, 4) has 0 or six points in common with X ;

(2) if π1 and π2 are two generators such that dim(π1 ∩ π2) = 1, |π1 ∩ X | =
|π2 ∩X | = 6, then |π1 ∩ π2 ∩X | = 2.

Let E3 be the following incidence structure:

• the points of E3 are the generators of H(5, 4) intersecting X in six points;

• the lines of E3 are the lines of H(5, 4) intersecting X in two points;

• incidence is reverse containment.

The incidence structure E3 has 567 points. Each line of E3 is incident with three
points and each point is incident with 15 lines. The incidence structure E3 is
embedded in DH(5, 4). Let d′(·, ·) be the distance function in E3 and let d(·, ·)
denote the distance function in DH(5, 4).

Theorem 6.95. If π1 and π2 are two points of E3, then d′(π1, π2) = d(π1, π2). As
a consequence, E3 is a near hexagon.

Proof. Notice that d′(π1, π2) ≥ d(π1, π2); so, the theorem holds if d(π1, π2) ≤ 1.
Suppose d(π1, π2) = 2. Then π1 and π2 intersect in a point p. Let q be a point of
π1∩X different from p and let π3 denote the unique generator of DH(5, 4) through
q intersecting π2 in a line. Obviously, π3 is a common neighbour of π1 and π2 in
the geometry E3, proving that d′(π1, π2) = 2. Finally, suppose d(π1, π2) = 3.
Then π1 and π2 are disjoint. Let q be a point of π1 ∩X and let π3 be the unique
generator through q intersecting π2 in a line. Since d′(π1, π3) = 2 and d′(π3, π2) =
1, d′(π1, π2) = 3. �

Theorem 6.96. E3 is a dense near hexagon. Every quad is isomorphic to either
W (2) or Q(5, 2).

Proof. Let π1 and π2 be two points of E3 at distance 2 from each other. Then
π1 ∩ π2 is a point p. We have the following possibilities.

• p ∈ X . Then π1 and π2 have five common neighbours.
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• p �∈ X . Let L1, L3 and L3 denote the three lines of π1 through p intersecting
X in two points. Let αi, i ∈ {1, 2, 3}, denote the unique plane through Li

intersecting π2 in a line. Then α1, α2 and α3 are the three common neighbours
of π1 and π2.

The theorem now readily follows. �

If Q is a quad of E3, then there exists a point xQ on H(5, 4) such that Q
consists of all generators of H(5, 4) through xQ containing six points of X . If
xQ ∈ X , then Q is a Q(5, 2)-quad.

Theorem 6.97. If x is a point of H(5, 4)\X, then the generators of H(5, 4) through
x containing six points of X define a W (2)-quad of E3. As a consequence, the map
Q �→ xQ defines a bijection between the set of quads of E3 and the set of points of
H(5, 4).

Proof. We first prove that there is a generator through x containing six points of
X . Suppose the contrary. Count in two different ways the triples (π1, π2, y), where
y is a point of X and where π1 and π2 are two generators of H(5, 4) satisfying
(i) x ∈ π1, (ii) y ∈ π2 and (iii) π1 ∩ π2 is a line. There are 126 possibilities for y
and for given y, there are 27 possibilities for π2. The generator π1 is completely
determined by π2. So, the number of triples is equal to 126 · 27. On the other
hand, there are 27 possibilities for π1. For given π1, there are 16 possibilities for
L := π1 ∩ π2, and for given L, there is at most one possibility for π2, see the
property (2) mentioned above. For given π2, there are at most six possibilities for
y. Hence, we have 126 · 27 ≤ 27 · 16 · 1 · 6, a contradiction. Hence, there exists
a generator π through x containing six points of X . Now, let L1 and L2 denote
two lines of π through x containing two points of X . Let αi, i ∈ {1, 2}, denote a
generator through Li such that α1 ∩ α2 = {x}. Then α1 and α2 are two points of
E3 at distance 2 from each other. If Q denotes the quad through α1 and α2, then
xQ = x. This proves the theorem. �

Theorem 6.98. Every local space of E3 is isomorphic to W (2).

Proof. Since every line of E3 contains two points of X , every line of E3 is contained
in two Q(5, 2)-quads and three W (2)-quads by Theorem 6.97. The theorem now
follows from Lemma 6.44. �

Theorem 6.99. E3 has no spread of symmetry.

Proof. Similarly as in the proof of Theorem 6.3, this follows from the fact that
every line is contained in a W (2)-quad. �

Theorem 6.100. If f is a nonclassical valuation of E3, then Gf
∼= PG(2, 4) and f

is induced by a (classical) valuation of DH(5, 4).

Proof. Since f is not classical, f(x) ∈ {0, 1, 2} for every point x of E3. Since
Q(5, 2) has no ovoids, every Q(5, 2)-quad contains a unique point of Of . Since
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there are 126 Q(5, 2)-quads and since every point is contained in six Q(5, 2)-
quads, |Of | = 126

6
= 21. Since every special quad is isomorphic to W (2), Gf

is a Steiner system S(2, 5, 21) or a projective plane of order 4. Now, let x be a
point of Of and let Q be a special quad such that x �∈ Q. Let Q′ denote the
unique Q(5, 2)-quad of DH(5, 4) containing Q, let x′ denote the unique point in
Q′ collinear with x, let g′ denote the classical valuation of DH(5, 4) determined
by g′(x′) = 0 and let g denote the nonclassical valuation of E3 induced by g′.
Since |Of | = |Og| = 21, Gf

∼= Gg
∼= PG(2, 4) and {x} ∪ (Γ2(x) ∩Q) ⊆ Of ∩ Og,

we must have Of = Og. Since every point of E3 is contained in a Q(5, 2)-quad,
d(x, Of ) ≤ 2 and f(x) = d(x, Of ) = d(x, Og) = g(x) by Theorem 5.12. This
proves the theorem. �

Remark. Consider in PG(6, 3) a nonsingular quadric Q(6, 3) and a nontangent
hyperplane π intersecting Q(6, 3) in a nonsingular elliptic quadric Q−(5, 3). There
is a polarity associated with Q(6, 3) and we call two points orthogonal when one
of them is contained in the polar hyperplane of the other. Let N denote the set of
126 internal points of Q(6, 3) which are contained in π, i.e. the set of all 126 points
in π for which the polar hyperplane intersects Q(6, 3) in a nonsingular elliptic
quadric. Let S be the following incidence structure:

• the points of S are the 6-tuples of mutually orthogonal points of N ;

• the lines of S are the pairs of mutually orthogonal points of N ;

• incidence is reverse containment.

Then S is isomorphic to E3, see [16]. A group-theoretical construction for E3 can
be found in [2].

6.8 The known slim dense near polygons

Above we described five infinite classes of near polygons and three sporadic exam-
ples. In the case of generalized quadrangles we have the following isomorphisms:
DH(3, 4) ∼= G2

∼= Q(5, 2), H2
∼= DQ(4, 2) ∼= W (2) and I2 ∼= L3 × L3. Look-

ing to the structure of the local spaces, we see that the near hexagons DQ(6, 2),
DH(5, 4), G3, H3, E1, E2 and E3 are mutually nonisomorphic. The local spaces of
I3 are isomorphic to the local spaces of H3, i.e. to PG(2, 2)′. We will see in Chapter
7 that I3 is isomorphic to H3. Looking at the structure of the local spaces, we see
that the near 2n-gons DQ(2n, 2), DH(2n − 1, 4), Gn, Hn and In are mutually
nonisomorphic if n ≥ 4.

Every known slim dense near polygon which is not a product near polygon
nor a glued near polygon of type 1 belongs to one of the above-mentioned classes.
Among the known slim dense near 2n-gons, n ≥ 2, only DH(2n − 1, 4), Gn and
E1 (n = 3) have spreads of symmetry. This observation allows us to construct the
following class of near polygons (see also Theorem 4.59).
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If Z1 and Z2 are two sets of near polygons, then Z1⊗Z2 denotes the (possibly
empty) set of all near polygons of type 1 obtained by glueing an element of Z1

with one of Z2. We introduce the following sets.

C2 = {Q(5, 2)};
C3 = {G3, DH(5, 4), E1} ∪

(
C2 ⊗ C2

)
;

Cn = {Gn, DH(2n− 1, 4)} ∪
⎛
⎝ ⋃

2≤i≤n−1

Ci ⊗ Cn+1−i

⎞
⎠ for every n ≥ 4;

C = C2 ∪ C3 ∪ · · · ;
M = {O, L3, E2, E3} ∪ C ∪ {DQ(2n, 2)|n ≥ 2} ∪ {Hn|n ≥ 3} ∪ {In|n ≥ 4}.

LetM× denote the set of all near polygons obtained by taking the direct product
of k ≥ 1 elements of M. Every known slim dense near polygon is isomorphic to
an element of the classM×. In [58], the following conjecture was introduced.

Conjecture. Every slim dense near polygon is isomorphic to an element of the class
M×.

6.9 The elements of C3 and C4

6.9.1 Spreads of symmetry of Q(5, 2)

Consider a nonsingular hermitian variety H(3, 4) in PG(3, 4). By Theorem 6.10,
every spread of symmetry of DH(3, 4) arises by intersecting H(3, 4) with a non-
tangent plane. Since every line of H(3, 4) intersects H(3, 4) in a point or a Baer
subline, we have:

Lemma 6.101. If S1 and S2 are two different spreads of symmetry of Q(5, 2), then
|S1 ∩ S2| ∈ {1, 3}.

Let S be a spread of symmetry of Q(5, 2). If K1 and K2 are two different
lines of S, then K1 and K2 are contained in a unique subgrid G and there exists
a unique line K3 ∈ S in G disjoint from K1 and K2. We call R = {K1, K2, K3}
a regulus of S. The lines and reguli of S define an affine plane AS of order 3. If
R is a regulus of S, then R⊥ denotes the set of three lines meeting each line of
R. If R1, R2 and R3 are three mutually disjoint reguli of S, then R1 ∪ R⊥2 ∪ R⊥3
is a spread of symmetry of Q(5, 2) intersecting S in three lines. Conversely, if S′

is a spread of symmetry of Q(5, 2) such that |S ∩ S′| = 3, then there exist three
disjoint reguli R1, R2, R3 of S such that S′ = R1 ∪R⊥2 ∪R⊥3 .

6.9.2 Another model for Q(5, 2)

Let Γ be the following graph on the vertex set F3×F3×F3: two vertices (x1, y1, z1)
and (x2, y2, z2) are adjacent if
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• x1 �= x2, (y1, z1) = (y2, z2), or

• x2 = x1 + y1z2 − y2z1, (y1, z1) �= (y2, z2).

Lemma 6.102. For every two vertices (x1, y1, z1) and (x2, y2, z2) of Γ, there exists
a unique vertex (x3, y3, z3) collinear with (x1, y1, z1) and (x2, y2, z2). As a conse-
quence, every maximal clique of Γ has size 3.

Proof. We need to distinguish two cases.

• x1 �= x2 and (y1, z1) = (y2, z2).
If (y3, z3) �= (y1, z1), then we have x3 = x1 + y1z3 − z1y3 on the one hand
and x3 = x2 + y1z3 − z1y3 on the other hand. This is impossible. Hence,
(y3, z3) = (y1, z1) = (y2, z2). It follows that x3 is the unique element of
F3 \ {x1, x2}.

• x2 = x1 + y1z2 − y2z1 and (y1, z1) �= (y2, z2).
By the first case, we know that (y1, z1), (y2, z2) and (y3, z3) are mutually
different. From x3 = x2 + y2z3 − z2y3 and x3 = x1 + y1z3 − z1y3, it follows
that ∣∣∣∣∣∣

1 y1 z1

1 y2 z2

1 y3 z3

∣∣∣∣∣∣ = 0.

So, (y3, z3) = (−y1 − y2,−z1 − z2). It also follows that x3 = −x1 − x2. �
Let S be the incidence structure with points the vertices of Γ and with lines

the maximal cliques (of size 3) of Γ (natural incidence).

Lemma 6.103. The incidence structure S is isomorphic to Q(5, 2).

Proof. Every line of S contains three points. Since every vertex of Γ is incident
with 10 other vertices, every point of S is incident with five lines. Now, let L be
an arbitrary point. Since |Γ1(L)| = 24, every point of S not contained on L is
collinear with a unique point of L. This proves that S is a generalized quadrangle
of order (2, 4). So, S is isomorphic to Q(5, 2). �

For all a11, a12, a21, a22, b, c, d ∈ F3 such that a11a22 − a12a21 �= 0, consider
the following permutation of the point set of S:⎡
⎣ xθ

yθ

zθ

⎤
⎦ =

⎡
⎣ a11a22 − a12a21 ba21 − ca11 ba22 − ca12

0 a11 a12

0 a21 a22

⎤
⎦
⎡
⎣ x

y
z

⎤
⎦+

⎡
⎣ d

b
c

⎤
⎦ .

We denote this permutation by θ(a11, a22, a12, a21, b, c, d). One easily verifies that
θ(a11, a22, a12, a21, b, c, d) defines an automorphism of S. Let S be the set of lines
of the form {(σ, a, b) |σ ∈ F3}, a, b ∈ F3. The group G := {θ(1, 1, 0, 0, 0, 0, f) | f ∈
F3} of automorphisms of S fix each line of S and acts regularly on each line
of S. It follows that S is a spread of symmetry and that G is the full group of
automorphisms of S fixing each line of S. Since there is up to isomorphism only
one spread of symmetry in Q(5, 2), we can now easily show the following.
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Lemma 6.104. Let S be a spread of symmetry of Q(5, 2) and L a line of S. Then
the group of automorphisms of Q(5, 2) stabilizing S and fixing the line L ∈ S
induces the full group of permutations of this line L.

Lemma 6.105. Let S1 and S2 be two different spreads of symmetry of Q(5, 2) and
let GSi , i ∈ {1, 2}, denote the group of automorphisms of Q(5, 2) fixing each line
of Si. Then GS1 commutes with GS2 if and only if |S1 ∩ S2| = 3.

Proof. By Theorem 4.56,GS1 commutes with GS2 if and only if S1∪S2 is a disjoint
union of lines and grids. The lemma now easily follows. �

We can also show the following.

Lemma 6.106. Let S be a spread of symmetry of Q(5, 2) and let GS denote the
group of automorphisms of Q(5, 2) fixing each line of S. For every two reguli R1

and R2 of S, there exists an automorphism θ of Q(5, 2) which satisfies the following
properties:

(a) Sθ = S;

(b) Rθ
1 = R2;

(c) θ commutes with every element of GS.

Proof. Since all spreads of symmetry of Q(5, 2) are equivalent, we may consider
the above-mentioned spread of symmetry S in S ∼= Q(5, 2). The elements of
GS are precisely the elements θ(1, 1, 0, 0, 0, 0, f) with f ∈ F3. An automorphism
θ(a11, a22, a12, a21, b, c, d) commutes with every element of GS if and only if
a11a22 − a12a21 = 1. The automorphism θ(a11, a22, a12, a21, b, c, d) induces the
following automorphism of the affine plane AS :[

y′

z′

]
=
[

a11 a12

a21 a22

] [
y
z

]
+
[

b
c

]
.

It is now easily seen that we can take elements a11, a22, a12, a21, b, c and d in F3

such that θ(a11, a22, a12, a21, b, c, d) satisfies all required conditions. �

6.9.3 The near polygons DH(2n− 1, 4)⊗Q(5, 2), Gn⊗Q(5, 2) and
E1 ⊗Q(5, 2)

By Theorem 6.10, DH(2n− 1, 4) has up to isomorphism a unique spread of sym-
metry. By Corollary 6.66, E1 has up to isomorphism a unique spread of symmetry.
By Theorem 6.38, Lemma 6.39 and Corollary 6.42, Gn has up to isomorphism a
unique spread of symmetry.

Theorem 6.107. Let S be a near polygon which is isomorphic to either DH(2n−
1, 4), Gn or E1. Then there exists a unique glued near polygon of type S ⊗Q(5, 2).
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Proof. We will use the notation of Chapter 4. Put A1 = S and A2 = Q(5, 2). Up
to equivalence, A1 and A2 have unique spreads of symmetry. So, we may choose
arbitrary spreads of symmetry S1 and S2 in A1 and A2, respectively. By Theorem
4.16, we may also choose arbitrary base lines L

(1)
1 ∈ S1 and L

(2)
1 ∈ S2. Let B be

the line of size 3. By Theorem 4.48, every permutation θ1 : B → L
(1)
1 and every

permutation θ2 : B → L
(2)
1 gives rise to a glued near hexagon of type S ⊗Q(5, 2).

All these glued near hexagons are isomorphic since the group of automorphisms
of A2 fixing S2 and the line L

(2)
1 of S2 induces the full group of six permutations

of the line L
(2)
1 , see Lemma 6.104. �

In the sequel, we will use the notations DH(2n−1, 4)⊗Q(5, 2), Gn⊗Q(5, 2)
and E1 ⊗Q(5, 2) to denote the unique glued near polygons of these types.

6.9.4 Spreads of symmetry of Q(5, 2)⊗Q(5, 2)

Let T1 and T2 denote the two partitions of Q(5, 2) ⊗ Q(5, 2) in Q(5, 2)-quads.
Every element of T1 ∪T2 is big in Q(5, 2)⊗Q(5, 2). Every element of T1 intersects
every element of T2 in a line and S∗ := {F1 ∩ F2|F1 ∈ T1, F2 ∈ T2} is a spread of
Q(5, 2)⊗Q(5, 2). If Q ∈ Ti, i ∈ {1, 2}, then SQ = {Q ∩ F |F ∈ T3−i} is a spread
of symmetry of Q.

Theorem 6.108. Up to equivalence, Q(5, 2)⊗Q(5, 2) has two spreads of symmetry.

Proof. Let B be a spread of symmetry of Q(5, 2)⊗Q(5, 2). By Theorems 4.54 (b),
4.55 and Lemma 6.105, there exists a quad Q of T1∪T2 and a spread of symmetry
S in Q such that |S ∩ SQ| ∈ {3, 9} and B = S̄. Conversely, let Q be a quad of T1

and let S be a spread of symmetry of Q such that |S ∩ SQ| ∈ {3, 9}. By Theorem
4.53 (b) and Lemma 6.105, S̄ is a spread of symmetry of Q(5, 2) ⊗ Q(5, 2). This
proves that S∗ is a spread of symmetry of Q(5, 2) ⊗ Q(5, 2). If Q is a quad of
T1 and if S1 and S2 are two spreads of symmetry of Q intersecting SQ in three
lines, then by Theorem 4.53 (b) and Lemma 6.106, there exists an automorphism
of Q(5, 2)⊗Q(5, 2) mapping S1 to S2 (and fixing each element of T1). Since there
exists an automorphism of Q(5, 2)⊗Q(5, 2) interchanging T1 and T2, there exists,
up to equivalence, only one spread of symmetry in Q(5, 2)⊗Q(5, 2) different from
S∗. �

Definition. We call S∗ the spread of symmetry of type (a). The 24 remaining
spreads of symmetry of Q(5, 2) ⊗ Q(5, 2) are called spreads of symmetry of type
(b).

6.9.5 Near polygons of type (Q(5, 2)⊗Q(5, 2))⊗Q(5, 2)

Let S be a glued near octagon of type (Q(5, 2)⊗Q(5, 2))⊗Q(5, 2). We say that S
is of type (Q(5, 2)⊗Q(5, 2))⊗a Q(5, 2), respectively of type (Q(5, 2)⊗Q(5, 2))⊗b
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Q(5, 2), if it arises from a spread of symmetry of type (a), respectively of type (b),
of Q(5, 2)⊗Q(5, 2).

Theorem 6.109. There exist unique glued near octagons of type (Q(5, 2)⊗(5, 2))⊗a

Q(5, 2) and (Q(5, 2)⊗Q(5, 2))⊗b Q(5, 2).

Proof. We show that there exists a unique glued near octagon of type (Q(5, 2)⊗
(5, 2))⊗b Q(5, 2). The proof for the uniqueness of the glued near octagon of type
(Q(5, 2)⊗ (5, 2))⊗a Q(5, 2) is completely similar. All spreads of symmetry of type
(b) in Q(5, 2)⊗Q(5, 2) are equivalent and all spreads of symmetry of Q(5, 2) are
equivalent. As a consequence, we may choose an arbitrary spread of symmetry
of type (b) in Q(5, 2) ⊗ Q(5, 2), which we call S1, and an arbitrary spread of
symmetry S2 in Q(5, 2). Every glued near polygon which can be obtained for a
certain choice of the base lines can always be obtained for any other choice of the
base lines. Hence, we may also choose arbitrary base lines L

(1)
1 ∈ S1 and L

(2)
1 ∈ S2.

Let B be the line of size 3. By Theorem 4.48, every permutation θ1 : B → L
(1)
1

and every permutation θ2 : B → L
(2)
1 gives rise to a glued near hexagon of type

(Q(5, 2)⊗Q(5, 2))⊗b Q(5, 2). All these glued near hexagons are isomorphic since
the group of automorphisms of Q(5, 2) fixing S2 and the line L

(2)
1 ∈ S2 induces

the full group of six permutations of the line L
(2)
1 , see Lemma 6.104. �

Corollary 6.110. We have

C3 = {DH(5, 4), G3, Q(5, 2)⊗Q(5, 2)},
C4 = {DH(7, 4), G4, DH(5, 4)⊗Q(5, 2), G3 ⊗Q(5, 2), E1 ⊗Q(5, 2),

(Q(5, 2)⊗Q(5, 2))⊗a Q(5, 2), (Q(5, 2)⊗Q(5, 2))⊗b Q(5, 2)}.



Chapter 7

Slim dense near hexagons

7.1 Introduction

In this chapter, we classify all slim dense near hexagons. This classification is
mainly based on the paper [12], which itself was a compilation of the reports
[9], [14] and [17]. The classification in [12] relies on Fisher’s theory on groups
generated by 3-transpositions ([72]) and Buekenhout’s geometric interpretation of
that theory ([18]). The proof which we will present here avoids the use of group
theory and is purely combinatorial. The results of our classification are summarized
in the following theorem.

Theorem 7.1. If S is a dense near hexagon of order (2, t), then S is isomorphic
to one of the 11 near hexagons mentioned in the following table.

In the table Q(5, 2) ⊗ Q(5, 2) denotes the unique glued near hexagon of type
Q(5, 2) ⊗ Q(5, 2). The number v denotes the total number of points of the near

near hexagon v t + 1 big quads other quads local spaces

L3 × L3 × L3 27 3 L3 × L3 – C2,2

W (2) × L3 45 4 L3 × L3, W (2) – C3,2

Q(5, 2) × L3 81 6 L3 × L3, Q(5, 2) – C5,2

H3
∼= I3 105 6 W (2) L3 × L3 PG(2, 2)′

DQ(6, 2) 135 7 W (2) – PG(2, 2)

Q(5, 2) ⊗ Q(5, 2) 243 9 Q(5, 2) L3 × L3 C5,5

G3 405 12 Q(5, 2) L3 × L3, W (2) LG3

E1 729 12 – L3 × L3 K12

E2 759 15 – W (2) PG(3, 2)

E3 567 15 Q(5, 2) W (2) W (2)

DH(5, 4) 891 21 Q(5, 2) – PG(2, 4)
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hexagon and t + 1 denotes the constant number of lines through a point. LG3

denotes a linear space such that all local spaces of G3 are isomorphic to LG3 . K12

denotes the complete graph on 12 vertices.

For a given slim dense near hexagon, all local spaces are isomorphic. We can
use this property to show the following result regarding the structure of slim dense
near polygons. Recall that every slim dense near polygon is finite by Theorem 2.35.

Theorem 7.2. For every slim dense near polygon S there exist constants aS, bS
and cS such that every point x of S is contained in precisely aS grid-quads, bS
W (2)-quads and cS Q(5, 2)-quads. Moreover, we have tS(tS+1) = 2aS+6bS+20cS.

Proof. For each of the 11 slim dense near hexagons H , let aH , bH , respectively cH ,
denote the constant number of grid-quads,W (2)-quads, respectively Q(5, 2)-quads
through a given point of H . Consider two collinear points x and y of S and let
μ denote the number of grid-quads through xy. For every hex H through xy, let
λH denote the number of grid-quads through xy. The total number of grid-quads
through x is equal to μ+

∑
(aH −λH) where the summation ranges over all hexes

H through the line xy. Similarly, the number of grid-quads through y is also equal
to μ +

∑
(aH − λH). Hence every two collinear points are contained in the same

number of grid-quads. By connectedness of S, it follows that every point of S is
contained in the same number of grid-quads, say aS . In a similar way, one shows
that there exist constants bS and cS such that every point of S is contained in
bS W (2)-quads and cS Q(5, 2)-quads. Since every two intersecting lines of S are
contained in a unique quad, tS(tS + 1) = 2aS + 6bS + 20cS . �

7.2 Elementary properties of slim dense near hexagons

In this section we will collect some elementary properties of slim dense near
hexagons. Let S be a slim dense near hexagon, let v denote the total number
of points of S and let t+ 1 denote the constant number of lines through a point.
By Theorem 2.6, there exist constants ni, i ∈ {0, 1, 2, 3}, such that |Γi(x)| = ni

for every point x of S. We have

n0 = 1,
n1 = 2(t+ 1),
n3 = 2(n2 − 4t).

Every two points at distance 2 are contained in a unique quad, which is either a
grid-quad, a W (2)-quad or a Q(5, 2)-quad.

Lemma 7.3. If Q1 and Q2 are two W (2)-quads of a slim dense near hexagon, then
precisely one of the following holds:

(1) Q1 = Q2;
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(2) Q1 ∩Q2 is a line;

(3) Q1 ∩Q2 is a point;

(4) Q2 ⊆ Γ1(Q1);

(5) Q1 ∩Q2 = ∅ and Q2 ∩ Γ1(Q1) induces a (3× 3)-grid;

(6) Q1 ∩Q2 = ∅ and Q2 ∩ Γ1(Q) consists of three intersecting lines.

As a corollary, Q2 ∩ Γ2(Q1) ∈ {0, 6, 8}.
Proof. If Q1 ∩Q2 �= ∅, then we have one of the cases (1), (2) or (3). So, suppose
that Q1 ∩Q2 = ∅ and Q2 ∩ Γ2(Q1) �= ∅. Put X := Q2 ∩ Γ1(Q1). Since W (2) has
no partitions in ovoids, Γ2(Q1) does not contain lines by Theorem 1.23 (4). As
a consequence, every line of Q2 meets X . If x1 and x2 are two collinear points
of X , then x1x2 is completely contained in X by Theorem 1.23 (1). Hence, X is
either a set of noncollinear points or induces a possibly degenerate subquadrangle
of Q2. For the latter possibility, either case (5) or (6) occurs. We prove that the
first possibility cannot occur. Suppose Q1 ∩Q2 = ∅ and Q2 ∩ Γ1(Q1) is an ovoid
O2 of Q2. Put Γ1(O2)∩Q1 = O1. Let x be a point of Q2 \O2. Then d(x, Q1) = 2.
The point x has distance 1 from three points of O2 and hence distance 2 from at
least three points of O1. It follows that Γ2(x) ∩Q1 = O1. So, x must be collinear
with all points of O2, a contradiction. �

For every point x of S, let ax, bx, respectively cx, denote the total number
of grid-quads, W (2)-quads, respectively Q(5, 2)-quads, through x. Since every two
lines through x are contained in a unique grid, we have

2ax + 6bx + 20cx = t(t+ 1). (7.1)

Since every two points at distance 2 are contained in a unique quad, we have

4ax + 8bx + 16cx = n2. (7.2)

From equations (7.1) and (7.2), it follows that if S contains only two types of
quads, then the number of quads of each type through a point is a constant.

If x is a point of S and if Q is a quad of S, then d(x, Q) ≤ 2. If d(x, Q) ≤ 1,
then by Theorem 1.5, x is classical with respect to Q. If d(x, Q) = 2, then x is
ovoidal with respect to Q since d(x, y) ∈ {2, 3} for every point y of Q.

Suppose Q is a big quad of S and let x denote a point of Q. By Theorem 1.7,
every quad of S different from Q either is disjoint from Q or intersects Q in a line.
The quad Q corresponds to a line LQ in the local space Lx := L(S, x) which meets
every other line of the local space. If Q has order (2, t2), then v = |Q|+ |Γ1(Q)| or

v = 3(1 + 2t2)[1 + 2(t− t2)].

So, if a quad of order (2, t2) is big, then every quad of order (2, t2) is big.
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Suppose that S contains a Q(5, 2)-quad Q. Since Q(5, 2) has no ovoids, every
point of S is classical with respect to Q and it follows that Q is a big quad. The
total number of points is then equal to v = 27(2t− 7).

Suppose that S contains a W (2)-quad Q′. If Q′ is big in S, then the total
number of points is equal to v = 15(2t − 3). Suppose now that Q′ is not big in
S, then there exists a point x ∈ Γ2(Q). The points in Q′ at distance 2 from x
form an ovoid {x1, . . . , x5}. Since d(x, Q) = 2, the quad C(x, xi), i ∈ {1, . . . , 5},
intersects Q in {xi} and cannot be isomorphic to Q(5, 2). So, C(x, xi) is isomorphic
to L3 × L3 or W (2) for every i ∈ {1, . . . , 5}. If L is a line through x, then L has
at most one point in common with Γ1(Q) by Theorem 1.23 (1). It follows that
the quads C(x, xi), i ∈ {1, . . . , 5}, two by two intersect in the point x. Since
W (2) has no partition in ovoids, Γ2(Q) does not contain lines by Theorem 1.23
(4). Hence every line through x contains a unique point of Γ1(Q). It follows that
the quads C(x, x1), . . . , C(x, x5) determine a partition of the lines through x. So,
10 ≤ t+ 1 ≤ 15.

We will perform the classification for each of the following cases.

(I) S is a regular near hexagon.

(II) S contains grid-quads and W (2)-quads, but no Q(5, 2)-quads.

(III) S contains grid-quads and Q(5, 2)-quads, but no W (2)-quads.

(IV) S contains W (2)-quads and Q(5, 2)-quads, but no grid-quads.

(V) S contains grid-quads, W (2)-quads and Q(5, 2)-quads.

7.3 Case I: S is a regular near hexagon

Suppose that S is a regular near hexagon with parameters s = 2, t2 and t. We
distinguish the following cases.

• If t2 = 1, then from eigenvalue techniques, see Chapter 3, it follows that t = 2
or t = 11. If t = 2, then S is isomorphic to L3 × L3 × L3 by Theorem 4.4. If
t = 11, then S is isomorphic to E1 by Theorem 6.60.

• If t2 = 2, then from eigenvalue techniques, see Chapter 3, it follows that t = 6
or t = 14. If t = 6, then S is the dual polar space DQ(6, 2) by Corollary 3.7.
If t = 14, then S is isomorphic to E2 by Theorem 6.77.

• If t2 = 4, then every quad of S is isomorphic to Q(5, 2) and hence big. So, S
is a classical near hexagon. It follows that S ∼= DH(5, 4).
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7.4 Case II: S contains grid-quads and W (2)-quads but

no Q(5, 2)-quads

In this case there exist constants a and b such that every point is contained in
a grid-quads and b W (2)-quads. We have 2a + 6b = t(t + 1), n0 = 1, n1 =
2(t + 1), n2 = 4a + 8b = 4(a + 2b), n3 = 2(4a + 8b − 4t) = 8(a + 2b − t) and
v = 3− 6t+ 12(a+ 2b). We distinguish two cases.

7.4.1 There exists a big W (2)-quad

Then v = 15(2t− 3) and every W (2)-quad is big. We can express a and b in terms
of t. We find that

a =
−2t2 + 16t− 24

2
,

b =
t2 − 5t+ 8

2
.

Lemma 7.4. There exists a constant α such that for every W (2)-quad Q and every
line L such that |L∩Q| = 1, there are α grid-quads and 3−α W (2)-quads through
L.

Proof. Since Q is big, every quad through L intersects Q in a line by Theorem 1.7.
Suppose that there are αL grid-quads and 3 − αL W (2)-quads through L. Since
the quads through L partition the set of lines through L∩Q different from L, we
find that t = αL + 2(3− αL) = 6− αL. Hence αL is equal to α := 6− t. �
Lemma 7.5. If α = 3, then S is isomorphic to W (2)× L3.

Proof. We find that t+ 1 = 4. The lemma now follows from Theorem 4.1. �
Lemma 7.6. The case α = 2 cannot occur.

Proof. One calculates that t+ 1 = 5, a = 4 and b = 2. Hence, every local space is
isomorphic to the (3, 3)-cross. By Theorem 4.24, it follows that S is a glued near
hexagon of type W (2)⊗W (2). But this is impossible, because by Theorem 4.42,
W (2) has no spreads of symmetry. �
Lemma 7.7. If α = 1, then S is isomorphic to H3.

Proof. One calculates that t + 1 = 6, a = 3, b = 4 and v = 105. It easily follows
that every local space is isomorphic to PG(2, 2)′. Let Γ be the graph with vertices
the W (2)-quads of S with two W (2)-quads adjacent whenever they are disjoint.
The graph Γ has w = v·4

15 = 28 vertices. There are 15 W (2)-quads intersecting
a given W (2)-quad in a line. It follows that the graph Γ is regular with valency
k = w − 1− 15 = 12.

Let R and S be two disjoint quads of order 2 and let T = RR(S). There
are 15 lines meeting R, S and T , and every such line is contained in two quads of
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order 2. Hence there are exactly 10 quads of order 2 meeting R, S and T . From the
three quads (�= T ) of order 2 through a point of T , there is only one disjoint from
R and S. Hence there are five quads of order 2, disjoint from R and S, meeting
T in a line. Similarly, there are five quads of order 2, disjoint from T , meeting
R (respectively S) in a line. Together with R, S and T , we counted all 28 quads
of order 2. It easily follows that every maximal clique of Γ contains either three
or seven vertices. Moreover, every two adjacent vertices are contained in a unique
maximal clique of size 3 and a unique maximal clique of size 7.

Let X be a set of size 8. Since there are w×k
7×6

= 8 maximal cliques of size 7,
every element of X can be associated to a maximal clique. Since every quad of
order 2 is contained in k

6
= 2 maximal cliques of size 7, every quad Q of order 2

corresponds to a set AQ ⊆ X of order 2. Since there are 28 quads of order 2 and 28
subsets of order 2, the correspondence is bijective. Every line of S is contained in
two quads Q1 and Q2 of order 2, and since AQ1 ∩AQ2 = ∅, every line corresponds
to a partition {AQ1 , AQ2 , X \ (AQ1 ∪AQ2)} of X . Since there are 210 lines and 210
partitions of X in two subsets of size 2 and one subset of size 4, the correspondence
is bijective. Every point of S is contained in four quads Qi, i ∈ {1, 2, 3, 4}, of order
2, and hence corresponds to a partition {AQ1 , AQ2 , AQ3 , AQ4} ofX . Since there are
105 points and 105 partitions of X in four subsets of order 2, the correspondence
is bijective. It is now clear that S ∼= H3. �

7.4.2 No W (2)-quad is big

In this case, we have
10 ≤ t+ 1 ≤ 15. (7.3)

From 2a+ 6b = t(t+ 1), it follows that

1 ≤ a ≤ t(t+ 1)
2

− 3. (7.4)

Each pair (t, a) which is possible by equations (7.3) and (7.4) will be ruled out by
at least one of the Lemmas 7.8, 7.10, 7.11, 7.12, 7.13, 7.14. Notice that b and v can
be written as functions of t and a since 2a+6b = t(t+1) and v = 3−6t+12(a+2b).
The following lemma is straightforward.

Lemma 7.8. • The number of grid-quads is equal to N1 := av
9 and the number

of W (2)-quads is equal to N2 := bv
15 . As a consequence, these numbers are

integral.

• If Q is a W (2)-quad, then |Γ2(Q)| = N , where N := v − 15− 30(t− 2).

Lemma 7.9. Let x be a point of S which is ovoidal with respect to a W (2)-quad Q.
Then x is contained in t− 9 W (2)-quads and 14− t grid-quads which meet Q.

Proof. Suppose that x is contained in k1 grid-quads and k2 W (2)-quads meeting
Q. Since there are five quads meeting Q, we have k1+k2 = 5. We have seen earlier
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that the five quads through x partition the set of lines through x. So, we also have
2k1 + 3k2 = t+ 1. The lemma now immediately follows. �

Lemma 7.10. Let Q be a given W (2)-quad. The total number of grid-quads, re-
spectively W (2)-quads, which meet Q in a unique point is given by 1

4
(14 − t)N ,

respectively 1
8
(t − 9)N . If t �= 10, then the total number of W (2)-quads which

intersect Q in a given point is equal to 1
120 (t− 9)N . As a consequence,

• 1
4 (14− t)N is integral and at most equal to 15a,

• if t �= 10, then 1
120 (t− 9)N is integral and at most equal to b− 1.

Proof. Let Ax denote the total number of W (2)-quads which meet Q in the point
x ∈ Q. Then A :=

∑
x∈Q Ax denotes the the total number of W (2)-quads which

meet Q in a unique point. Counting in two ways the number of pairs (u, Q′), where
|Q ∩Q′| = 1 and u ∈ Q′ ∩ Γ2(Q) gives A · 8 = N · (t− 9). Hence, A = 1

8
(t− 9)N .

In a similar way one shows that there are precisely 1
4(14 − t)N grid-quads which

intersect Q in a point. Suppose now that t �= 10. We will show that Ax = Ay for
all points x and y of Q. Since the noncollinearity graph of Q is connected it suffices
to prove this if x and y are not collinear. Counting the number of pairs (Qx, Qy),
where Qx and Qy are W (2)-quads satisfying Qx ∩ Q = {x}, Qy ∩ Q = {y} and
|Qx ∩ Qy| = 1, we find that Ax · (t − 10) = Ay · (t − 10) or Ax = Ay . Hence if
t �= 10, then Ax = 1

120
(t− 9)N for every point x of Q. �

Lemma 7.11. The case (t, a, b) = (11, 15, 17) cannot occur.

Proof. Let x be a point of S and consider the local space Lx. Let L be a line of size
3 in Lx. Since t = 11, every point of Lx is contained in at most five lines of size 3.
Hence, there are at most 13 lines of size 3 which have nonempty intersection with
L. Let Q denote the W (2)-quad corresponding with L. By Lemma 7.10, there are
precisely four W (2)-quads R such that R ∩ Q = {x}. Hence, there are precisely
four lines of size 3 in Lx which are disjoint with L. Since there are precisely 17
lines of size 3, we find that every point of L is contained in precisely five lines of
size 3. Hence, every point of Lx is incident with either 0 or five lines of size 3. So,
the number of points of Lx which are contained in five lines of size 3 is given by
3b
5 , a contradiction, since this number is not an integer. �

Remark. If Q is a W (2)-quad, then the number of W (2)-quads intersecting Q in
a line is equal to 1

3
[15(b− 1)− 1

8
(t− 9)N ].

Lemma 7.12. 1
3(b− 1− 1

120(t− 9)N) + 1 ≥ 3b
t+1 .

Proof. For every line L of S, let iL denote the number of W (2)-quads through L.
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We have ∑
L

1 =
1
3
(t+ 1)v,

∑
L

iL = 15N2 = vb,

∑
L

iL(iL − 1) =
1
3
N2[15(b− 1)− 1

8
(t− 9)N ].

The inequality
∑

L(iL − 3b
t+1

)2 now gives the desired inequality. �
From Lemma 7.3 we get the following result.

Lemma 7.13. Let Q be a W (2)-quad and let mi, i ∈ {0, 6, 8}, denote the number of
W (2)-quads Q′ for which |Γ2(Q)∩Q′| = i. Then the following (in)equalities hold:

m0 +m6 +m8 = N2,

6m6 + 8m8 = bN,

m0 ≥ 1 +
1
3
[15(b− 1)− 1

8
(t− 9)N ].

As a consequence, 1
8
bN ≤ N2 − 1− 5(b− 1) + 1

24
(t− 9)N .

Lemma 7.14. If t = 9, then b ≤ 6.

Proof. Let x be a point of S and consider the local space Lx. By Lemma 7.10,
every two lines of size 3 in Lx meet each other.

If Lx contains a point u which is collinear with four lines of size 3, then every
other line of size 3 in Lx necessarily goes through u. It follows that b ≤ 4.

Suppose b ≥ 5 and let L1 and L2 denote two lines of size 3. The number of
lines of size 3 intersecting L1 and L2 in a point different from L1 ∩ L2 is at most
4. The number of lines of size 3 through L1 ∩ L2 is at most 3. Hence, b ≤ 7.

Suppose that b = 7, then the lines of size 3 determine a Fano-plane in each
local space. Hence, there are two types of lines in S:
• lines of type I are contained in three grid-quads and three W (2)-quads;

• lines of type II are contained in 0 W (2)-quads and nine grid-quads.

Let Q denote a W (2)-quad of S and define the numbers m0, m6 and m8 as in
Lemma 7.13. From a = 24, v = 405 and N = 180, we find that

m0 +m6 +m8 = 189,
6m6 + 8m8 = 1260,

m0 = 1 + 2 · 15 + ε,

where ε denotes the number of W (2)-quads contained in Γ1(Q). The only possible
solution is ε = 0, m0 = 31, m6 = 2 and m8 = 156. Each point of Q is contained
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in four lines of type I which are not contained in Q. Hence, there are 120 points
x in Γ1(Q) for which xπQ(x) is a line of type I. Let x1 be one of these points.
Every W (2)-quad R through x1 πQ(x1) intersects Q in a line and the two lines of
R through x1 different from x1 πQ(x1) are also of type I. In this way, we find six
lines of type I through x1 which are contained in Γ1(Q). As a consequence, there
are four W (2)-quads through x1 which contain three of these six lines. Since ε = 0,
each of these quads contributes to m8. Hence, m8 ≥ 4 · 120, a contradiction. �

7.5 Case III: S contains grid-quads and Q(5, 2)-quads

but no W (2)-quads

In this case, there exist constants a and c such that every point is contained in
a grid-quads and c Q(5, 2)-quads. We have t(t + 1) = 2a + 20c, n0 = 1, n1 =
2(t + 1), n2 = 4a + 16c = 4(a + 4c), n3 = 2(4a + 16c − 4t) = 8(a + 4c − t) and
v = 3 − 6t + 12(a+ 4c). Since S has a big Q(5, 2)-quad, we have v = 27(2t− 7).
Equating both expressions for v, we find that a+4c = 5t−16. We can now express
a and c in terms of t. We find

a =
−t2 + 24t− 80

3
,

c =
t2 − 9t+ 32

12
.

Lemma 7.15. There exists a constant α such that for every Q(5, 2)-quad Q and
every line L such that |L∩Q| = 1, there are α grid-quads and 5−α Q(5, 2)-quads
through L.

Proof. Since Q is big, every quad through L intersects Q in a line by Theorem 1.7.
Suppose that there are αL grid-quads and 5− αL Q(5, 2)-quads through L. Since
the quads through L partition the set of lines through L∩Q different from L, we
find that t = αL + 4(5− αL) = 20− 3αL. Hence αL is equal to α := 20−t

3 . �

Lemma 7.16. If α = 5, then S ∼= Q(5, 2)× L3. If α = 4, then S is isomorphic to
Q(5, 2)⊗Q(5, 2). The case α ∈ {0, 1, 2, 3} cannot occur.

Proof. • If α = 5, then t = 5, c = 1 and a = 5. By Theorem 4.1, S ∼=
Q(5, 2)× L3.

• If α = 4, then t = 8, c = 2 and a = 16. Every local space is a (5, 5)-cross. By
Theorem 4.24, S is a glued near hexagon of typeQ(5, 2)⊗Q(5, 2). By Theorem
6.107, there exists a unique glued near hexagon of type Q(5, 2)⊗Q(5, 2).

• If α = 3, then t = 11 and c = t2−9t+32
12

�∈ N. So, this case cannot occur.

• If α = 2, then t = 14 and c = t2−9t+32
12 �∈ N. So, this case cannot occur.
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• If α = 1, then t = 17, c = 14 and a = 13. We will show that this case
cannot occur. Let x be an arbitrary point of S. Since a = 13, there exists
a line through x which is contained in at least two grid-quads R1 and R2.
Since c = 14, there exists a Q(5, 2)-quad Q through x not containing the line
L. Now, R1 and R2 are two grid-quads through L intersecting Q in a line,
contradicting α = 1.

• Since there exist grid-quads through every point, α cannot be equal to 0. �

7.6 Case IV: S contains W (2)-quads and Q(5, 2)-quads
but no grid-quads

There exist constants b and c such that every point is contained in b W (2)-quads
and c Q(5, 2)-quads.We have 6b+20c = t(t+1), n0 = 1, n1 = 2(t+1), n2 = 8b+16c,
n3 = 2(8b+16c−4t) = 8(2b+4c− t) and v = 3−6t+12(2b+4c). Since S contains
a big Q(5, 2)-quad, we have v = 27(2t − 7). Equating both expressions for v, we
find that 2b+ 4c = 5t− 16.

Lemma 7.17. No W (2)-quad is big.

Proof. Suppose the contrary. Then v = 15(2t − 3) = 30t − 45. Together with
v = 27(2t−7) this implies that t = 6. From 6b+20c = t(t+1) and 2b+4c = 5t−16,
it now follows that c = 0, a contradiction. �
Lemma 7.18. t+ 1 = 15, b = 15 and c = 6.

Proof. Let Q be a W (2)-quad and let x be a point at distance 2 from Q. Then
there are five quads through x which intersect Q in a point. All these quads are
isomorphic to W (2) and partition the set of lines through x. Hence t + 1 = 15.
From 6b + 20c = t(t + 1) and 2b + 4c = 5t − 16, it now follows that b = 15 and
c = 6. �
Lemma 7.19. Every local space is isomorphic to W (2).

Proof. Every local space L has 15 points, 15 lines of size 3 and six lines of size 5.
Every line of size 5 meets every other line of the local space. For every point x of
L there exists a line L of size 5 not containing x and every line through x meets
L. As a consequence, every point of L is contained in precisely five lines. Since all
these lines cover all the points of L, it easily follows that every point is contained
in three lines of size 3 and two lines of size 5. The lemma now follows from Lemma
6.44. �
Definition. Let Ω denote the incidence structure whose points are the pairs
(x, {K1, K2}) where (x, K1) and (x, K2) are two different flags of Q(5, 2), and
whose lines are the pairs (N, R) with N a line of Q(5, 2) and R a proper subquad-
rangle of Q(5, 2) through N . A point (x, {K1, K2}) is incident with a line (N, R)
if and only if the following conditions are satisfied:
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(i) x ∈ N ,

(ii) K1 and K2 are lines of R,

(iii) K1 �= N �= K2 if R ∼= W (2).

Recall that with every big convex subpolygon F of a slim dense near polygon S,
there is associated a partial linear space Ω(S, F ), see Section 2.6.

Lemma 7.20. If Q is a Q(5, 2)-quad of S, then Ω(S, Q) ∼= Ω.

Proof. Every POINT K of Ω(S, Q) is contained in two big quads Q1 and Q2

intersecting Q in the respective lines K1 and K2. Clearly Qi, i ∈ {1, 2}, is the
only big quad through Ki different from Q, and K = Q1 ∩ Q2. Hence, the map
θ : K �→ (K ∩Q, {K1, K2}) is a bijection between the point sets of Ω(S, Q) and Ω.
Now, let G be a subgrid of S intersecting Q in a line N , and let K, L and M be
the three POINTS of Ω(S, Q) incident with G. If G is contained in a Q(5, 2)-quad,
then we may suppose that K1 = L1 = M1 = N . If QA, A ∈ {K, L, M}, denotes
the big quad through A and A2, then the reflection of QK about QL is equal to
QM . Hence K2, L2 and M2 are contained in a subgrid R of S. Suppose now that
G is contained in a W (2)-quad. As before, the reflection of Ki, i ∈ {1, 2}, around
Lj, j ∈ {1, 2}, belongs to {M1, M2}. This proves that K1, K2, L1, L2, M1 and
M2 are contained in a subquadrangle R isomorphic to W (2). We have just shown
that the incidence is preserved by θ. The lemma now follows since Ω(S, Q) and Ω
have the same number of lines. �
Corollary 7.21. S is isomorphic to E3.

Proof. Let Q′ denote an arbitrary Q(5, 2)-quad of E3. Since E3 has W (2)-quads
and Q(5, 2)-quads, but no grid-quads, Ω(E3, Q

′) ∼= Ω(S, Q). By Theorem 2.40,
S ∼= E3. �

7.7 Case V: S contains grid-quads, W (2)-quads and

Q(5, 2)-quads

In this case, we have v = 27(2t− 7).

Lemma 7.22. No quad isomorphic to W (2) is big. As a consequence, 10 ≤ t+1 ≤
15.

Proof. Suppose the contrary. Then v = 30t − 45. Hence t = 6. Let x be a point
which is contained in a Q(5, 2)-quad Q. Let L1 and L2 be the two lines through x
not contained in Q. Then C(L1, L2) is a W (2)-quad which intersects Q in a line.
Hence, the local space at x is isomorphic to the (3, 5)-cross. By Theorem 4.24 it
follows that S is a glued near hexagon of type W (2)⊗Q(5, 2). This is impossible
since W (2) has no spreads of symmetry by Theorem 4.42. �
Lemma 7.23. If t+ 1 ≥ 12, then every line of S is contained in a Q(5, 2)-quad.



178 Chapter 7. Slim dense near hexagons

Proof. Let L be a line which meets a Q(5, 2)-quad Q. If L were not contained in
a Q(5, 2)-quad, then since every quad through L meets Q, we would have that
t ≤ 5 · 2, a contradiction. Hence, every line meeting a Q(5, 2)-quad is contained
in a Q(5, 2)-quad. Since there exists at least one Q(5, 2)-quad, every point of S
is contained in a Q(5, 2)-quad. So, every line of S meets a Q(5, 2)-quad and is
contained in a Q(5, 2)-quad. �

Lemma 7.24. The case t+ 1 = 13 cannot occur.

Proof. The total number of points is equal to v = 27(2t− 7) = 27 · 17. Consider a
local space Lx. By Lemma 7.23, every point of Lx is contained in a line of size 5.
Hence, Lx contains at least three lines of size 5, say L1, L2 and L3. We distinguish
two cases.

• Suppose L1 ∩ L2 ∩ L3 = ∅.
Then there exists a unique point in Lx not contained in L1 ∪ L2 ∪ L3. This
point is contained in a line L4 of size 5. The line L4 has at most one point
in common with L1, L2 and L3. Hence, |L4| ≤ 4, a contradiction.

• Suppose L1 ∩ L2 ∩ L3 = {u}.
Then every point of Lx is contained in L1 ∪ L2 ∪ L3. Since every line of Lx

meets L1, L2 and L3, there are precisely 16 lines of size 3 and no line of size
2.

Hence, the total number of W (2)-quads is equal to 16v
15 , which is not an integer.

So, we have a contradiction. �

For every point x of S, let I(x) denote the intersection of all Q(5, 2)-quads
through x.

Lemma 7.25. If t+ 1 ∈ {12, 14, 15}, then I(x) = {x} for every point x of S.

Proof. Suppose the contrary. Let L be a line in I(x). By Lemma 7.23, the Q(5, 2)-
quads through L partition the set of lines through x. So, t is a multiple of 4, a
contradiction. �

Lemma 7.26. If t+1 ∈ {12, 14, 15}, then there exist constants a, b and c, such that
every point of S is contained in a grid-quads, b W (2)-quads and c Q(5, 2)-quads.

Proof. By the connectedness of S, it suffices to prove that ax = ay, bx = by and
cx = cy for every two collinear points x and y. Let z denote the third point on
the line xy. By Lemma 7.25, I(z) = {z}. So, there exists a Q(5, 2)-quad through
z not containing xy. The reflection about Q is an automorphism of S mapping x
to y. The lemma now follows immediately. �

Lemma 7.27. If t+ 1 ∈ {14, 15}, then the following holds for every point x of S.

(i) The number b is a multiple of 5.

(ii) Every point of Lx is contained in at most three lines of size 5.
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(iii) If there exists a point in Lx which is contained in precisely three lines of size
5, then t+ 1 = 15 and c = 4.

(iv) If every point of Lx is contained in at most two lines of size 5, then c = 4 if
t+ 1 = 14 and c ∈ {5, 6} if t+ 1 = 15.

Proof. (i) The total number of W (2)-quads is equal to vb
15

= 27(2t−7)b
15

. The
statement now follows from the fact that this number must be integral.

(ii) If there were more than three lines of size 5 through a point of Lx, then we
would have t+ 1 ≥ 17.

(iii) Let L1, L2 and L3 denote three lines of size 5 through the same point of
Lx. If t+ 1 = 14, then there exists a unique point u in Lx not contained in
L1 ∪ L2 ∪ L3. By Lemma 7.23, the point u is contained in a line of size 5
which has at most one point in common with each of the lines L1, L2 and
L3. This is impossible. If t + 1 = 15, then there exist two points u1 and u2

in Lx not contained in L1 ∪ L2 ∪ L3. The point u1 is contained in a line of
size 5 which has at most one point in common with each of the lines L1, L2

and L3. Hence, this line coincides with u1u2. It now immediately follows that
c = 4.

(iv) Let L1, L2 and L3 denote three lines of size 5 in Lx. If t + 1 = 14, let u1

and u2 denote the two points of Lx not contained in L1 ∪L2 ∪L3. The point
u1 is contained in a line of size 5 which intersects each of the lines L1, L2

and L3 in at most one point and hence coincides with u1u2. So, c = 4. If
t+ 1 = 15, let u1, u2 and u3 denote the three points of Lx not contained in
L1∪L2∪L3. Every line of size 5 different from L1, L2 and L3 has two points
outside L1 ∪L2 ∪L3 and hence is equal to either u1u2, u1u3 or u2u3. Hence,
c ≤ 6. Since, each of the points u1, u2 and u3 is contained in a line of size 5,
we must also have that c ≥ 5. �

Lemma 7.28. The cases t+ 1 = 14 and t+ 1 = 15 cannot occur.

Proof. Suppose t+1 = 14. From (t−4)(t−5) = 2b+12(c−1) and Lemma 7.27 (i),
it follows that c is a 5-fold+2, contradicting properties (iii) and (iv) of the same
lemma. If t+ 1 = 15, then from (t− 4)(t− 5) = 2b+ 12(c− 1), it follows that c is
a 5-fold+1. Hence, c = 6 and b = 15. From 2a+ 6b+ 20c = (t+ 1)t it now follows
that a = 0, a contradiction, since grid-quads do occur. �
Lemma 7.29. We have n2 = 20t− 64.

Proof. Let x be a point of S which is contained in a Q(5, 2)-quad. Then Γ2(x) =
(Γ2(x) ∩Q)∪ (Γ2(x)∩ Γ1(Q)). A point y of Γ1(Q) lies at distance 2 from x if and
only if the unique point of Q collinear with x is collinear with x. It follows that
n2 = 16 + 10 · 2 · (t− 4) = 20t− 64. �
Lemma 7.30. If t+1 = 10, then one of the following cases occurs for a point x of
S:
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(i) (ax, bx, cx) = (5, 10, 1);

(ii) (ax, bx, cx) = (13, 4, 2).

If t+ 1 = 11, then one of the following cases occurs:

(i) (ax, bx, cx) = (0, 15, 1);

(ii) (ax, bx, cx) = (8, 9, 2).

Proof. Obviously, cx ≤ 2. The lemma now follows from the fact that 2ax + 6bx +
20cx = (t+ 1)t and 4ax + 8bx + 16cx = n2 = 20t− 64. �

Lemma 7.31. The case t+ 1 = 10 cannot occur.

Proof. By the proof of Lemma 7.22, no two W (2)-quads intersect in a unique
point. Let x be a point of type (i). Let L denote the unique line of size 5 in Lx

and let a, b, c, d and e denote the five points of Lx not contained in L. Let f
be the intersection points of the lines ab and L. The line cd intersects ab. Hence
f belongs to cd. In a similar way one shows that f belongs to ce. But this is
impossible. Hence, every point is of type (ii). But then the total number of W (2)-
quads is equal to v·4

15 = 297·4
15 , which is not an integer. So, the case t + 1 = 10

cannot occur. �

Lemma 7.32. The case t+ 1 = 11 cannot occur.

Proof. In this case S contains v = 351 points. If all points were of type (ii), then
S would contain 351·9

15 W (2)-quads, a contradiction. Hence, there exists a point
x of type (i). Since there exists no grid-quad through x, every W (2)-quad either
contains x or contains a unique point collinear with x (see the proof of Lemma
7.22).

Step 1: Every point of Γ3(x) has type (ii).

Proof. Suppose the contrary. Let y be a point of type (i) in Γ3(x). The unique
Q(5, 2)-quad through y contains a unique point of Γ1(x). Hence, at most 10 W (2)-
quads through y contain a point at distance 1 from x, a contradiction, since each
of the 15 W (2)-quads through y must contain such a point. �

Step 2: There are precisely 81 points of type (i) and 270 points of type (ii). There
are 23 Q(5, 2)-quads.

Proof. Suppose that there are α points of type (ii) and 351−α points of type (i).
The total number of Q(5, 2)-quads is equal to 2α+(351−α)

27 . Hence α is a multiple
of 27. The total number of W (2)-quads is equal to 9α+15(351−α)

15
. Hence α is a

multiple of 5. By Step 1, we know that α ≥ n3 = 192. The statement now readily
follows. �

Step 3: 12 points in Γ1(x) have type (i) and 10 have type (ii).
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Proof. Suppose A′ points in Γ1(x) are of type (i) and B′ points are of type (ii).
Counting pairs (w, Q), where w is a point collinear with x and whereQ is a Q(5, 2)-
quad through w gives A′+2B′ = 1 · 10+ 22 · 1 = 32. Together with A′ +B′ = 22,
this implies that A′ = 12 and B′ = 10. �

We will now derive a contradiction. Let x′ be one of the 68 points of type (i)
at distance 2 from x. By Step 3, there exists a point x′′ of type (i) collinear with x
not contained in the quad through x and x′. But then d(x′, x′′) = 3, contradicting
Step 1. �

Lemma 7.33. If t+ 1 = 12, then S is isomorphic to G3.

Proof. Every local space contains precisely three lines of size 5, nine lines of size
3 and nine lines of size 2 and hence is isomorphic to LG3 . The lemma now follows
from Theorem 7.34 which we will prove in the appendix of this chapter. �

7.8 Appendix

The aim of this appendix is to prove the following theorem.

Theorem 7.34. Let S = (P ,L, I) be a slim dense near 2n-gon, n ≥ 3, with
the property that every local space is isomorphic to LGn . Call a line of S spe-
cial if it is not contained in a W (2)-quad and ordinary otherwise. Suppose that
C(L1, . . . , Lk) ∼= Gk for every k ∈ {1, . . . , n − 1}, for every point x and for every
k different special lines L1, . . ., Lk through x. Then S ∼= Gn.

In Theorem 7.34, LGn denotes a linear space such that L(Gn, x) ∼= LGn for
every point x of Gn. We prove the theorem in a sequence of lemmas. Let Vk,
k ∈ {1, . . . , n− 1}, denote the set of all convex sub-2k-gons generated by k special
lines through a given point of S. Every element of Vk, k ∈ {1, . . . , n − 1}, is
isomorphic to Gk and hence contains mk :=

3k(2k)!
2kk!

points. By Theorem 2.31 and
the fact that every local space is isomorphic to LGn , it follows that every element
of Vn−1 is big.

Lemma 7.35. Let M1, M2 and M3 be three mutually disjoint lines in a subgrid G
of S. If M1 and M2 are special, then also M3 is special.

Proof. There exists an element F ∈ Vn−1 through M2 not containing G. Since
RF ∈ Aut(S), M3 = RF (M1) is special. �

Lemma 7.36. Every Q(5, 2)-quad Q of S can be partitioned into three grids, such
that a line of Q is special if and only if it is contained in one of these grids.

Proof. If x ∈ Q, then L(S, x) ∼= LGn and hence exactly two from the five lines
of Q ∼= Q(5, 2) through x are special. Since Q contains 27 points, it has exactly
27·2
3 = 18 special lines. Consider a special line L ⊆ Q and let M1, M2 and M3

denote the three special lines of Q intersecting L in a point. By Lemma 7.35,
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M1, M2 and M3 are contained in a grid G1. Let G2 and G3 denote the subgrids
of Q as in Lemma 1.38. At most 10 from the 18 special lines meet G1; hence
G2 ∪G3 contains two intersecting special lines N1 and N2. We may suppose that
N1, N2 ⊆ G3. For every line P of G2, there exists a unique i ∈ {1, 2, 3} and a
unique j ∈ {1, 2} such that P , Mi and Nj are contained in a grid. Hence by
Lemma 7.35, every line of G2 is special. Since Q contains exactly 12 special lines
disjoint from G2, all lines of G1 and G3 are special. This proves the lemma. �

Define the following relation R on the set V := Vn−1. For two elements
v1, v2 ∈ V , we say that (v1, v2) ∈ R if exactly one of the following holds:

(i) v1 = v2,

(ii) v1 ∩ v2 = ∅ and every line meeting v1 and v2 is special.

Lemma 7.37. The relation R is an equivalence relation and every equivalence class
contains exactly three elements.

Proof. Let v ∈ V be arbitrary. Every point a ∈ v is contained in a unique special
line La = {a, a1, a2} not contained in v, and we define Ωa := {va1 , va2} where vai

denotes the unique element of V through ai not containing La. It suffices to prove
that Ωa = Ωb for all a, b ∈ v.

Suppose first that d(a, b) = 1. Let c denote the unique third point on the
line ab and let v′ denote an element of V through c not containing ab. Since
Rv′ ∈ Aut(S), Rv′(La) is a special line through b and hence equal to Lb. As a
consequence Lb is contained in the quad Q := C(b, La). Since La is special, Q is
not isomorphic to W (2). Suppose that Q is a grid. Since vai is big, Q∩vai is a line
that meets Lb. Since Lb ∩ vai �= ∅, i ∈ {1, 2}, Ωb = {va1 , va2} = Ωa. Suppose that
Q is a Q(5, 2)-quad. Since Q ∈ V2 and v, va1 , va2 ∈ V , Q ∩ v, Q ∩ va1 and Q ∩ va2

are special lines. By Lemma 7.36, the unique line through b intersecting Q∩ vai is
special and hence equal to Lb. Since Lb∩vai �= ∅, i ∈ {1, 2}, Ωb = {va1 , va2} = Ωa.

If a and b are not collinear, consider then a path a = c0, . . . , ck = b of length
k = d(a, b) between a and b. Then Ωa = Ωc0 = · · · = Ωck

= Ωb. �

Lemma 7.38. Let v1, v2 and v3 be three different elements of V for which (v1, v2) ∈
R. Then v1 ∩ v3 �= ∅ if and only if v2 ∩ v3 �= ∅.
Proof. If a ∈ v1∩v3, then v3 necessarily contains the unique special line La through
a not contained in v1. Since La ∩ v2 �= ∅, the lemma follows. �

Lemma 7.39. Let v1, v2, v3, v4 ∈ V such that (vi, vj) �∈ R for all i, j ∈ {1, 2, 3, 4}
with i �= j. If v1 ∩ v2 = ∅ and v3 = Rv2(v1), then v4 intersects at least one of v1,
v2 and v3.

Proof. Since every point of S is contained in n elements of V , we have |V | =
mn·n
mn−1

= 3n(2n− 1).



7.8. Appendix 183

(i) Let N1 denote the number of elements of V intersecting v1, v2 and v3. Every
line intersecting v1 and v2 is ordinary and hence is contained in n−2 elements
of V . Each of these n−2 elements intersects v1 in an element of Vn−2. Hence
N1 =

mn−1·(n−2)
mn−2

= 3(n− 2)(2n− 3).

(ii) Let N2 denote the number of elements of V \ {v1} meeting v1 and disjoint
from v2 and v3. By (i), every point of v1 is contained in n− 2 elements of V
which intersect v2 and v3. Hence every point of v1 is contained in a unique
element of V \ {v1} disjoint from v2 and v3. This element intersects v1 in an
element of Vn−2. Hence N2 =

mn−1
mn−2

= 3(2n− 3).

(iii) There are N3 = 9 elements of V belonging to one of the equivalence classes
determined by v1, v2 and v3.

The lemma now follows since N1 + 3N2 +N3 = |V |. �

Let Γ be the graph whose vertices are the equivalence classes determined by
R with two classes γ1 and γ2 adjacent if and only if v1 ∩ v2 = ∅ for every v1 ∈ γ1

and every v2 ∈ γ2. The graph Γ has |V |3 =
(
2n
2

)
vertices.

Lemma 7.40. The graph Γ is regular with valency k(Γ) = 4(n− 1).

Proof. Let v be a fixed element of V . From the 3n(2n − 1) elements in V , three
are contained in the equivalence class of v, and mn−1·(n−1)

mn−2
= 3(n − 1)(2n − 3)

intersect v in an element of Vn−2. By Lemma 7.38 it then follows that k(Γ) =
3n(2n−1)−3(n−1)(2n−3)−3

3
= 4(n− 1). �

Lemma 7.41. Every two adjacent vertices γ1 and γ2 of Γ are contained in two
maximal cliques, one of size 3 and one of size 2n− 1.

Proof. Let v1 ∈ γ1, v2 ∈ γ2, let v3 denote the reflection of v2 about v1 and let
γ3 denote the equivalence class of v3. By Lemma 7.39, {γ1, γ2, γ3} is a maximal
clique. Let C �= {γ1, γ2, γ3} denote another maximal clique through γ1 and γ2. If
γ4 ∈ C \ {γ1, γ2}, then every v4 ∈ γ4 intersects v3. By the proof of Lemma 7.39,
there are N2 = 3(2n − 3) mutually disjoint elements in V \ {v3} which intersect
v3 and are disjoint from v1 ∪ v2. By Lemma 7.38, these elements of V correspond
to N2

3
= 2n− 3 vertices of Γ. The maximal clique C necessarily consists of γ1, γ2

and these 2n− 3 vertices of Γ. This proves our lemma. �

Lemma 7.42. There is a bijective correspondence between the maximal cliques of
size 2n − 1 in Γ and the elements of B = {ē0, . . . , ē2n−1}. There is a bijective
correspondence between the vertices of Γ and the pairs of the set B.

Proof. The graph Γ has |Γ|·k(Γ)
(2n−1)·(2n−2)

= 2n maximal cliques of size 2n−1, proving
the first part of the lemma. Since every vertex of Γ is contained in k(Γ)

2n−2
= 2

maximal cliques, it corresponds with a subset of size 2 of B. By Lemma 7.41,
every pair of B corresponds to at most one vertex of Γ. The second part of the
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lemma now follows since there are as many vertices in Γ as there are pairs in
B. �
Lemma 7.43. Let v1, v2 denote two nonequivalent disjoint elements of V , let v3 de-
note the reflection of v2 around v1, and let γk, k ∈ {1, 2, 3}, denote the equivalence
class determined by vk. Then there exist f̄1, f̄2, f̄3 ∈ B such that γj, j ∈ {1, 2, 3},
corresponds to {f̄j, f̄j+1}, where indices are taken modulo 3.

Proof. Let γ1 correspond to {f̄1, f̄2} ⊆ B, γ2 to {ḡ1, ḡ2} ⊆ B and γ3 to {h̄1, h̄2} ⊆
B. Since γ1, γ2 and γ3 are not contained in a maximal clique of size 2n − 1,
{f̄1, f̄2} ∩ {ḡ1, ḡ2} ∩ {h̄1, h̄2} = ∅. Since there is a unique maximal clique of size
2n−1 through γ1 and γ2, |{f̄1, f̄2}∩{ḡ1, ḡ2}| = 1. Similarly, |{f̄1, f̄2}∩{h̄1, h̄2}| = 1
and |{ḡ1, ḡ2} ∩ {h̄1, h̄2}| = 1. The lemma now immediately follows. �

We define X as the set of all points of weight 2 in PG(2n−1, 4) with respect
to a given reference system.

Lemma 7.44. The point-line geometry Δ with point set V and line set

{{v1, v2,Rv2(v1)}|v1, v2 ∈ V, v1 ∩ v2 = ∅}
is isomorphic to the point-line geometry Δ′ whose points are the elements of X
and whose lines are those lines L of PG(2n− 1, 4) for which |L∩X | = 3 (natural
incidence).

Proof. We first construct a bijection between V and X . For every i ∈ {1, . . . , 2n−
1}, the equivalence class corresponding to {ē0, ēi} contains three elements of V
which can be labeled with the three elements of the set {〈ē0 + αēi〉|α ∈ F∗4} ⊆ X .
For all i, j ∈ {1, 2, . . . , 2n − 1} with i < j and every α ∈ F∗4, the reflection of
〈ē0 + αēj〉 (regarded as an element of V ) around 〈ē0 + ēi〉 is labeled with the
element 〈ēi + αēj〉 of X . In this way, we have a bijection between V and X .

For all i, j ∈ {1, 2, . . . , 2n− 1} with i < j, we now define a binary operation
⊗ij on F∗4 in the following way: 〈ēi + (α ⊗ij β)ēj〉 is the reflection of 〈ē0 + βēj〉
about 〈ē0 + αēi〉. Clearly ⊗ij determines a latin square of order 3 on the set F∗4.
Since 1⊗ij α = α for every α ∈ GF (4)∗, we necessarily have α⊗ij β = αεij · β for
some εij ∈ {+1,−1}.

Let i, j, k ∈ {1, . . . , 2n − 1} such that i < j < k and let α, β, γ ∈ F∗4. Put
v = 〈ē0 + γēi〉, v1 = 〈ē0 +αēj〉, v2 = 〈ē0 + βēk〉 and v3 = 〈ēj +(αεjk · β)ēk〉. Since
v3 = Rv1(v2) and Rv ∈ Aut(S), the reflection of Rv(v2) around Rv(v1) equals
Rv(v3). Hence, the reflection of 〈ēi + (γεij ·α)ēj〉 around 〈ēi + (γεik · β)ēk〉 equals
〈ēj + (αεjk · β)ēk〉. In particular, the reflection of 〈ēi + αēj〉 around 〈ēi + βēk〉
equals 〈ēj +(αεjk ·β)ēk〉. Hence (γεij ·α)εjk · (γεik ·β) = (αεjk ·β) or εijεjk = −εik.
Putting ε11 = −1, we have that ε1jεjk = −ε1k for all j, k ∈ {1, . . . , 2n − 1} with
j < k.

For a point v ∈ V with label 〈ēi + αēj〉, i < j, we put θ(v) := 〈ēi + αε1j ēj〉.
Clearly θ is a bijection between V and X . Now, choose i, j and k such that
0 ≤ i < j < k ≤ 2n − 1, and let α, β ∈ F∗4. Since v1 := θ−1(〈ēi + αēj〉)
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and v2 := θ−1(〈ēi + βēk〉) have respective labels 〈ēi + αε1j ēj〉 and 〈ēi + βε1k ēk〉,
the reflection v3 of v2 around v1 has label 〈ēj + (αε1jεjkβε1k)ēk〉. Hence θ(v3) =
〈ēj + (αε1jεjkε1kβε1kε1k)ēk〉 = 〈ēj + (α−1β)ēk〉. It is now easily seen that θ is an
isomorphism between Δ and Δ′. �

Recall that Gn = (Y, Y ′, I), where Y , respectively Y ′, is the set of all good
subspaces of H(2n− 1, 4) with dimension n− 1, respectively n− 2. If π ∈ Y , then
Gπ consists of n elements of X ; if π ∈ Y ′ is a special line of Gn, then Gπ consists
of n − 1 elements of X ; if π ∈ Y ′ is an ordinary line of Gn, then Gπ consists of
n− 2 elements of X and one point of weight 4. We refer to Section 6.3.3 for more
details.

Every point x of S is contained in n elements v1, . . . , vn of V . Since vi∩vj �= ∅,
the supports of θ(vi) and θ(vj) are disjoint. We define φ(x) := 〈θ(v1), . . . , θ(vn)〉.
Clearly φ(x) ∈ Y .

Lemma 7.45. The map φ : P �→ Y is bijective.

Proof. Let π ∈ Y , then {v1, . . . , vn} := θ−1(X ∩π) is a set of n elements of V and
v1∩· · ·∩vn is a convex subpolygon. Since a line of S is contained in at most n−1
elements of V , |v1 ∩ · · · ∩ vn| ≤ 1. If π = φ(x), then {x} = v1 ∩ · · · ∩ vn, proving
that φ is injective. Since |Y | = |P| = 3n·(2n)!

2n·n! , φ necessarily is bijective. �
For a line L = {x1, x2, x3} of S, we put φ′(L) = φ(x1) ∩ φ(x2) ∩ φ(x3).

Lemma 7.46. For every line L of S, φ′(L) ∈ Y ′.

Proof. (A) Suppose that L is special. Let v1, . . . , vn−1 denote the n− 1 elements
of V through L, and let wi, i ∈ {1, 2, 3}, denote the unique element of V through
xi not containing L. Clearly φ′(L) = 〈θ(v1), . . . , θ(vn−1)〉 ∈ Y ′.
(B) Suppose that L is an ordinary line. Let v1, . . . , vn−2 denote those elements
of V through L, and let ui and wi denote the two elements of V through xi not
containing L. We may suppose that u3 = Ru1(u2). Then w2 = Rw1(u3) and w3 =
Ru1(w2). Putting θ(u1) = 〈ē0+αē1〉, θ(w1) = 〈ē2+βē3〉 and θ(u2) = 〈ē1+γē2〉, we
find θ(u3) = 〈ē0+αγē2〉, θ(w2) = 〈ē0+αβγē3〉 and θ(w3) = 〈ē1+βγē3〉. One easily
calculates that φ′(L) = 〈θ(v1), . . . , θ(vn−2), 〈ē0 + αē1 + αγē2 + αβγē3〉〉 ∈ Y ′. �
Lemma 7.47. The map φ′ : L �→ Y ′ is bijective.

Proof. Let π′ ∈ Y ′. If π′ = φ′(L), then necessarily L = {φ−1(π) |π ∈ Y and π′ ⊂
π}. Hence φ is injective. Since |L| = |Y ′| = 3n−1(2n)!(3n−1)

2n+1(n−1)!
, φ′ is bijective. �

Now, a point x and a line L of S are incident if and only if φ(x) and φ′(L)
are incident in Gn. This proves that S ∼= Gn.





Chapter 8

Slim dense near polygons with a
nice chain of convex
subpolygons

8.1 Overview

We give an overview of the theorems which we will prove in this chapter. These
results are based on the papers [36], [40], [58], [59] and [62].

Theorem 8.1. Let S be a slim dense near 2n-gon, n ≥ 3, containing a big convex
subpolygon F isomorphic to DQ(2n − 2, 2). Then S is isomorphic to one of the
following near polygons:

• DQ(2n, 2);

• DQ(2n− 2, 2)× L3;

• In.

Theorem 8.2. Let S be a slim dense near 2n-gon, n ≥ 4, containing a big convex
subpolygon F isomorphic to DH(2n − 3, 4). Then S is isomorphic to one of the
following near polygons:

• DH(2n− 1, 4);

• DH(2n− 3, 4)⊗Q(5, 2);

• DH(2n− 3, 4)× L3.

In the previous theorem, DH(2n − 3, 4)⊗ Q(5, 2) denotes the unique glued
near polygon of type DH(2n− 3, 4)⊗Q(5, 2), see Section 6.9.3.
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Theorem 8.3. Let S be a slim dense near 2n-gon, n ≥ 4, containing a big convex
subpolygon F isomorphic to Hn−1. Then S is isomorphic to either Hn or Hn−1 ×
L3.

Theorem 8.4. Let S be a slim dense near 2n-gon, n ≥ 5, containing a big convex
subpolygon F isomorphic to In−1. Then S is isomorphic to In−1 × L3.

Remark. Since I3 ∼= H3, the case n = 4 of Theorem 8.4 has already been treated
in Theorem 8.3.

Theorem 8.5. Let S be a slim dense near 2n-gon, n ≥ 4, containing a big convex
subpolygon F isomorphic to Gn−1. Then S is isomorphic to either Gn, Gn−1×L3,
or Gn−1 ⊗Q(5, 2).

In the previous theorem, Gn−1⊗Q(5, 2) denotes the unique glued near poly-
gon of type Gn−1 ⊗Q(5, 2), see Section 6.9.3.

Theorem 8.6. Let S be a slim dense near octagon containing a hex H isomorphic
to E3, then S ∼= E3 × L3.

Theorem 8.7. Let S be a slim dense near polygon containing a big convex subpoly-
gon F isomorphic to the direct product S1 ×S2 of two near polygons S1 and S2 of
diameter at least 1. Then there exists an i ∈ {1, 2} and a dense near polygon S ′i
such that the following holds:

• S′i has a big convex subpolygon isomorphic to Si;

• S ∼= S ′i × S3−i.

Define now the following classes of near polygons:

D2 = {Q(5, 2)};

Dn = {Gn, DH(2n− 1, 4)} ∪
⎛
⎝ ⋃

2≤i≤n−1

Di ⊗Dn+1−i

⎞
⎠ for every n ≥ 3;

D = D2 ∪D3 ∪ · · · .
Remark that D consists of those near polygons of the class C (see Section 6.8)
which do not contain E1 as a hex.

Theorem 8.8. Let S be a slim dense near 2n-gon, n ≥ 4, containing a big convex
subpolygon F which is isomorphic to an element of D. Then one of the following
possibilities occurs:

• S ∼= F × L3;

• S is isomorphic to an element of D.

Consider a chain F0 ⊂ F1 ⊂ · · · ⊂ Fn of convex subpolygons of a dense near
2n-gon S. Such a chain is called nice if it satisfies the following properties:
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• diam(Fi) = i for every i ∈ {0, . . . , n};
• Fi, i ∈ {0, . . . , n− 1}, is big in Fi+1.

Clearly Fn = S.
Define now the following set:

N = {O, L3, E3} ∪ D ∪ {DQ(2n, 2)|n ≥ 2} ∪ {Hn|n ≥ 3} ∪ {In|n ≥ 4}.
Let N× denote the set of all near polygons obtained by taking the direct

product of at least one element of N .
Theorem 8.9. A slim dense near 2n-gon S has a nice chain of subpolygons if and
only if it is isomorphic to an element of N×.

8.2 Proof of Theorem 8.1

We will use induction on n. By Theorem 7.1 the theorem holds if n is equal to
3. Suppose therefore that n ≥ 4 and that the theorem holds for any near 2n′-gon
with n′ ∈ {3, . . . , n− 1}. Every convex sub-2δ-gon, δ ∈ {3, . . . , n− 1}, intersecting
F, intersects F in a DQ(2δ − 2, 2) and hence is isomorphic to either DQ(2δ, 2),
DQ(2δ − 2, 2) × L3 or Iδ by Theorem 1.7 and the induction hypothesis. As a
consequence no Q(5, 2)-quad meets F . If a line of F is contained in two grid-quads
Q1 and Q2, then the hex C(Q1, Q2) intersects F in a W (2)-quad and hence has a
line which is incident with at least two grid-quads and at least one big W (2)-quad,
contradicting Theorem 7.1. As a consequence there are at most tF + 1 grid-quads
through every point of F . For every line K intersecting F in a point x, let αK

denote the number of grid-quads through K. Since every quad through K meets
F in a line, the number of W (2)-quads through K equals tF + 1− αK . Counting
the number of lines through x, we have tS = αK + 2(tF + 1 − αK). Hence αK

is independent from the line K and equal to α := 2tF + 2 − tS . Since there are
tS − tF = tF + 2 − α lines through x not contained in F , there are precisely
α(tF + 2 − α) grid-quads through x. Since this number is at most tF + 1, we
necessarily have α ∈ {0, 1, tF + 1}.

If α = tF +1, then tS = tF +1 and S ∼= DQ(2n− 2, 2)×L3 by Theorem 4.1.
If α = 0, then every quad meeting F is isomorphic to W (2). Hence, every

convex sub-2δ-gon, δ ∈ {2, . . . , n− 1}, intersecting F is isomorphic to DQ(2δ, 2).
Now, consider an arbitrary point-quad pair (y, Q) and let F ′ denote an arbitrary
convex sub-2(n−1)-gon through Q intersecting F . Since F ′ ∼= DQ(2n−2, 2), F ′ is
big in S and hence d(y, z) = d(y, πF ′(y))+d(πF ′(y), z) for every point z ∈ Q. Since
(πF ′(y), Q) is classical, also (y, Q) is classical. Hence, every point-quad relation is
classical, and so S itself is classical. Since S has only W (2)-quads, it is necessarily
isomorphic to DQ(2n, 2).

We still need to consider the case α = 1. Let Ω(S, F ) be the incidence
structure whose points are the lines of S intersecting F in a point, whose lines



190 Chapter 8. Slim dense near polygons with a nice chain of subpolygons

are the (not necessarily convex) subgrids of S intersecting F in a line and whose
incidence relation is the natural one. For every line L of S intersecting F in a point
x, let L′ denote the unique line of F through x for which C(L, L′) is a grid. Since
tF + 1 = α(tF + 2 − α), every line of F is also contained in a unique grid-quad
and hence there is a bijective correspondence between the points L of Ω(S, F ) and
the flags (x, L′) of F . The lines of Ω(S, F ) then correspond with certain triples of
flags. We will prove that such a triple is either of the form {(x, K), (y, K), (z, K)}
with K = {x, y, z} a line of F , or of the form {(L∩K, L), (M∩K, M), (N ∩K, N)}
with K, L, M , and N four distinct lines of F satisfying:

• K = (L ∩K) ∪ (M ∩K) ∪ (N ∩K);

• C(L, M, N) ∼= W (2);

• L, M and N are not contained in a subgrid of C(L, M, N).

Let G be a subgrid of S intersecting F in a line K, and let A, B and C be the
three points of Ω(S, F ) incident with G. If G is a quad, then A′ = B′ = C′ = K
and we obtain a triple of the first kind. If G is not a quad, then the hex H :=
C(K, A, A′) contains a grid-quad C(A, A′) and two big W (2)-quads C(A, K) and
C(A′, K) through the line K and hence is isomorphic to I3. As a consequence the
unique grid-quads through B and C are contained in H . This implies that the
three lines A′, B′ and C′ are contained in the W (2)-quad C(A′, K). Let B′′ denote
the unique line of C(A′, K) through B ∩ B′ different from K and B′. C(B, B′′)
is a W (2)-quad. The reflection (in H) of the grid-quad C(A, A′) about C(B, B′)
is a grid-quad through C which necessarily coincides with C(C, C′). So, A′, B′′

and C′ are contained in a grid. Hence, A′, B′ and C ′ are not contained in a grid.
Now, one counts that there are as many lines in Ω(S, F ) as there are triples of
the first or second type. So, we have found a description of Ω(S, F ) only in terms
of objects of F . By Theorem 2.40, the structure of a slim dense near polygon S′
with a big convex subpolygon F ′ is completely determined by the structure of
Ω(S′, F ′). Therefore S necessarily is isomorphic to In.

8.3 Proof of Theorem 8.2

Lemma 8.10. The slim near polygon S does not contain quads isomorphic to W (2).

Proof. Suppose the contrary, then by Theorem 7.2, there exists a W (2)-quad Q
through a point x of F . By Theorem 1.7, this quad Q intersects F in a line K.
Let L be a line of Q through x different from K and let H ∼= DH(5, 4) be a hex
of F through K. Let X denote the set of points of L(H, x) (i.e. the set of lines of
H through x) which are contained in a W (2)-quad together with L. We will now
show that |U ∩X | ∈ {0, 3} for every line U of L(H, x). Suppose that |U ∩X | ≥ 1
and let QU denote the Q(5, 2)-quad corresponding with U . Since |U ∩ X | ≥ 1,
there exists a W (2)-quad R through L which intersects QU in a line. By Theorem
7.1, C(QU , R) is isomorphic to either G3 or E3. In any case, exactly three lines
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of QU through x are contained in a W (2)-quad together with L, or equivalently,
|U ∩ X | = 3. Since H contains exactly five Q(5, 2)-quads through K, we have
|X | = 1 + 5 · 2 = 11. Hence X is a set of 11 points in L(H, x) ∼= PG(2, 4) such
that every line meets the set in either 0 or three points. Such a set does not exist,
otherwise, every point of L(H, x) outside X would be contained in 11

3
lines meeting

X , which is clearly impossible. �

For every line L intersecting F in a point x, let AL be the set of lines of
F through x such that C(L, M) ∼= Q(5, 2). By Theorem 1.7 and Lemma 8.10,
C(L, L′) ∼= Q(5, 2) for every line L′ �= L intersecting F in x. Hence tS − tF =
3|AL|+ 1. As a consequence, |AL| is independent from the choice of L and equal
to α := tS−tF−1

3
.

Lemma 8.11. AL is a subspace of L(F, x).

Proof. Let K1 and K2 be two different lines of AL and let K3 be an arbitrary line
through x contained in C(K1, K2). Since the hex C(L, K1, K2) has three Q(5, 2)-
quads through the same point x and no W (2)-quads, it must be isomorphic to
DH(5, 4). Hence, C(L, K3) ∼= Q(5, 2) and K3 ∈ AL. �

Lemma 8.12. α ∈ {0, 1, tF + 1}.
Proof. We suppose that 2 ≤ α ≤ tF and derive a contradiction.

(a) Suppose first that n = 4, so F ∼= DH(5, 4). Let x be an arbitrary point
of F and let L be an arbitrary line through x not contained in F . Since AL is a
subspace and 2 ≤ |AL| ≤ tF = 20, there exists a Q(5, 2)-quad Qx through x such
that AL is the set of five lines of Qx through x. Also, α = 5, tS = tF +3α+1 = 36
and the hex Hx := C(L, Qx) is isomorphic to DH(5, 4). If L′ is a line through x
different from L and not contained in F , then C(L, L′) is isomorphic to Q(5, 2)
and hence intersects F in a line of Qx. It follows that every line through x not
contained in F is contained in Hx. Since Hx

∼= DH(5, 4), we then have that
Hx = C(Γ1(x) \ F ). So, Hx and Qx = Hx ∩ F only depend on x and not on the
line L. If y ∈ Qx, then Hy = Hx and Qy = Qx. Hence, the quads Qx, x ∈ F,
partition the point set of F, and the hexes Hx, x ∈ F, partition the point set of
S. Since F ∼= DH(5, 4) is big in S, every hex isomorphic to DH(5, 4) is big. In
particular, each of the hexes Hx is big. The total number of quads Qx, x ∈ F,
equals |DH(5,4)|

|Q(5,2)| = 33. Let X denote the set of 33 points of H(5, 4) corresponding
to the quads Qx, x ∈ F . If u is a point of X , then we denote the Q(5, 2)-quad of F
corresponding with it as uφ and the unique hex of S intersecting F in uφ by H(u).
We will now show that X is a subspace of the linear space L defined in Lemma
6.9. Consider two different points u1 and u2 in X . Since uφ

1 and uφ
2 are disjoint,

u1u2 ∩H(5, 4) is a Baer subline {u1, u2, u3}. Since every quad intersecting uφ
1 and

uφ
2 also intersects uφ

3 , uφ
3 is the reflection of uφ

1 about uφ
2 (in F ). The reflection

of H(u1) about H(u2) (in S) is a hex which meets F in the quad uφ
3 and hence

coincides with H(u3). As a consequence u3 ∈ X . This proves that X is a subspace
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of the linear space L. Hence, there exists a subspace π such that X = π ∩H(5, 4).
Since no two points of X are collinear on H(5, 4), we have |X | ≤ |H(2, 4)| = 9,
contradicting |X | = 33.

(b) Suppose now that n ≥ 5. Let x denote an arbitrary point of F and let
L denote an arbitrary line through x not contained in F . Since 2 ≤ α ≤ tF ,
there exist lines K1, K2 and K3 through x such that K1, K2 ∈ AL, K1 �= K2 and
K3 �∈ AL. Now, the near octagon C(L, K1, K2, K3) contradicts (a). �

Lemma 8.13. • If α = 0, then S ∼= DH(2n− 3, 4)× L3.

• If α = 1, then S ∼= DH(2n− 3, 4)⊗Q(5, 2).

• If α = tF + 1, then S ∼= DH(2n− 1, 4).

Proof. If α = 0, then tS−tF = 1 and hence S ∼= DH(2n−3, 4)×L3 by Theorem 4.1.
If α = tF +1, then no grid-quad intersects F and hence all quads are isomorphic to
Q(5, 2) by Theorem 7.2 and Lemma 8.10. Since the generalized quadrangle Q(5, 2)
has no ovoids, all point-quad relations must be classical and S is a classical near
polygon. Now, DH(2n− 1, 4) is the only classical near 2n-gon in which all quads
are isomorphic to Q(5, 2).

Suppose now that α = 1, then tS = tF + 4. If x is an arbitrary point of F
and if L and M denote two lines through x not contained in F, then C(K, L) is a
Q(5, 2)-quad. Hence, every point x ∈ F is contained in a unique Q(5, 2)-quad Qx

which intersects F in a line Lx. The lines Lx, x ∈ F , determine a spread of F and
the set T1 := {Qx|x ∈ F} determines a partition of S in quads.

Now, consider a point x of S not contained in F , let y be the unique point
of F collinear with x, and let A := xy, B, C, D and E be the lines of Q := Qy

through x. Let L be a line intersecting Q in x and consider the hex H := C(L, Q).
The hex H contains a grid-quad C(L, A), no W (2)-quads, and at least two Q(5, 2)-
quads through the line Ly = Q∩F , namely Q and H∩F . It follows from Theorem
7.1 that H ∼= Q(5, 2)⊗Q(5, 2). Hence, exactly one line of Q through x, say B, is
contained in a Q(5, 2)-quad with L.

Now, consider a convex sub-2(n − 1)-gon F ′ of S containing Q′ := C(B, L)
and intersecting Q in B. We will show that every quad of F ′ is isomorphic to
Q(5, 2). Let L1 and L2 be two lines of F ′ through x. If L1 �= B �= L2, then
the hex H ′ := C(A, L1, L2) contains grid-quads C(A, L1) and C(A, L2), a Q(5, 2)-
quad C(A, L1, L2) ∩ F , and no W (2)-quads. Hence H ′ must be isomorphic to
either Q(5, 2)× L3 or Q(5, 2)⊗Q(5, 2), see Theorem 7.1. In any case C(L1, L2) is
isomorphic to Q(5, 2). If L1 = B and if L2 is not contained in Q′, then C(L2, M) ∼=
Q(5, 2) for every line M �= B through x contained in Q′. This is only possible if
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C(L2, Q
′) is isomorphic to DH(5, 4), see Theorem 7.1. But then also C(L1, L2) =

C(B, L2) is isomorphic to Q(5, 2). It now follows that every quad of F ′ through
x is isomorphic to Q(5, 2). By Theorem 7.2 it then follows that every quad of
F ′ is isomorphic to Q(5, 2). As before, we then know that F ′ is classical and
isomorphic to DH(2n−3, 4). Obviously, F ′ is the only convex subpolygon through
x isomorphic to DH(2n− 3, 4).

Repeating the above construction for every point x outside F , we obtain a
partition T2 of S in convex subpolygons isomorphic to DH(2n − 3, 4). We can
now apply Theorem 4.28 and conclude that S is a glued near polygon of type
DH(2n − 3, 4) ⊗ Q(5, 2). In Theorem 6.107, we have shown that there exists a
unique glued near polygon of such type. �

8.4 Proof of Theorem 8.3

Let Gn denote the rank n− 1 geometry whose i-objects, i ∈ {1, . . . , n− 1}, are the
partitions of {1, . . . , n+1} in n+1−i subsets (natural incidence). Then every local
geometry of Hn is isomorphic to Gn by Corollary 6.17. LetMn denote the partial
linear space with points, respectively lines, the subsets of size 2, respectively the
subsets of size 3, of {1, . . . , n+1}, with containment as incidence relation. Let Ln

denote the linear space obtained fromMn by adding lines of size 2. Every 1-object
of Gn is a partition of {1, . . . , n+ 1} in n− 1 singletons and one subset of size 2.
If we identify the 1-object with the subset of size 2 corresponding with it, we see
that every local space of Hn is isomorphic to Ln, see also Theorem 6.18.

Lemma 8.14. Every proper subspace of Ln, n ≥ 3, corresponds to an object of Gn.

Proof. Suppose that A is a proper subspace of Ln, then the following graph ΛA

can be defined. The vertices of ΛA are the elements of {1, . . . , n + 1}, and two
different vertices x1 and x2 are adjacent if and only if {x1, x2} is a point of A. If
x1, x2 and x3 are three different vertices of ΛA satisfying x1 ∼ x2 and x1 ∼ x3,
then the line {x1, x2, x3} of Ln is incident with the points {x1, x2} and {x1, x3} of
A. Hence also the third point {x2, x3} of {x1, x2, x3} belongs to A, or equivalently,
x2 ∼ x3. As a consequence, ΛA is a disjoint union of cliques. Hence the subspace
A determines a partition of {1, . . . , n + 1}, or equivalently, an object OA of Gn.
The 1-objects incident with OA are in bijective correspondence with the points of
A. �
Lemma 8.15. The partial linear space Mn is connected.

Proof. Take two arbitrary points {x1, x2} and {x3, x4} of Mn. If |{x1, x2} ∩
{x3, x4}| = 1, then the two points are contained in the line {x1, x2} ∪ {x3, x4}
ofMn. If {x1, x2}∩{x3, x4} = ∅, then {x1, x2}, {x2, x3}, {x3, x4} is a path inMn

connecting the points {x1, x2} and {x3, x4}. �
We will now prove Theorem 8.3. Let t + 1 denote the constant number of

lines through a point of S. If t = tF + 1, then S ∼= Hn−1 × L3 by Theorem 4.1.



194 Chapter 8. Slim dense near polygons with a nice chain of subpolygons

In the sequel, we will suppose that t ≥ tF + 2. Then there exist two lines K and
L not contained in F meeting each other in a point belonging to F . By Theorem
1.7, the quad C(K, L) meets F in a line.

Lemma 8.16. The following properties hold:

(a) t+ 1 = n(n+1)
2

;

(b) the total number v of points in S is equal to (2n+2)!
2n+1 (n+1)! ;

(c) G(S, x) ∼= Gn for every point x ∈ F .

Proof. Let Q denote an arbitrary quad intersecting F in a line. Since F ∼= Hn−1,
there exists a W (2)-quad Q′ through Q ∩ F . The hex C(Q, Q′) contains the big
W (2)-quad Q′ and can therefore not contain a Q(5, 2)-quad, see Theorem 7.1. In
particular, Q is not isomorphic to Q(5, 2). If Q is a Q(5, 2)-quad disjoint from F ,
then πF (Q) would be a Q(5, 2)-quad of F , which is impossible. Hence S has no
quads isomorphic to Q(5, 2).

We will now show that from the six slim dense near hexagons without a
Q(5, 2)-quad, see Theorem 7.1, only L3×L3×L3, L3×W (2) and H3 can occur as
hex. Suppose the contrary and let H denote a hex of S isomorphic to DQ(6, 2),
E1 or E2. We clearly have |H | ≥ 135. If H is disjoint from F , then πF (H) is a
subhexagon of F isomorphic to H and C(πF (H)) is a hex, which is, by Theorem
6.15, isomorphic to either L3 × L3 × L3, L3 ×W (2) or H3. Hence 135 ≤ |H | =
|πF (H)| ≤ |C(πF (H))| ≤ 105, a contradiction. As a consequence H must meet
F . Since F is big in S, Q := F ∩ H is a big quad of H . Since E1 and E2 have
no big quads, H ∼= DQ(6, 2) and Q ∼= W (2). Since F ∼= Hn−1, F has a hex
H̄ ∼= H3 through Q. Since H̄ is big in the suboctagon G := C(H, H̄), |G| =
|H̄|·(1+2(tG−tH̄)) = 210·tG−945. On the other hand, the total number of points
of G at distance at most 1 from H is equal to |H | ·(1+2(tG−tH)) = 270 ·tG−1485.
Since this number is at most |G|, tG ≤ 9. Since tG ≥ tH + tH̄ − tQ = 9, we must
have equality. Let R and R̄ denote W (2)-quads through x contained in H and H̄ ,
respectively, such that R∩Q = R̄∩Q is a line. Every line of C(R, R̄) through x is
contained in H∪H̄ . Since C(R, R̄)∩H = R and C(R, R̄)∩H̄ = R̄, the hex C(R, R̄)
has order (2, 4), a contradiction.

Now, let Q denote an arbitrary W (2)-quad intersecting F in a line K. If
L denotes an arbitrary line through x not contained in Q ∪ F , then the hex
C(Q, L) necessarily is isomorphic to H3 and intersects F in a W (2)-quad through
K. Conversely, if R is one of the n − 2 W (2)-quads of F through K, then the
hex C(K, R) is isomorphic to H3 and contains one line through x not contained
in Q ∪ F . Hence, there are exactly (tF + 1) + 2 + (n− 2) = n(n+1)

2
lines through

x, n of which are not contained in F . Since F is big in S, S has exactly v =
|F | + 2 · |F | · (t − tF ) =

(2n+2)!
2n+1 (n+1)!

points. If A and B are two lines through x

not contained in F , then C(A, B) intersects F in a line and hence is isomorphic
to W (2). As a consequence the line A is contained in exactly n − 1 W (2)-quads.
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Let VA denote the set of all lines of F through x which are contained in one of
these W (2)-quads. Since L(F, x) ∼= Ln−1, every line C of F through x corresponds
with a subset WC of size 2 of {1, 2, . . . , n}. If C1, C2 ∈ VA, then C(C1, C2) is a
W (2)-quad, since C(A, C1, C2) ∼= H3; hence WC1 and WC2 have a unique point in
common. As a consequence {WC |C ∈ VA} consists of the n − 1 pairs through a
fixed element iA of {1, . . . , n}. We will now prove that for every i ∈ {1, . . . , n} there
exists a unique line A through x not contained in F such that i = iA. Suppose
the contrary, then there are two different lines A and B satisfying iA = iB . If
C ∈ VA \ {C(A, B) ∩ F}, then the quads C(C, A), C(C, B) and C(C, C(A, B) ∩ F )
are isomorphic to W (2) (notice that C, C(A, B)∩F ∈ VA = VB). As a consequence
the hex H := C(A, B, C) has at least three W (2)-quads through C, implying that
tH ≥ 6, a contradiction. With every line D of S through x, there now corresponds
a subset W̃D of size 2 of {1, . . . , n + 1}: if D ⊂ F , then we put W̃D := WD; if
D �⊂ F , then we put W̃D := {iD, n+1}. If D1, D2 and D3 are three lines through
x which are contained in a W (2)-quad, then the set W̃D1 ∪ W̃D2 ∪ W̃D3 has size
3. Hence L(S, x) ∼= Ln. An object of G(S, x) corresponds to a subspace of L(S, x)
and hence corresponds to an object of Gn, see Lemma 8.14. Since maximal flags
of G(S, x) correspond to flags of Gn, i-objects of G(S, x) correspond to i-objects
of Gn. Conversely, every i-object O of Gn corresponds to an i-object of G(S, x).
[Since L(S, x) ∼= Ln, this holds if i ∈ {1, 2}; suppose therefore that i ≥ 3. The
i-object O of Gn is generated by an (i− 1)-object O1 and a 1-object O2 of Gn. By
the induction hypothesis, O1 and O2 correspond to an i − 1 object Õ1 and a 1-
object Õ2, respectively, of G(S, x). Let Õ denote the i-object of G(S, x) generated
by Õ1 and Õ2. The i-object corresponding to Õ contains O1 and O2 and hence
coincides with O.] The bijective correspondence between the objects of G(S, x)
and Gn clearly preserves the incidence relation. �
Lemma 8.17. G(S, x) ∼= Gn for every point x in S.

Proof. By the previous lemma, we may suppose that x �∈ F . Since G(S, π(x)) ∼= Gn,
there exists a chain G(1) ⊂ G(2) ⊂ · · · ⊂ G(n) of convex subpolygons through π(x)
such that the following properties are satisfied:

(a) G(i), i ∈ {1, . . . , n}, is a convex sub-2i-gon;
(b) G(1) = xπ(x),

(c) G(2) is a W (2)-quad,

(d) G(G(i), π(x)) ∼= Gi for every i ∈ {3, 4, . . . , n},
(e) every quad of G(i) through π(x) either is contained in G(i−1) or intersects

G(i−1) in a line (i ∈ {2, 3, . . . , n}).
By the proof of Lemma 8.16, G(3) is isomorphic to either L3×L3×L3, W (2)×L3

or H3. Since G(G(3), π(x)) ∼= G3, we necessarily have G(3) ∼= H3. Suppose now
that G(i) ∼= Hi for a certain i ∈ {3, . . . , n − 2}. By Theorem 2.31 and property
(e), G(j) is big in G(j+1) for every j ∈ {1, . . . , n − 1}. We may suppose that
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G(i+1) ∼= Hi+1 or G(i+1) ∼= Hi × L3 (otherwise prove Theorem 8.3 by induction).
Since G(G(i+1), π(x)) ∼= Gi+1, G(i+1) ∼= Hi+1. As a consequence, G(n−1) is a big
convex sub-2(n − 1)-gon of S isomorphic to Hn−1. Since x ∈ G(n−1), our lemma
follows from Lemma 8.16. �

For every i ≥ 0, let vi denote the total number of points of the near polygon
Hi. Now, letW denote the set of all convex sub-2(n−1)-gons F such that G(F, x) ∼=
Gn−1 for a certain point x ∈ F . With a similar reasoning as in the proof of Lemma
8.17, we have that F ∼= Hn−1 for every F ∈W . Since G(S, x) ∼= Gn for every point
x of S, x is contained in n+1 elements ofW . Hence |W | = v·(n+1)

vn−1
= (2n+1)(n+1).

Consider now the graph Γ whose vertices are the elements of W , with two vertices
adjacent whenever they are disjoint regarded as subpolygons.

Lemma 8.18. The graph Γ is regular with degree k(Γ) = 4n.

Proof. Let F be an element of W . Every point x outside F is contained in a unique
line Lx meeting F . Since G(S, x) ∼= Gn, Lx is contained in n − 1 elements of W .
Hence x is contained in [(n+ 1)− (n− 1)] = 2 elements of W disjoint from F . As
a consequence Γ is regular with degree k(Γ) = (v−vn−1)·2

vn−1
= 4n. �

Lemma 8.19. Every maximal clique has size 3 or 2n+1. Moreover, there are 2n+2
maximal cliques of size 2n+ 1.

Proof. Let F1 and F2 be two adjacent elements of Γ, then F3 := RF1(F2) ∈ W . Put
M1 := {F1, F2, F3}. Every element ofW which meets two elements ofM1 intersects
each of the three elements of M1 in an Hn−2. Since every line is contained in n−1
elements of W , there are vn−1·(n−1)

vn−2
= (2n− 1)(n− 1) elements of W meeting F1,

F2 and F3. Every point of F3 is contained in a unique element of W different from
F3 and disjoint from F1 and F2. In total, we get vn−1

vn−2
= 2n − 1 such elements.

If u is contained in two of these elements, then u is collinear with two different
points of F3, a contradiction, since F3 is convex. The total number of elements
of W meeting at least one of the subpolygons F1, F2 and F3 is hence equal to
3+ (2n− 1)(n− 1)+ 3 · (2n− 1), which is exactly the total number of elements of
|W |. So, M1 is a maximal clique. Let M2 denote another maximal clique through
F1 and F2. By the previous reasoning we know that M2 consists of F1, F2 and the
2n − 1 elements of W disjoint from F1 and F2 and intersecting F3 in an Hn−2.
Since every two adjacent vertices of Γ are contained in a unique maximal clique
of size 2n+ 1, there are |W |·k(Γ)

(2n+1)·(2n) = 2n+ 2 such maximal cliques. �

We are now ready to prove Theorem 8.3. If V denotes the set of all (2n+1)-
cliques in Γ, then |V | = 2n+2. Every element of W is contained in k(Γ)

2n = 2 such
cliques, so each element of W corresponds to a pair {v1, v2} ∈

(
V
2

)
. This corre-

spondence is injective, since there is at most one (2n+1)-clique through every two
adjacent vertices of Γ. Since |W | = (2n+ 1)(n+ 1) =

(|V |
2

)
, the correspondence is
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even bijective. Now choose a point x of S. The point x is contained in n + 1 ele-
ments of W . If F1 ∈ W and F2 ∈ W are two such elements, then the corresponding
pairs are disjoint, otherwise there would be a maximal clique containing F1 and
F2. Hence, points correspond to partitions of V in n+1 pairs. This correspondence
is injective since the n+1 elements of W through a point have only that point in
common. Since there are as many partitions of V in n+1 pairs as there are points
in S, namely (2n+2)!

2n+1(n+1)! , the correspondence is bijective. Now, choose a line L of
S. The line L is contained in n−1 elements of W , and the corresponding pairs are
mutually disjoint. Hence, every line of S corresponds to a partition of V in n− 1
sets of size 2 and one set of size 4. This correspondence is injective since the n− 1
elements of W through a line have only that line in common. Since there are as
many lines as such partitions, the correspondence is bijective. Theorem 8.3 now
immediately follows. �

8.5 Proof of Theorem 8.4

Suppose that Q is a Q(5, 2)-quad intersecting F in a line and let Q′ denote a W (2)-
quad of F through Q ∩ F . The hex C(Q, Q′) then contains a Q(5, 2)-quad Q and
a big W (2)-quad Q′, contradicting Theorem 7.1. Hence, no Q(5, 2)-quad meets F .
Suppose now that R is a W (2)-quad intersecting F in a line L, let x denote an
arbitrary point of L and let L′ denote the unique line of F through x for which
C(L, L′) is a grid. The number of W (2)-quads of F through L equals 2n−2 − 2. If
R′ is one of these quads, then by Theorem 7.1, the hex C(R, R′) has a line through
x not contained in R ∪ R′. As a consequence tS − tF ≥ 2n−2. Also by Theorem
7.1, C(R, L′) ∼= W (2) × L3 and hence C(R, L′) has two grids through L′ which
intersect F in the line L′. As a consequence, the number of grid-quads intersecting
F in L′ is at least twice the number of W (2)-quads intersecting F in L. Suppose
now that Q1 and Q2 are two grid-quads through L different from C(L, L′). By
Theorem 7.1, the hex C(Q1, Q2) cannot intersect F in a big W (2)-quad. Hence
C(Q1, Q2) ∩ F = C(L, L′) and Q2 ⊂ C(Q1, L

′). As a consequence, there are at
most two grid-quads intersecting F in the line L. By symmetry, there are also at
most two grid-quads intersecting F in the line L′ and hence there is at most one
W (2)-quad intersecting F in L. Since every line K through x not contained in F is
contained in a quad together with L, we have 1+1+2 ≥ tS− tF ≥ 2n−2 or n ≤ 4,
contradicting our assumption n ≥ 5. As a consequence, every quad intersecting F
in a line is a grid. The theorem now immediately follows from Theorem 4.1. �

8.6 Proof of Theorem 8.5

We will suppose that the theorem holds for any dense near polygon of diameter
between 4 and n − 1 (= induction hypotheses). Let t + 1 denote the constant
number of lines through a point of S. If t = tF + 1, then S ∼= Gn−1 × L3 by
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Theorem 4.1. In the sequel, we will suppose that t > tF + 1.

Lemma 8.20. If a Q(5, 2)-quad Q intersects F in a line, then this line is a special
line of F ∼= Gn−1.

Proof. Suppose that L := Q ∩ F is an ordinary line of F . Then L is contained
in a W (2)-quad R ⊂ F . By Theorem 1.7, the W (2)-quad R is big in the hex
H := C(Q, R). By Theorem 7.1, none of the near hexagons with a big W (2)-quad
contains a Q(5, 2)-quad. This contradicts the fact that Q ⊂ H . Hence L is a special
line of F . �

Lemma 8.21. No hex H isomorphic to E1, E2, E3 or DH(5, 4) meets F .

Proof. Suppose the contrary. By Theorem 1.7, H ∩ F is a big quad of H . By
Theorem 7.1, we then have: (i) H ∼= E3 or H ∼= DH(5, 4), and (ii) Q := H ∩ F ∼=
Q(5, 2). The Q(5, 2)-quad Q contains an ordinary line K of F . By (i), H has a
Q(5, 2)-quad through K different from Q. This quad contradicts Lemma 8.20. �

Lemma 8.22. Every point x of F is contained in a Q(5, 2)-quad which intersects
F in a line. Hence t ≥ tF + 4.

Proof. Since t > tF +1, there exist two lines K and L through x not contained in
F . Since F is big in S, C(K, L) intersects F in a line M ; hence C(K, L) ∼= W (2)
or C(K, L) ∼= Q(5, 2). Suppose that C(K, L) ∼= W (2). There exists a Q(5, 2)-quad
Q ⊂ F through M . The hex H := C(K, R) contains a Q(5, 2)-quad and a W (2)-
quad. By Theorem 7.1 and Lemma 8.21, H is isomorphic to G3 and hence contains
a Q(5, 2)-quad through x different from Q. This proves our lemma. �

First Case: t = tF + 4

Let P2 denote the set of all Q(5, 2)-quads meeting F in a line. By Lemma 8.22
and the fact that t = tF + 4, it follows that every point x ∈ F is contained in a
unique element of P2. If y is an arbitrary point outside F , then Qy := Qπ(y) is the
unique element of P2 through y. Hence P2 is a partition of the point set of S in
Q(5, 2)-quads. Clearly the set S1 := {Q ∩ F | Q ∈ P2} is a spread S1 of F .

Lemma 8.23. The spread S1 is an admissible spread of F .

Proof. Since F ∼= Gn−1, we need to verify conditions (a) and (b) of Lemma 6.41.
Condition (a) is precisely Lemma 8.20. We now prove that also condition (b)
is satisfied. Let K be an arbitrary line of S1, let Q denote the unique quad of
P2 through K and let R be an arbitrary grid-quad of F through K. The hex
H := C(Q, R) has a Q(5, 2)-quad and a big grid-quad and hence is isomorphic to
Q(5, 2)×L3 by Theorem 7.1. As a consequence H contains three quads of P2 and
the two lines of R disjoint from K also belong to S1. �

Lemma 8.24. Every convex sub-2(n− 1)-gon isomorphic to G2 ⊗Gn−2 meets F .
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Proof. Let F ′ be a convex sub-2(n− 1)-gon isomorphic to G2⊗Gn−2 and disjoint
from F . The near hexagon S has vS = (1+ 2 · (t− tF )) · |F | = 3n+1·(2n−2)!

2n−1·(n−1)! points.
The total number of points at distance at most 1 from F ′ equals (1+2(t−tF ′))·|F ′|.
Since this number is precisely vS , also F ′ is big in S. By Theorem 1.10, F ∼= F ′.
From 3(n−1)2−(n−1)−2

2 = tF = tF ′ =
3(n−2)2−(n−2)−2

2 + 4, it then follows that
n = 3, but this contradicts our assumption n ≥ 4. �
Lemma 8.25. Every point y of S is contained in a unique big convex subpolygon
Fy satisfying:

(i) Fy
∼= F ;

(ii) Fy = F or Fy ∩ F = ∅.
Proof. Suppose that y is contained in two such subpolygons F1 and F2. Since
F3 := F1 ∩F2 is big in F1, F3

∼= Gn−2 by Theorem 6.35. Hence t ≥ tF1 + tF2 − tF3

or tF2 − tF3 ≤ 4. Since tF2 − tF3 = 3n− 5, n ≤ 3, a contradiction. So, it suffices
to show that y is contained in at least one big convex subpolygon satisfying (i)
and (ii). This trivially holds if y ∈ F , so we suppose that y �∈ F . By Lemma
8.20, Qy intersects F in a special line K. If L1, . . . , Ln−2 denote the other special
lines of F through π(y), then F4 := C(L1, . . . , Ln−2) is isomorphic to Gn−2. Put
F5 := C(L1, . . . , Ln−2, y π(y)). Since tF5 = tF4 + 1, F5

∼= F4 × L3. Hence y is
contained in a convex sub-2(n− 2)-gon F ′y isomorphic to Gn−2. By Theorem 2.32
every convex sub-2(n − 1)-gon through F ′y intersect Qy in a line. Hence there
are exactly five convex sub-2(n− 1)-gons through F ′y. One of them is F5. Let F6

denote one of the four others. The projection of F6 on F is distance-preserving
and since the projection C(L1, . . . , Ln−2) of F ′y is big in F , also F ′y is big in F6. If
n = 4, then F ′y ∼= Q(5, 2) and hence F6

∼= G3 or F6
∼= G2 × L3 by Theorem 7.1,

Lemma 8.21 and Lemma 8.24. If n ≥ 5, then F ′y ∼= Gn−2 and hence F6
∼= Gn−1 or

F6
∼= Gn−2 ×L3 by the induction hypothesis and Lemma 8.24. Suppose now that

all the five convex sub-2(n − 1)-gons through F ′y are isomorphic to Gn−2 × L3.
Then t = tF ′y + 5 or tF = tF ′y + 1, a contradiction since tF − tF ′y = 3n − 5 and
n ≥ 4. Hence there exists a convex sub-2(n − 1)-gon through F ′y isomorphic to
Gn−1. Our lemma now follows since y ∈ F ′y. �

The convex sub-2(n − 1)-gons Fy , y ∈ P , determine a partition P1 of S in
subpolygons isomorphic to Gn−1. Every quad of P2 intersects each subpolygon of
P1 in a line. All conditions of Theorem 4.28 are now satisfied and it follows that S
is a glued near polygon of type G2 ⊗Gn. By Theorem 6.107 there exists a unique
glued near polygon of that type.

Second Case: t > tF + 4

Put δ := t− tF .

Lemma 8.26. We have δ ≤ 3n − 2. If equality holds, then no hex isomorphic to
G2 ⊗G2 meets F .
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Proof. By Lemmas 8.20 and 8.22 there exists a Q(5, 2)-quad Q which intersects F
in a special line K. By Theorem 7.1 and Lemma 8.21, every hex H through Q is
isomorphic to either G2×L3, G2⊗G2 or G3. In the first case H∩F is a grid. In the
two other cases H∩F is a Q(5, 2)-quad. Let λ1, respectively λ2, denote the number
of hexes throughQ which are isomorphic to G2⊗G2, respectively G3. By Theorems
6.33 and 6.34, F has n− 2 Q(5, 2)-quads through K and hence λ1 + λ2 = n− 2.
Counting over all hexes H through Q, we find that δ = tQ+

∑
(tH − tQ− tH∩F ) =

4 + 3λ2 ≤ 4 + 3(n− 2) = 3n− 2. The lemma now immediately follows. �
Lemma 8.27. If a W (2)-quad Q intersects F in a line, then this line is an ordinary
line of F ∼= Gn−1.

Proof. Suppose that Q ∩ F is a special line and let x ∈ Q ∩ F . If R is one of
the n − 2 Q(5, 2)-quads of F through Q ∩ F , then the hex C(Q, R) has W (2)-
quads and Q(5, 2)-quads. By Theorem 7.1 and Lemma 8.21, it then follows that
C(Q, R) ∼= G3. Hence the hex C(Q, R) contains exactly five lines through x which
are not contained in Q∪R. Summing over all possible R, we find that δ ≥ 2+5(n−
2) = 5n − 8. Together with δ ≤ 3n− 2, this implies that n ≤ 3, a contradiction.
Hence Q ∩ F is an ordinary line. �
Lemma 8.28. Every point x of F is contained in a W (2)-quad which intersects F
in a line.

Proof. By Lemma 8.22, there exists a Q(5, 2)-quad Q through x intersecting F in
a line. Since t > tF + 4, there exists a line K through x not contained in Q ∪ F .
By Theorem 7.1 and Lemma 8.21, the hex H = C(Q, K), which intersects F in a
big quad, is isomorphic to G3. The required W (2)-quad can now be chosen in the
hex H . �
Lemma 8.29. We have δ ≥ 3n − 2. If equality holds, then no hex isomorphic to
DQ(6, 2) meets F .

Proof. Let Q denote a W (2)-quad intersecting F in an ordinary line K. By Theo-
rem 6.31, K is contained in a unique Q(5, 2)-quad and 3(n−3)W (2)-quads of F . If
T is the unique Q(5, 2)-quad, then the hexH := C(Q, T ) is isomorphic to G3. If T is
one of the 3(n−3)W (2)-quads of F throughK, then H = C(Q, T ) is isomorphic to
either H3 orDQ(6, 2). Hence δ = tQ+

∑
(tH−tQ−tH∩F ) ≥ 2+5+3(n−3) = 3n−2.

The lemma now immediately follows. �
From Lemmas 8.26 and 8.29, we obtain:

Corollary 8.30. The following holds:

• δ = 3n − 2, t = δ + tF = 3n2−n−2
2

, |P| = (2δ + 1) · |F | = 3n·(2n)!
2n·n!

and

|L| = |P|·(t+1)
3

= 3n−1(2n)!(3n−1)
2n+1(n−1)!

;

• no hex isomorphic to G2 ⊗G2 meets F ;

• no hex isomorphic to DQ(6, 2) meets F .
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Lemma 8.31. (a) Every special line L of F ∼= Gn−1 is contained in a unique
Q(5, 2)-quad which is not contained in F .

(b) Let x ∈ F . All the Q(5, 2)-quads through x which are not contained in F have
a line Ax in common.

Proof. (a) Suppose that the line L is contained in two such Q(5, 2)-quads Q and
R. The hex C(Q, R) intersects F in a big quad, which is necessarily isomorphic
to Q(5, 2). The line L of C(Q, R) is then contained in at least three Q(5, 2)-
quads and hence C(Q, R) must be isomorphic to DH(5, 4), contradicting
Lemma 8.21. Hence L is contained in at most one Q(5, 2)-quad which is not
contained in F . We will now prove that L is contained in a unique such
Q(5, 2)-quad. Let x ∈ L and let T denote an arbitrary Q(5, 2)-quad through
x which intersects F in a special line. We may suppose that L �= T ∩F . The
hex C(T, L) has at least two Q(5, 2) quads through the line T ∩ F (namely
T and C(T ∩ F, L)) and hence is isomorphic to G3 by Theorem 7.1, Lemma
8.21 and Corollary 8.30. Let T ′ denote the unique Q(5, 2)-quad of C(T, L)
through x different from T and C(T ∩ F, L). Then L ⊂ T ′ since T ′ ∩ F is a
special line.

(b) Let T1, T2 and T3 denote three different Q(5, 2)-quads through x which are
not contained in F . By the proof of (a), we know that T1 and T2 are contained
in a G3-hex H3. Hence T1 and T2 intersect in a line M3. In a similar way one
can define hexes H1 and H2, and lines M1 and M2. Now, H1 ∩H2 ∩ H3 =
(H1 ∩H2)∩ (H1 ∩H3) = T3 ∩T2 = M1. Similarly M2 = M3 = H1 ∩H2 ∩H3.
Hence, all Q(5, 2)-quads through x not contained in F have a common line
Ax. �

Corollary 8.32. Let x ∈ F . The n − 1 Q(5, 2)-quads through Ax partition the set
of lines through x which are not contained in F ∪Ax.

Proof. The n − 1 Q(5, 2)-quads through Ax determine 1 + 3(n − 1) = 3n − 2
lines through x which are not contained in F . The result now follows since δ =
3n− 2. �

Lemma 8.33. For each i ∈ {1, 2}, let Si be a dense near polygon, let Fi be a big
convex subpolygon of Si and let xi be a point of Fi. Suppose that there exists an
isomorphism φ from F1 to F2 mapping x1 to x2 and a bijection θ from the set of
lines of S1 through x1 to the set of lines of S2 through x2 such that the following
holds for all lines K, L and M through x1:

(a) if K is contained in F1, then θ(K) = φ(K);

(b) K, L and M are contained in a quad if and only if θ(K), θ(L) and θ(M) are
contained in a quad.

Then G(S1, x) ∼= G(S2, x2).
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Proof. Let A be a convex subpolygon of S1 through x1. If A is contained in F1,
then we define μ(A) := φ(A). If A is not contained in F1, then we define μ(A) =
C(θ(K), φ(A ∩ F1)) where K is any line of A through x1 not contained in F1.
This is a good definition. If K ′ is another line with this property, then K, K ′ and
C(K, K ′)∩F1 are contained in the same quad. By (a) and (b) also θ(K), θ(K′) and
φ(C(K, K ′) ∩ F1) are in the same quad and since φ(C(K, K ′) ∩ F1) ⊆ φ(A ∩ F1),
C(θ(K), φ(A∩F1)) = C(θ(K ′), φ(A∩F1)). If A is a near 2i-gon, i ∈ {1, . . . , n−1},
then also μ(A) is a near 2i-gon. Clearly, μ is an incidence preserving bijection
between the set of objects of G(S1, x) and the set of objects of G(S2, x2). �

Lemma 8.34. For every x ∈ F , G(S, x) is isomorphic to G(Gn).

Proof. Let F ′ denote a convex sub-2(n − 1)-gon of Gn isomorphic to Gn−1, let
x′ ∈ F ′ and let Ax′ denote the unique special line through x′ not contained in
F ′. Since Aut(Gn−1) acts transitively on the set of points of Gn−1, there exists an
isomorphism φ from F to F ′ mapping x to x′. For every line K of F through x,
we define θ(K) = φ(K). We will now extend θ in such a way that it determines an
isomorphism between L(S, x) and L(Gn, x′). Our result then follows from Lemma
8.33.

Extension of θ. We put θ(Ax) = Ax′ . Let K and K ′ denote two arbitrary special
lines of F through x. Let K, Ax, L1, L2 and L3 denote the five lines of C(K, Ax)
through x. Similarly, let K ′, Ax, L′1, L′2 and L′3 denote the five lines of C(K ′, Ax)
through x. Let θ(L1) be one of the three lines of C(θ(K), Ax′) through x′ different
from θ(K) and Ax′ . Now, let M be an arbitrary line through x not contained in
F ∪C(K, Ax). The quad C(L1, M) is a W (2)-quad and intersects F in an ordinary
line N . The quad C(Ax, M) is a Q(5, 2)-quad and intersects F in a special line
N ′. The hex C(Ax, L1, M) is isomorphic to G3 and intersects F in the Q(5, 2)-
quad C(K, N ′). Clearly N is contained in C(K, N ′). The hex C(Ax′ , θ(K), θ(N ′)) is
isomorphic to G3 and contains the lines θ(L1) and θ(N). The quad C(θ(L1), θ(N))
is isomorphic to W (2) and we put θ(M) equal to the unique line of C(θ(L1), θ(N))
through x′ different from θ(L1) and θ(M). Clearly θ(M) ∈ C(Ax′ , θ(N ′)). We
already defined θ(L) for all lines L through x different from L2 and L3. For each
i ∈ {2, 3}, the quad C(Li, L

′
1) is isomorphic to W (2) and intersects F in a line

P . Again C(θ(P ), θ(L′1)) is a W (2)-quad and we put θ(Li) equal to the unique
line of C(θ(P ), θ(L′1)) through x′ different from θ(P ) and θ(L′1). Clearly, θ(Li) ∈
C(Ax′ , θ(K)). One easily sees that θ is a bijection between the set of lines of S
through x and the set of lines of Gn through x′.

A linear space on a certain set of points is completely determined if all lines
of size at least 3 are known. The linear spaces L(S, x) and L(Gn, x′) each contain
n(n−1)

2
lines of size 5 and 3n(n−1)(n−2)

2
lines of size 3. So, in order to prove that θ

determines an isomorphism, it suffices to verify that θ maps lines of size r ∈ {3, 5}
in L(S, x) to lines of size r in L(Gn, x′). By construction (see above), this holds
for the lines of size 5. So, let δ = {M1, M2, M3} denote a line of size 3 in L(S, x)
and let Qδ denote the W (2)-quad corresponding with it. We will now prove that
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{θ(M1), θ(M2), θ(M3)} is a line of size 3 in L(Gn, x′). This trivially holds if Qδ ⊂
F . Suppose therefore that M1, M2 are outside F and that M3 is inside F . We may
also suppose that M1 �= L1 �= M2. One of the following cases certainly occurs.

(I) The case M1, M2 ∈ {L2, L3, L
′
1, L

′
2, L

′
3}.

Let L′′1 , L′′2 and L′′3 denote the three lines of C(K, K ′) through x different from
K and K ′. The set {L1, L2, L3, L

′
1, L

′
2, L

′
3, L

′′
1 , L′′2 , L′′3} together with the subsets

{L1, L2, L3}, {L′1, L′2, L′3}, {L′′1 , L′′2 , L′′3}, {Li, L
′
j, C(Li, L

′
j)∩F}, i, j ∈ {1, 2, 3}, de-

fine an affine plane A of order 3. In a similar way, an affine plane A′ can be defined
on the set {θ(L1), . . . , θ(L′′3)}. The set {θ(L1), . . . , θ(L′′3)} also carries the structure
of an affine plane Aθ if one considers all subsets of the form {θ(P1), θ(P2), θ(P3)}
where {P1, P2, P3} is a line of A. Now, A′ and Aθ have the following eight lines in
common:

{θ(L1), θ(L2), θ(L3)}, {θ(L′1), θ(L′2), θ(L′3)}, {θ(L′′1), θ(L′′2), θ(L′′3)},

{θ(L1), θ(L′1), C(θ(L1), θ(L′1)) ∩ F ′}, {θ(L1), θ(L′2), C(θ(L1), θ(L′2)) ∩ F ′},
{θ(L1), θ(L′3), C(θ(L1), θ(L′3)) ∩ F ′}, {θ(L2), θ(L′1), C(θ(L2), θ(L′1)) ∩ F ′},

{θ(L3), θ(L′1), C(θ(L3), θ(L′1)) ∩ F ′}.
So, A′ = Aθ. This is precisely what we needed to prove.

(II) The case {M1, M2} ∩ {L1, L2, L3} = ∅.
The quad C(Ax, Mi), i ∈ {1, 2}, intersects F in a special line Pi. Clearly, P1 �= P2.
The W (2)-quad C(L1, Mi), i ∈ {1, 2}, intersects F in an ordinary line Ni which is
contained in the Q(5, 2)-quad C(Pi, K). Since Ni is ordinary, C(Pi, K) is the unique
Q(5, 2) quad through Ni. Since C(P1, K) �= C(P2, K), C(N1, N2) is not a Q(5, 2)-
quad. The hexH = C(L1, M1, M2) intersects F in the quad C(N1, N2). The line M3

belongs to C(N1, N2) and is different from N1 and N2. Hence C(N1, N2) ∼= W (2).
Since also C(θ(N1), θ(N2)) ∼= W (2), the lines θ(N1), θ(N2) and θ(M3) are precisely
the three lines of C(θ(N1), θ(N2)) through x′. Since C(θ(L1), θ(M1))∩F ′ = θ(N1),
C(θ(L1), θ(M2)) ∩ F ′ = θ(N2) and C(θ(L1), θ(M1), θ(M2)) ∩F = C(θ(N1), θ(N2)),
we necessarily have that C(θ(M1), θ(M2))∩F ′ = θ(M3). This is precisely what we
needed to prove.

(III) The case {M1, M2} ∩ {L′1, L′2, L′3} = ∅.
By (I) and (II), θ maps the lines {L′1, M1, C(L′1, M1)∩F} and {L′1, M2, C(L′1, M2)∩
F} of L(S, x) to lines of L(Gn, x′). With a similar reasoning as in (II), we then
derive that also {M1, M2, C(M1, M2) ∩ F} is mapped to a line of L(Gn, x′). �

Lemma 8.35. Every point y of S is contained in a big convex subpolygon isomorphic
to Gn−1. Hence G(S, y) ∼= G(Gn).

Proof. We may suppose that y �∈ F , then y is collinear with a unique point π(y)
of F . Call a line L through π(y) special if it is not contained in a W (2)-quad
and ordinary otherwise. Since G(S, π(y)) ∼= G(Gn), there are precisely n special
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lines L1, . . . , Ln through π(y). We may suppose that y π(y) ⊂ C(L1, L2). For every
i ∈ {2, . . . , n}, we put Fi := C(L1, . . . , Li). Since G(S, π(y)) ∼= G(Gn), we have the
following for every i ∈ {2, . . . , n− 1}:
(i) Fi is a dense convex subpolygon of order (2, 3i2−3i−2

2
);

(ii) every quad of Fi+1 through π(y) either is contained in Fi or intersects Fi in
a line.

By (i) and Theorem 7.1, F2
∼= Q(5, 2) and F3

∼= G3. Suppose now that Fi
∼= Gi

for a certain i ∈ {3, . . . , n − 2}. By (ii) and Theorem 2.31, Fi is big in Fi+1. By
the induction hypothesis, Fi+1 is isomorphic to either Gi+1, Gi ⊗G2 or Gi × L3.
By (i), we have Fi+1

∼= Gi+1. Now, y ∈ Fn−1 and Fn−1
∼= Gn−1 is big in S. By

Lemma 8.34 applied to Fn−1 instead of F , G(S, y) ∼= G(Gn). �
Call a line L of S special if it is not contained in a W (2)-quad, and ordinary

otherwise. Since G(S, y) ∼= G(Gn) for every point y of S, every point of S is incident
with n special lines and 3

2n(n − 1) ordinary lines. Let Vk, k ∈ {1, . . . , n}, denote
the set of all convex sub-2k-gons generated by k special lines through a fixed point.
If F ∈ Vk, k ∈ {1, . . . , n− 1}, then a similar reasoning as in the proof of Lemma
8.35 gives that F ∼= Gk. From Theorem 7.34, it now follows that S ∼= Gn. �

8.7 Proof of Theorem 8.6

Let Q denote an arbitrary quad intersecting H in a line L. Since H ∼= E3, H has a
W (2)-quad Q1 and a Q(5, 2)-quad Q2 through L. If Q is a Q(5, 2)-quad, then the
hex C(Q, Q1) contains a Q(5, 2)-quad Q and a big W (2)-quad Q1, contradicting
Theorem 7.1. If Q is a W (2)-quad, then by Theorem 7.1, the hex C(Q, Q2) is
isomorphic to either G3 or E3. In any case, C(Q, Q2) contains a Q(5, 2)-quad
which intersects H in a line, a contradiction. Hence Q is a grid. The theorem now
follows from Theorem 4.1. �

8.8 Proof of Theorem 8.7

Let x denote an arbitrary point of F . Since F ∼= S1 × S2, there exist convex
subpolygons F1 and F2 through x such that

• F1
∼= S1 and F2

∼= S2;

• F1 ∩ F2 = {x};
• every line through x either is contained in F1 or in F2.

If tS = tF + 1, then S ∼= F × L ∼= S1 × (S2 × L) by Theorem 4.1. Hence, we may
suppose that there exist two lines K and L through x which are not contained in
F . Since F is big in S, C(K, L) intersects F in a line L′. By reasons of symmetry,
we may suppose that L′ ⊆ F1. Put now F3 := C(F1, K). Then F1 = F3∩F is big in
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F3, diam(S) = diam(F3) + diam(F2) and F3 ∩ F2 = {x}. We will show that every
line M through x not contained in F is contained in F3. The theorem then follows
from Theorem 4.4. Since C(K, L) ⊆ F3, we may suppose that M is not contained
in C(K, L). The quad C(K, M) then intersects F in a line M ′ �= L′. If M ′ belongs
to F2, then the grid-quad C(L′, M ′) is big in the hex C(K, L, M). From Theorem
7.1 it then follows that C(K, L, M) is isomorphic to either L3×L3×L3, W (2)×L3

or Q(5, 2)×L3. This contradicts however the fact that none of the quads C(K, L)
and C(K, M) is a grid. Hence M ′ ⊆ F1 and M ⊂ C(K, M ′) ⊆ F3. �

8.9 Proof of Theorem 8.8

Lemma 8.36. The class D does not contain product near polygons.

Proof. By Theorem 4.60, it suffices to show that no element of the set {DH(2n−
1, 4) |n ≥ 2}∪{Gn |n ≥ 3} is a product near polygon. This holds since all modified
local spaces of these near polygons are connected (see Theorem 6.31 for the near
polygon Gn). �

Definition. If A is an element of D, then we define Ω(A) as the set of all pairs
{T1, T2} ∈ Δ1(A) with the property that every element of T1 ∪ T2 belongs to D.

The near polygon S is a slim dense near 2n-gon, n ≥ 4, containing a big
convex subpolygon F belonging to D. There are four possibilities. If F ∼= DH(2n−
3, 4) for some n ≥ 3, then by Theorem 8.2, S is isomorphic to either DH(2n−1, 4),
DH(2n− 3, 4)×L3 or DH(2n− 3, 4)⊗Q(5, 2). If F ∼= Gn−1 for some n ≥ 3, then
by Theorem 8.5, S is isomorphic to either Gn, Gn−1 × L3 or Gn−1 ⊗ Q(5, 2). In
view of what we need to prove, we may suppose that

• F is glued, so Ω := Ω(F ) �= ∅;
• S �∼= F × L3;

• no proper convex subpolygon of S violates Theorem 8.8. (If this were not so,
then the reasoning described here would still be applicable to each minimal
violating convex subpolygon in S, yielding an obvious contradiction.)

Let V denote the set of all W (2)-quads and Q(5, 2)-quads which intersect F in a
line.

Lemma 8.37. The set V is not empty.

Proof. Take an arbitrary point x in F . Since S is not isomorphic to F ×L3, there
exist two lines K and L through x which are not contained in F . By Theorem
1.7, the quad Q := C(K, L) intersects F in a line. Hence tQ + 1 ≥ 3 and Q is
isomorphic to either W (2) or Q(5, 2). �

Definition. If T is a partition of F in isomorphic convex subpolygons, then d(T )
denotes the diameter of an arbitrary element of T . If T1 and T2 are two partitions
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of F in convex subpolygons, then we say that (T1, T2) ∈ Ω′ if {T1, T2} ∈ Ω and if
exactly one of the following holds:

(a) Q ∩ F ∈ L1 ∩ L2 for every Q ∈ V ;

(b) there exists a quad Q ∈ V such that Q ∩ F ∈ L2 \ L1.

Here Li, i ∈ {1, 2}, denotes the set of lines of F which are contained in a subpoly-
gon of Ti. If {T1, T2} ∈ Ω, then Ω′ contains at least one of the elements (T1, T2)
and (T2, T1). Since Ω �= ∅, also Ω′ �= ∅.
Lemma 8.38. Suppose that (T1, T2) ∈ Ω′.
(i) If (T1, T2) is of type (a), then for every element A of T2, there exists a quad

QA ∈ V such that QA ∩ F ⊆ A and QA ∩ F ∈ L1 ∩ L2.

(ii) If (T1, T2) is of type (b), then for every element A of T2, there exists a quad
QA ∈ V such that QA ∩ F ⊆ A and QA ∩ F ∈ L2 \ L1.

(iii) For every element A of T2, there exists a unique convex sub-2(d(T2)+1)-gon
Â through A such that Â ∩ F = A. If A ∈ T2 and B ∈ T1, then Â ∩ B is a
line, and every line which intersects Â ∩ B in a point either is contained in
Â or B.

(iv) The set T̂2 := {Â|A ∈ T2} is a partition of S in convex subpolygons.

Proof. (i) Let A denote an arbitrary element of T2 and x an arbitrary point of
A. Since S �∼= F ×L3, there exist two lines K and L through x not contained
in F . Using Theorem 1.7, we see that the quad C(K, L) satisfies all required
properties.

(ii) We will prove that if this property holds for a certain A ∈ T2 (with corre-
sponding quad QA), then it also holds for any B ∈ T2 at distance 1 from A.
Property (ii) then follows from the connectedness of F . Put LA := QA ∩ F ,
let a denote an arbitrary point of LA and let b denote the unique point of B
collinear with a. Since LA ∈ L2 \ L1, the quad C(LA, b) is a grid and hence
contains a unique line LB through b disjoint with LA. Clearly, the line LB be-
longs to L2 \L1 and is contained in B. We will now construct an element QB
of V through LB. By Theorem 1.7, the grid-quad C(LA, b) is big in the hex
C(QA, b). By Theorem 7.1, it then follows that C(QA, b) ∼= QA × L3. Hence
the hex C(QA, b) contains a unique quad QB ∼= QA through LB. Clearly
QB ∈ V .

(iii) Let A denote an arbitrary element of T2. Then there exists a quad Q ∈ V
intersecting A in a line K with K ∈ L1 ∩ L2 if (T1, T2) is of type (a) or
K ∈ L2 \ L1 if (T1, T2) is of type (b). Let x denote an arbitrary point of
K. Clearly, C(A, Q) intersects F in A. In order to prove that C(A, Q) is the
subpolygon which satisfies all required properties, it suffices to show that
C(A, L) = C(A, Q) for any line L through x not contained in F . If (T1, T2)
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is of type (a), consider then in Q a line L′ through x different from K and
L. The quad C(L, L′) intersects F in the line K. Hence L ⊆ C(L′, K) = Q
and C(A, L) = C(A, Q). Suppose now that (T1, T2) is of type (b) and that L
is not contained in Q. By Theorem 1.7 the hex H := C(Q, L) intersects F
in a big quad Q′ through K. In H there are at least three quads through K
(namely Q, Q′ and C(K, L)) and not all these quads are grids. So, H cannot
be isomorphic to L3 × L3 × L3, W (2) × L3 or Q(5, 2) × L3. By Theorem
7.1, it then follows that H contains no big grid-quad. So, Q′ is isomorphic
to either W (2) or Q(5, 2). Since K ∈ L2 \ L1, Q′ must be contained in A.
Hence, C(A, L) = C(A, H) = C(A, Q).

(iv) It suffices to prove that every point x outside F is contained in a unique
element of T̂2. If x′ denotes the unique point of F nearest to x and A the
unique element of T2 through x′, then x ∈ C(A, x′x) = Â. If there were two
different elements A1 and A2 in T2 such that x ∈ Â1 ∩ Â2, then x would be
collinear with two different elements of F (notice that Ai, i ∈ {1, 2}, is big
in Âi by Theorem 1.7), contradicting the fact that F is convex. �
Let (T1, T2) be an element of Ω′ with d(T1) as small as possible. Let G denote

an arbitrary near 2 d(T1)-gon of T1. If Ω(G) �= ∅, then by Theorem 4.61 and Lemma
8.36, there exists an element {T̃1, T̃2} ∈ Ω(F ) with d(T̃1) < d(T1) such that T2

is a refinement of T̃2. This latter property implies that (T̃1, T̃2) ∈ Ω′. But this
contradicts our assumption on the minimality of d(T1). So, Ω(G) = ∅ and G is
isomorphic to an element of the set {DH(2m− 1, 4)|m ≥ 2} ∪ {Gm|m ≥ 3}. We
have shown earlier that there exists a unique partition T̂2 of S in convex sub-
2(d(T2)+1)-gons, such that Â ∩F ∈ T2 for every Â ∈ T̂2. We will now extend the
partition T1 of F to a partition T̂1 of S.
Lemma 8.39. The partition T1 of F can be extended to a partition T̂1 of S such
that every element of T̂1 intersects every element of T̂2 in a line.

Proof. For every point x of F , we define F̂1(x) as the unique element of T1 through
x. Suppose that x is a point outside F . Let F̂2(x) denote the unique element of T̂2

through x and let x′ denote the unique point of F collinear with x. By Theorem
1.7, C(F̂1(x′), x) contains F̂1(x′) as a big convex subpolygon. We distinguish the
following cases.

• If d(T1) = 2, then F̂1(x′) ∼= Q(5, 2) and C(F̂1(x′), x) is isomorphic to either
Q(5, 2) × L3, Q(5, 2) ⊗ Q(5, 2), G3, E3 or DH(5, 4) by Theorem 7.1. By
property (iii) of Lemma 8.38, every line of C(F̂1(x′), x) through x′ is contained
in one of the quads F̂1(x′) or C(F̂1(x′), x) ∩ F̂2(x). So, C(F̂1(x′), x) must be
isomorphic to either Q(5, 2)× L3 or Q(5, 2)⊗Q(5, 2).

• If d(T1) ≥ 3, then C(F̂1(x′), x) is isomorphic to either G × L3 or G ⊗Q(5, 2)
by Theorems 8.2 and 8.5.

In any case, there exists a unique convex subpolygon F̂1(x) in C(F̂1(x′), x) satis-
fying: (i) x ∈ F̂1(x), (ii) F̂1(x) is isomorphic to G and (iii) F̂1(x) is disjoint with
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F̂1(x′). Clearly, the set T̂1 of all subpolygons F̂1(x), x ∈ S, is a partition of S in
subpolygons isomorphic to G. It is also clear that every element of T̂1 intersects
every element of T̂2 in a line. �
Lemma 8.40. If Â ∈ T̂1 ∪ T̂2, then either Â belongs to D or Â ∼= E3.

Proof. Every element of T̂1 is isomorphic to G and hence belongs to D. Suppose
therefore that Â ∈ T̂2. We know that A := Â ∩ F is big in Â, that tÂ ≥ tA + 2
and that A belongs to D. If d(T2) ≥ 3, then Â belongs to D since we assumed
that no proper convex subpolygon violates Theorem 8.8. If d(T2) = 2, then A ∼=
Q(5, 2) and by Theorem 7.1 and the fact that tÂ ≥ tA + 2, Â is isomorphic to
Q(5, 2)⊗Q(5, 2), G3, E3 or DH(5, 4). Again the lemma holds. �
Lemma 8.41. S is not a product near polygon.

Proof. All modified local spaces of E3 are connected. By the proof of Lemma
8.36, also all modified local spaces of an arbitrary element of D are connected.
By Lemmas 8.39 and 8.40, it then follows that every modified local space of S is
connected. So, S is not a product near polygon. �

The following lemma finishes the proof of Theorem 8.8.

Lemma 8.42. (i) If G1 ∈ T̂1 and G2 ∈ T̂2, then S is of type G1 ⊗ G2.

(ii) The near polygons G1 and G2 belong to D. As a consequence also S belongs
to D.

Proof. (i) This follows from Theorem 4.28 and Lemmas 8.39 and 8.41.

(ii) By Theorem 4.46, each element of T̂1 ∪ T̂2 must have a spread of symmetry.
By Theorem 6.99, E3 has no spread of symmetry. So, each element of T̂1∪ T̂2

must belong to D by Lemma 8.40. The lemma now readily follows. �

8.10 Proof of Theorem 8.9

We will first prove that every element of N× has a nice chain of convex subpoly-
gons.

Lemma 8.43. If S is an element of D \D2, then every line of S is contained in a
big convex subpolygon which is isomorphic to an element of D.

Proof. We will use induction on the diameter of S. Obviously, the lemma holds
if S ∼= DH(2n − 1, 4) or S ∼= Gn for some n ≥ 3. So, suppose that S is of the
form A1 ⊗ A2 with A1 and A2 two elements of D. There exist partitions T1 and
T2 of S in convex subpolygons isomorphic to A1, respectively A2, such that every
element of T1 intersects every element of T2 in a line. Now, let L be an arbitrary
line of S, then L is contained in an element of T1 ∪ T2. By reasons of symmetry,
we may suppose that L is contained in the element F1 of T1. If A2 is a generalized
quadrangle, then F1 is big in S and we are done. Suppose therefore that A2 is
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not a generalized quadrangle. Let F2 denote an arbitrary element of T2. By the
induction hypothesis we know that the line F1 ∩ F2 of F2 is contained in a big
convex subpolygon F ′ of F2 which is isomorphic to an element of D. By Theorem
4.36, C(F ′, F1) is a glued near polygon of type F1 ⊗ F ′. Since F1, F

′ ∈ D, also
C(F1, F

′) ∈ D. Clearly C(F1, F
′) is big in S and contains the line L. �

Lemma 8.44. Every near polygon S of N×\{O} has a big convex subpolygon which
is isomorphic to an element of N×.

Proof. Clearly the lemma holds if S is isomorphic to an element of {L3, E3} ∪
{DQ(2n, 2)|n ≥ 2} ∪ {Hn|n ≥ 3} ∪ {In|n ≥ 4}. Now by Lemma 8.43 the result
holds for every S ∈ N . Now, if S1 and S2 are two dense near polygons and if F1

is a big convex subpolygon of S1, then the set of all pairs (x, y) with x a point of
F1 and y a point of S2 determines a big convex subpolygon of S1 ×S2 isomorphic
to F1 × S2. Hence the lemma also holds for every S ∈ N×. �
Corollary 8.45. If S ∈ N×, then S has a nice chain of convex subpolygons.

We still need to prove Theorem 8.9 in the other direction.

Theorem 8.46. Every slim dense near 2n-gon, n ≥ 1, containing a nice chain
F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn of convex subpolygons is isomorphic to an element of
N×.
Proof. By Theorem 7.1, the theorem holds if n ≤ 3. Hence the theorem will hold
if we can prove that every slim dense near 2n-gon, n ≥ 4, containing a big convex
sub-2(n− 1)-gon F which is isomorphic to an element of N×, is itself isomorphic
to an element of N×. By Theorem 8.7, this is true for every F ∈ N× as soon as
it is true for every F ∈ N . By Theorems 8.1, 8.3, 8.4 and 8.6, it follows that we
only need to consider the case F ∈ D. This case is settled by Theorem 8.8. �

Theorem 8.9 follows from Corollary 8.45 and Theorem 8.46.





Chapter 9

Slim dense near octagons

In this chapter we will classify all slim dense near octagons. It will turn out that
there are precisely 24 such near octagons. Recall that by Theorem 2.35, every slim
dense near octagon is finite. This chapter is based on the papers [63] and [64].

9.1 Some properties of slim dense near octagons

Lemma 9.1. For every slim dense near octagon S with vS points, there exist con-
stants aS , bS and cS such that every point of S is contained in aS grid-quads, bS
W (2)-quads and cS Q(5, 2)-quads. Furthermore, (i) tS(tS +1) = 2aS+6bS+20cS
and (ii) |Γ0(x)| = 1, |Γ1(x)| = 2(tS + 1), |Γ2(x)| = 4aS + 8bS + 16cS, |Γ3(x)| =
vS
3
− 1 − 6tS + 4aS + 8bS + 16cS, |Γ4(x)| = 2(vS

3
− 1 + 2tS − 4aS − 8bS − 16cS)

for every point x of S.

Proof. The first part of the lemma is precisely Theorem 7.2.
Let x be an arbitrary point of S. Then |Γ0(x)| = 1, |Γ1(x)| = 2(tS + 1) and

|Γ2(x)| = 4aS + 8bS + 16cS . Since
∑4

i=0 |Γi(x)| = vS and
∑4

i=0(− 1
2
)i|Γi(x)| = 0

(see Theorem 1.2), we are able to calculate |Γ3(x)| and |Γ4(x)| in terms of vS , tS ,
aS , bS and cS . We find the equations mentioned above. �

Lemma 9.2. Let (x, H) be a point-hex pair of a dense near octagon S and consider
the function fx : H → N, y �→ d(x, y) − d(x, H). If d(x, H) ≤ 1, then fx is a
classical valuation of H. If d(x, H) = 3, then fx is an ovoidal valuation of H. If
d(x, H) = 2, then fx is a valuation of H which is not classical nor ovoidal.

Proof. By Theorem 5.5, fx is a valuation of H .
If d(x, H) ≤ 1, then there exists a unique point x′ in H nearest to x and

d(x, y) = d(x, x′) + d(x′, y) for every point y of H . Hence, fx(y) = d(x′, y) for
every point y of H . This proves that fx is classical.
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If d(x, H) = 3, then fx(y) ∈ {0, 1} for every point y of H . Moreover, every
line of H contains a unique point with value 0. This proves that Ofx is an ovoid
and that fx is ovoidal.

Suppose d(x, H) = 2. If fx is classical, then there exists a point y ∈ H
with fx(y) = 3. We would then have that d(x, y) = 5, a contradiction. Suppose
that fx is ovoidal. Then all points of H are at distance 2 or 3 from x and the
points at distance 2 from x form an ovoid O of H . Let y be a point of H not
contained in O. Every line of H through y contains a point at distance 2 from x.
So, (Γ1(y) ∩H) ⊆ C(x, y). This implies H ⊆ C(x, y). This is impossible, since H
and C(x, y) are two different hexes. �
Lemma 9.3 (See Chapter 6). The nonclassical valuations of the 11 slim dense
near hexagons are listed in the following table. For each extended valuation f ,
we mention the type of the quad containing Of . In the last column we list the
possibilities for Gf , where f is the considered valuation.

9.2 Existence of big hexes

We label the 11 slim dense near hexagons in the following way: N1 = L3×L3×L3,
N2 = W (2) × L3, N3 = Q(5, 2) × L3, N4 = Q(5, 2) ⊗ Q(5, 2), N5 = H3, N6 =
DQ(6, 2), N7 = E3, N8 = G3, N9 = E1, N10 = E2 and N11 = DH(5, 4).

Theorem 9.4. Let S = (P ,L, I) be a dense near octagon of order (2, t) and let i be
the biggest integer such that S contains a hex isomorphic to Ni. Then every hex
of S isomorphic to Ni is big in S. As a corollary, every slim dense near octagon
contains a big hex.

Suppose the contrary. Let H = (P ′,L′, I′) be a hex isomorphic to Ni which
is not big in S and let x denote a point of S at distance 2 from H . Put fx : P ′ →
N, y �→ d(x, y)−d(x, H), then f = fx is a valuation of H . A quad Q of H is called
special if it is special with respect to the valuation f of H , i.e. if Q∩Of is an ovoid
of Q. Remark that f is not classical nor ovoidal by Lemma 9.2.

near hexagon ovoid. semi-cl. extended other
L3 × L3 × L3 YES YES L3 × L3 –
W (2)× L3 – YES L3 × L3, W (2) –
Q(5, 2)× L3 – – L3 × L3 –

H3 – – W (2) L3, PG(2, 2)
DQ(6, 2) – – W (2) –

Q(5, 2)⊗Q(5, 2) – – – AG(2, 3)
G3 – – – W (2)
E1 YES – – –
E2 YES – – –
E3 – – – PG(2, 4)

DH(5, 4) – – – –
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Lemma 9.5. If Q is a special quad, then C(x, Q) is a hex.

Proof. Let y be an arbitrary point of Q\Of . Then d(x, y) = 3; so, C(x, y) is a hex.
Every line of Q through y contains a point of Of at distance 2 from x and hence
is contained in C(x, y). Hence, Q ⊆ C(x, y) and C(x, Q) = C(x, y). This proves the
lemma. �

We will derive a contradiction for each of the possible values of i.

Lemma 9.6. The case i ∈ {9, 10, 11} cannot occur.

Proof. By Lemma 9.3 and the fact that f is not classical nor ovoidal, it follows
that i �∈ {9, 10, 11}. �
Lemma 9.7. The case i = 8 cannot occur.

Proof. Since f is not classical, Gf
∼= W (2) by Lemma 9.3.

Property. 3 | t+ 1.

Proof. Since Gf
∼= W (2), there exists a special W (2)-quad T . The hex C(x, T )

contains a W (2)-quad which is not big. So, C(x, T ) is isomorphic to either G3 or
E3 by Theorem 7.1. Hence, there exists a W (2)-quad Q through x intersecting
T in a point z of Of . The hexes through Q determine a partition of the lines
through x which are not contained in Q. By Theorem 2.32, every hex through Q
intersects H in at least a line. (Notice that there exists a Q(5, 2)-quad through
z contained in H .) Now, there are five special quads R1, . . . , R5 through z and
these five quads partition the set of lines of H through z. It follows that the quads
C(x, Ri), i ∈ {1, . . . , 5}, are all the quads through Q. If Ri is a grid, then C(x, Ri)
is isomorphic to G3. If Ri

∼= W (2), then C(x, Ri) is isomorphic to either G3 or E3.
It follows that

t+ 1 = 3 + α(tG3 + 1− 3) + β(tE3 + 1− 3),

for certain α, β ∈ {0, . . . , 5} with α+ β = 5. Hence, 3 | t+ 1. �
The previous property leads together with the following property to a con-

tradiction.

Property. 3 | t.
Proof. By the proof of the first property, we know that there exists a hex H ′

through x isomorphic to G3 intersecting H in a grid-quad T ′. By the proof of
Theorem 6.45, there exists a unique valuation f ′ in H ′ such that {x} ∪ (Γ2(x) ∩
T ′) ⊆ Of ′ . Since Gf ′ ∼= W (2), there exists a grid-quad Q′ through x intersecting
T ′ in a point z′. Let R′1, R

′
2, . . . , R

′
5 denote the five special quads of H through z′.

As before we know that the quads C(x, R′i), i ∈ {1, . . . , 5}, partition the set of lines
through x not contained in Q′. If R′i is a grid, then by Theorem 7.1, C(x, R′i) is
isomorphic to either G3, H3 or Q(5, 2)⊗Q(5, 2). If R′i ∼= W (2), then C(x, R′i) ∼= G3.
Hence,

t+1 = 2+α(tG3+1−2)+β(tH3+1−2)+γ(tQ(5,2)⊗Q(5,2)+1−2) = 2+10α+4β+7γ,
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with α, β, γ ∈ {0, . . . , 5} such that α+ β + γ = 5. The property now immediately
follows. �

Lemma 9.8. The case i = 7 cannot occur.

Proof. By Lemma 9.3, Gf
∼= PG(2, 4) and by Lemmas 9.2 and 9.3, Γ3(H) = ∅.

Property. Every line through x is contained in a unique quad intersecting H in a
point.

Proof. Suppose the contrary and let L be a line through x such that also the
remaining points y and z of L have distance 2 from H . Consider a point x′ of Ofx .
Every Q(5, 2)-quadQ of H through x′ is classical in S and we define LQ := πQ(L).
Suppose LQ′ �= LQ for two different Q(5, 2)-quads Q and Q′ of H through x′. Put
Q′′ := C(LQ, LQ′). Since |Γ2(y) ∩ Q′′| ≥ 2 and |Γ2(z) ∩ Q′′| ≥ 2, (i) Q′′ ∼= W (2)
and (ii) (y, Q′′) and (z, Q′′) are ovoidal point-quad pairs. Since any two ovoids of
W (2) intersect in a point, there exists a point u in Q′′ at distance 2 from y and
z. From d(y, u) = d(z, u) = 2, it follows that d(x, u) = 1, a contradiction. So, the
line LQ must be contained in the intersection of all Q(5, 2)-quads of H through
x′, a contradiction. �

Property. Every quad Q through x intersecting H is isomorphic to W (2).

Proof. Put Q ∩H = {x′} and let Q′ denote a special quad through x′. The hex
C(x, Q′) contains a W (2)-quad which is not big and hence is isomorphic to E3 by
Theorem 7.1. It then follows that Q is isomorphic to W (2). �

Corollary. t+ 1 = 63.

Proof. There are 21 quads through x intersecting H in a point. These quads are
isomorphic to W (2) and partition the set of lines through x. �

Property. There are no grid-quads. As a consequence, only hexes isomorphic to
DQ(6, 2) or E3 can occur.

Proof. Suppose the contrary. By Lemma 9.1, there exists a grid-quad G through
x. Let Q1 and Q2 denote the two W (2)-quads through x which intersect H in a
point and G in a line. Then G ⊂ C(Q1, Q2). By the proof of the previous property,
we know that C(Q1, Q2) ∼= E3, a contradiction, since E3 does not contain grid-
quads. �

We are now ready to derive a contradiction. Consider a Q(5, 2)-quad Q in S and
a point x′ ∈ Q. The α hexes through Q determine a partition of the lines through
x′ not contained in Q. From the previous property, all these hexes are isomorphic
to E3. It follows that t+ 1 = 5 + α(15 − 5), contradicting t+ 1 = 63. �

Lemma 9.9. The case i = 6 cannot occur.
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Proof. By Lemma 9.3, Of is an ovoid in a W (2)-quad Q of H . But then C(x, Q) is
a hex containing a W (2)-quad which is not big, contradicting i = 6 and Theorem
7.1. �

Lemma 9.10. The case i = 5 cannot occur.

Proof. Property. There are no Q(5, 2)-quads. As a consequence, every hex is iso-
morphic to either L3 × L3 × L3, W (2)× L3 or H3.

Proof. Suppose the contrary, then by Lemma 9.1, there exists a Q(5, 2)-quad Q
through a point of H . By Theorem 2.32, Q intersects H in a line L. Every hex
throughQ and a W (2)-quad ofH through L is isomorphic to G3 or E3 by Theorem
7.1, contradicting the fact that i = 5. �

Property. Every special quad is a grid. As a consequence, Gf is isomorphic to
either L3 or PG(2, 2).

Proof. If Q is a special W (2)-quad, then C(x, Q) is a hex containing a W (2)-quad
which is not big, contradicting Theorem 7.1 and i = 5. �

Property. Every quad Q intersecting H in a point is a grid.

Proof. Without loss of generality, we may suppose that x ∈ Q. If Q′ is a special
quad through the point Q ∩ H , then Q is not big in the hex C(x, Q′). It follows
that C(x, Q′) ∼= H3 and Q ∼= L3 × L3. �

Consider a line L of S intersecting H in a point y and let z ∈ L \ {y}. Let
G1, G2 and G3 be the grid-quads of H through y and let Hi := C(L, Gi).

Property. Every line L′ through z is contained in at least one of the hexes H1, H2,
H3.

Proof. We may suppose that L′ �= L. If L′ contains a point z′ at distance 2 from
H , then Gfz′ is isomorphic to either L3 or PG(2, 2). Hence, at least one of the
grid-quads G1, G2 and G3 is special with respect to the valuation fz′ . So, L′ is
contained in at least one of the hexes Hi, i = 1, 2, 3. If L′ is contained in Γ1(H),
then L′ is contained in exactly one of the hexes Hi, i = 1, 2, 3. �

Property. Hi ∩ Hj = {L} for all i, j ∈ {1, 2, 3} with i �= j. As a consequence,
Gf
∼= L3.

Proof. Suppose the contrary. Let Q be a quad through L intersecting H in y and
suppose that Q is contained in Hj and Hk for certain j, k ∈ {1, 2, 3} with j �= k.
Then Q is a grid-quad. Let y′ be a point of Q at distance 2 from y. Since the
grid-quads Gj and Gk contain three points of Ofy′ , Gfy′

∼= PG(2, 2) and it follows
that also the third grid-quad Gl (l ∈ {1, 2, 3} \ {j, k}) contains three points of
Ofy′ . So, Hi

∼= H3 for every i ∈ {1, 2, 3}. Hence t + 1 = 2 + 3(tH3 − 1) = 14 by
the previous property. Now, C(y′, v) is a grid-quad for every v ∈ Ofy′ and any
two of these grid-quads are contained in a unique hex isomorphic to H3. As a
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corollary, (aS , bS , cS) = (7, 28, 0). Suppose that y′ is contained in α hexes of type
L3 ×L3 ×L3, β hexes of type W (2)× L3 and γ hexes of type H3. Counting pairs
(G, L) where G is a grid-quad through y′ and L a line through y′ not contained
in G yields that 7(t+ 1− 2) = 3α+ 6β + 12γ or

α+ 2β + 4γ = 28.

Counting pairs (W, L) where W is a W (2)-quad through y′ and L a line through
y′ not contained in W yields that 28(t+ 1− 3) = β + 12γ or

β + 12γ = 308.

Both equalities cannot hold simultaneously. �

We are now ready to derive a contradiction. Since every hex is isomorphic to
L3 × L3 × L3, W (2)× L3 or H3 and since every line through z is contained in at
least one of the hexes H1, H2, H3, 7 ≤ t + 1 ≤ 14 or t + 1 = 16. Consider again
a point y′ at distance 2 from H such that y ∈ Ofy′ . By the previous property,
Gfy′

∼= L3. Let Q denote the unique grid-quad of H containing all points of Ofy′
and let Q′ be a W (2)-quad of H disjoint from Q. The point y′ is ovoidal with
respect to Q′. Let U and V be two hexes through y′ intersecting Q′ in, say, u and
v. Suppose that M is a line through y′ contained in U and V . Clearly, M contains a
point m at distance 2 from u. But then m is classical with respect to Q′, implying
that d(m, v) = 4, a contradiction. So, the five hexes through y′ intersecting Q′

determine at least 15 lines through y′. As a consequence, t+ 1 = 16 and Hi
∼= H3

for every i ∈ {1, 2, 3}. It follows that every quad through L intersecting H in a
line is a W (2)-quad. If Q′′ is a W (2)-quad of H through y, then C(L, Q′′) contains
at least three W (2)-quads through the line L, contradicting Theorem 7.1. �

Lemma 9.11. The case i = 4 cannot occur.

Proof. Since f is not classical, Gf
∼= AG(2, 3) by Lemma 9.3. Let y be an arbitrary

point of Of , let Q be the quad through x and y and let G1, G2, G3 and G4 denote
the four special grid-quads of H through y. Each of the hexes C(x, Gj), 1 ≤
j ≤ 4, contains a grid-quad which is not big. By Theorem 7.1, all these hexes are
isomorphic to Q(5, 2)⊗Q(5, 2). LetM be a line ofQ through y and let M1, M2, M3,
respectively M4, be the lines of G1, G2, G3, respectively G4, which are contained
in a Q(5, 2)-quad together with M . Since at least two of these lines are contained
in the same Q(5, 2)-quad of H , the hex through M and these lines has three
Q(5, 2)-quads through a point, contradicting i = 4. �

Lemma 9.12. The case i = 3 cannot occur.

Proof. Since f is not classical,Of is an ovoid in a grid-quadQ by Lemma 9.3. Now,
C(x, Q) is a hex containing a grid-quad which is not big, contradicting i = 3. �

Lemma 9.13. The case i = 2 cannot occur.
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Proof. Property. f is a semiclassical valuation.

Proof. Suppose the contrary, then by Lemma 9.3, Of is an ovoid in a quad Q of H .
Now, C(x, Q) is a hex containing a quad which is not big, contradicting i = 2. �

Let aS , respectively bS , denote the constant number of grid-quads, respec-
tively W (2)-quads, through a given point of S.
Property. 15 ≤ t+ 1 ≤ 20 and bS ≥ t+ 1− 15 = t− 14.

Proof. Let Q be a W (2)-quad of H not containing the unique point of Of . Then
d(x, Q) = 3 and Γ3(x) ∩ Q is an ovoid {x1, . . . , x5} of Q. If there exists a line
{x, x′, x′′} through x contained in Γ3(Q), then by Theorem 1.23, the ovoids Γ3(x)∩
Q, Γ3(x′) ∩Q and Γ3(x′′) ∩Q of Q are mutually disjoint. This is impossible since
any two ovoids of W (2) have nonempty intersection. As a consequence, every line
through x is contained in one of the hexes Hi := C(x, xi), i ∈ {1, 2, 3, 4, 5}. It
follows that t + 1 ≤ 20. Suppose now that Hi ∩ Hj �= {x} for certain i, j ∈
{1, 2, 3, 4, 5} with i �= j and d(xi, Of ) �= 1. Let L be a line through x which is
contained in Hi ∩ Hj and let y be the unique point of L at distance 2 from xi.
Since C(y, xi) ∩H = {xi}, d(y, H) �= 1. So, d(y, H) = 2 and fy is a semi-classical
valuation of H . It follows that d(y, xj) = d(x, xi) + d(xi, xj) = 4, contradicting
the fact that y and xj belong to the same hex Hj . So, Hi ∩ Hj = {x} for all
i, j ∈ {1, . . . , 5} with i �= j. The property now follows from the fact that every hex
is isomorphic to either L3 × L3 × L3 or W (2)× L3. �
Property. |Γ3(y)| = vS

3 − 1 − 6t + 4aS + 8bS = 344 − 216t + 64aS + 128bS for
every point y of S.

Proof. Let x′ be an arbitrary point of H . For every i ∈ {0, 1, 2, 3}, let Xi be the
set of all points y of S such that d(y, H) = d(y, x′) = i. Since H has no ovoids,
X3 = ∅. Obviously,
• |X0| = 1;

• |X1| = 2(t− tH) = 2t− 6;

• |X2| = |Γ2(x′)| − |Γ2(x′) ∩H | − 2(tH′ + 1)|X1|.
Here |Γ2(x′)| = 4aS + 8bS and |Γ2(x′) ∩ H | = 20. Hence, |Xi|, i ∈ {0, 1, 2}, is
independent from the point x′. Since |Γi(y) ∩ H | = 1 for every i ∈ {0, 1, 2} and
every y ∈ Γi(H), the total number of points of S is equal to

vS = vH′ (|X0|+ |X1|+ |X2|) = 45(23− 14t+ 4aS + 8bS).

The property now immediately follows from Lemma 9.1. �
We are now ready to derive a contradiction. Consider a point x′ of S and let

A, respectively B, be the number of hexes isomorphic to L3×L3×L3, respectively
W (2) × L3, through x′. Consider the aS grid-quads G1, . . . , GaS through x′ and
suppose that Gi is contained in ui hexes isomorphic to L3 ×L3 ×L3 and vi hexes
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isomorphic to W (2)× L3. Since each line through x′ outside Gi is contained in a
unique hex together with Gi, ui +2vi = t− 1 for every i ∈ {1, . . . , aS}. Since each
hex through x′ contains three grid-quads through x′, it easily follows that

A+ 2 · B =
1
3

aS∑
i=1

(ui + 2vi) =
1
3

aS∑
i=1

(t− 1) =
1
3
aS(t− 1).

Since each hex through x′ isomorphic to L3 × L3 × L3 (respectively W (2) × L3)
contains eight (respectively 16) points at distance 3 from x′, |Γ3(x′)| = 8A+16B =
8
3aS(t− 1). Together with the value of |Γ3(x′)| we have calculated earlier, we find
that aS(t− 1) = 129− 81t+24aS +48bS. From Lemma 9.1, 2aS +6bS = t(t+1).
We can now calculate bS in terms of t:

bS =
t3 − 24t2 + 137t− 258

6(t− 9)
.

Since no two W (2)-quads intersect in a line, 3bS ≤ t+ 1 ≤ 20. Hence 0 ≤ bS ≤ 6.
Since bS ∈ N and 15 ≤ t+1 ≤ 20, t = 17 and bS = 1, contradicting bS ≥ t−14. �

Theorem 9.4 holds if we can show that also the last case cannot occur.

Lemma 9.14. The case i = 1 cannot occur.

Proof. In this case, every quad is a grid and every hex is isomorphic to L3×L3×L3.
If x′ ∈ Ofx , then the grid C(x, x′) intersects H in the point x′. So, t ≥ 4. The near
octagon S is a regular near octagon. Let A be the collinearity matrix of S. For
each possible value of t different from 3, there always exists a multiplicity which
is not integral (see Example 2 in Section 3.3 and the remark following this proof).
So, also this case cannot occur. �
Remark. Consider again the case i = 1. The matrix A has five eigenvalues λi,
i ∈ {1, . . . , 5}, with −(t + 1) = λ1 < λ2 < · · · < λ5 = 2(t + 1). The eigenvalues
λ2, λ3 and λ4 are the zeros of the polynomial x3 − 6x2 + (21− 6t)x+ (10t− 20).
The multiplicity of the eigenvalue 2(t+1) is equal to 1 and the multiplicity of the
eigenvalue −(t+1) is equal to f(t) := 96+256t−192t2+128t3

48+20t+3t2+t3
. The other multiplicities

can also be expressed as functions of t, but these functions are not so nice as f . By
Corollary 2.37 and Theorem 2.38, t ≤ 53. For 4 ≤ t ≤ 53, f(t) is only integral if
t ∈ {4, 10}. To exclude the two remaining possibilities for t, one needs to consider
the other eigenvalues or one could use the following argument using valuations.

If there exists a special quad Q in H , then C(x, Q) is a hex containing a quad
which is not big, a contradiction. So, fx is a semi-classical valuation. There exists
a unique point y in H at distance 2 from x and four points x1, x2, x3 and x4 of
Γ3(y)∩H lie at distance 3 from x. Put now Hi := C(x, xi) for every i ∈ {1, 2, 3, 4}.
Then Hi ∩ H = {xi}. Suppose that a line L through x is contained in Hi and
Hj (1 ≤ i < j ≤ 4) and let y be the unique point of L at distance 2 from xi. As
in the case i = 2 we have that d(y, H) = 2. So, fy is a semi-classical valuation
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and since d(xi, xj) = 2, we have d(y, xj) = d(y, xi) + d(xi, xj) = 4, contradicting
the fact that y and xj belong to the same hex Hj . Hence, Hi ∩Hj = {x} for all
i, j ∈ {1, 2, 3, 4} with i �= j. It follows that t+ 1 ≥ 12.

9.3 Classification of the near octagons

Theorem 9.15. Let S be a dense near octagon containing a big hex H isomorphic
to E1, then S is isomorphic to either E1 × L3 or E1 ⊗Q(5, 2).

Proof. If tS = tE1 + 1, then S must be isomorphic to E1 × L3 by Theorem 4.1.
Suppose therefore that tS ≥ tE1 + 2. Let x denote an arbitrary point of H and
let L1 and L2 denote two different lines through x. By Theorem 1.7, the quad
Q := C(L1, L2) intersects H in a line. So, Q is not a grid. Every hex through Q
intersects H in a big grid-quad and hence is isomorphic to either W (2) × L3 or
Q(5, 2)× L3, see Theorem 7.1. Since the lines through x not contained in Q are
partitioned by the hexes through Q, tS + 1 = tQ + 12. From Lemma 9.1, every
point y of S is contained in exactly one quad isomorphic to Q and all other quads
through y are grid-quads.

Suppose first that Q ∼= W (2). Then tS + 1 = 14, bS = 1 and cS = 0. From
Lemma 9.1, aS = 88. It follows from Theorem 7.1 that only hexes isomorphic to
L3×L3×L3, W (2)×L3 or E1 can occur. Consider a point z of S and letm1, m2 and
m3 denote the number of hexes isomorphic to L3×L3×L3, W (2)×L3, respectively
E1, through z. Because bS = 1, m2 = 11. Counting in two ways the number of line
- grid-quad pairs intersecting each other in z yields that 3m1 + 6m2 + 660m3 =
88 · 12 = 1056. Since H is big in S, S has vE1(1 + 2(tS − tE1)) = 3645 points.
By Lemma 9.1, the number of points at distance 3 from a given point in S is
equal to 1496. Counting the number of points at distance 3 from z yields that
8m1 + 16m2 + 440m3 = 1496. Together with 3m1 + 6m2 + 660m3 = 1056 and
m2 = 12, this implies that m3 = 1. Hence every point of S is contained in a
unique hex isomorphic to E1. It is now easy to see that the set of W (2)-quads of S
and the set of E1-hexes of S determine two partitions of S satisfying the conditions
of Theorem 4.28. So, S must be a glued near polygon of type E1 ⊗W (2). This
implies that W (2) has a spread of symmetry, contradicting Theorem 4.42.

Suppose now that Q ∼= Q(5, 2). Then tS + 1 = 16, bS = 0 and cS = 1. From
Lemma 9.1, aS = 110. It follows from Theorem 7.1 that only hexes isomorphic to
L3 × L3 × L3, Q(5, 2)× L3 or E1 can occur. With a similar argument as before,
one can show that every point of S is contained in a unique hex isomorphic to E1.
It follows again that S is a glued near polygon, this time of type E1 ⊗Q(5, 2). By
Theorem 6.107, there exists a unique glued near hexagon of type E1⊗Q(5, 2). �

Lemma 9.16. If Q and Q′ are two disjoint W (2)-quads of E2, then Γ1(Q) ∩ Q′

consists of a point of Q′ together with all its neighbours in Q′.
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Proof. Let Q1 be a given W (2)-quad of E2. If Q2 is a W (2)-quad disjoint from
Q1, then by Lemma 7.3, there are three possibilities for Γ1(Q1) ∩Q2:

(a) Γ1(Q1) ∩Q2 is the union of three nonconcurrent lines;

(b) Γ1(Q1) ∩Q2 is a subgrid of Q2;

(c) Γ1(Q1) ∩Q2 = Q2.

Let Na, Nb, respectively Nc, denote the number of W (2)-quads Q2 for which (a),
(b), respectively (c), holds. Since there are 1440 W (2)-quads disjoint from Q1,

Na +Nb +Nc = 1440.

Counting in two different ways the number of pairs (x, Q2) with x ∈ Γ2(Q1) and
Q2 a W (2)-quad through x disjoint from Q2, gives

8Na + 6Nb = 384 · 30.

It follows that 2Nb + 8Nc = 0 or Nb = Nc = 0. This proves the lemma. �

Lemma 9.17. Let S be a dense near polygon, let F be a big convex subpolygon
of S and let x and y be two points outside F . If C(x, y) is disjoint from F , then
d(x, y) = d(πF (x), πF (y)).

Proof. If y �∈ C(πF (y), x), then there exists a shortest path from y to x containing
a point of F , a contradiction. So, y ∈ C(πF (y), x) and d(x, y) is equal to either
d(x, πF (y)) or d(x, πF (y))−1. If d(x, y) = d(x, πF (y)), then there exists a shortest
path between y and x containing a point of the line y πF (y). This would imply
that the line y πF (y) is contained in C(x, y). In particular, πF (y) ∈ C(x, y). This
is impossible. Hence, d(x, y) = d(x, πF (y))− 1 = d(πF (x), πF (y)). �

Theorem 9.18. Let S be a dense near octagon containing a big convex subhexagon
H isomorphic to E2, then S is isomorphic to E2 × L3.

Proof. (a) Let H ′ be a hex disjoint with H . The hex H is big; so, we can de-
fine a projection πH from H ′ on H . By Lemma 9.17, this projection is distance-
preserving. So, lines are mapped to lines and quads are mapped to subquadrangles
of quads. Suppose that H ′ is not isomorphic to E2. By Theorem 9.15 and Section
9.2, we know thatH ′ is not isomorphic to E1. So,H contains two disjoint big quads
Q1 and Q2 by Theorem 7.1. Let Q′i, i ∈ {1, 2}, denote the unique W (2)-quad con-
taining πH(Qi). Every point of πH (Q1) has distance 1 from πH(Q2). Hence, Q′1
and Q′2 are disjoint. Now, |{x ∈ Q′1| d(x, Q′2) = 1}| ≥ 9, while by Lemma 9.16,
|{x ∈ Q′1| d(x, Q′2) = 1}| = 7. So, our assumption was wrong and every hex disjoint
with H is isomorphic to E2.

(b) Let x denote a point not contained in H and let H ′ denote a hex through
x disjoint with H . Then H ′ ∼= E2. Let L denote the line through x intersecting H .
Suppose that there exists a line L′ �= L through x not contained in H ′. Then L′
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is contained in a hex H ′′ not containing L. Since H ′′ does not contain L, H ′′ is
disjoint from H and hence is isomorphic to E2. By Theorem 1.7, the two hexes H ′

and H ′′ intersect in a big quad, but that is impossible, since E2 has no big quads.
So, L is the unique line through x not contained in H ′. Hence, tS = tE2 + 1 and
S ∼= E2 × L3. �

Theorem 9.19. If S is a slim dense near octagon, then S is isomorphic to one of
the 24 examples given in Table 9.1.

Proof. Let H be a big hex of S. If H ∼= E1, then S ∼= E1×L3 or S ∼= E1 ⊗Q(5, 2)
by Theorem 9.15. If H ∼= E2, then S is isomorphic to E2 × L3 by Theorem 9.18.
If H is not isomorphic to E1 or E2, then H has a big quad. So, S has a nice chain
of convex subpolygons. The theorem now readily follows from Theorem 8.9. �

For each of the possible near octagons S, we have listed all big hexes in
Table 9.1. In Table 9.2, we list all the remaining hexes. The number αH in each
table denotes the number of hexes isomorphic to H through a given point of S.
In (Q(5, 2) ⊗ Q(5, 2)) ⊗b Q(5, 2), there are two types of points. There are 1458
points which are incident with two hexes isomorphic to Q(5, 2)⊗Q(5, 2), 48 hexes
isomorphic to L3 ×L3 ×L3, eight hexes isomorphic to Q(5, 2)×L3, and there are
729 points which are incident with three hexes isomorphic to Q(5, 2)⊗Q(5, 2), 64
hexes isomorphic to L3 × L3 × L3, 0 hexes isomorphic to Q(5, 2)× L3. Using the
fact that αH is constant for all the remaining near octagons, one can show the
following results.

Theorem 9.20. Let S be a slim dense near polygon. Then, for every slim dense
near hexagon H not isomorphic to L3×L3×L3, Q(5, 2)⊗L3 or Q(5, 2)⊗Q(5, 2),
there exists a constant αH such that every point of S is contained in precisely αH

hexes isomorphic to H.

Proof. Suppose S is a near 2d-gon. Obviously, the property holds if d ≤ 3. By
Tables 9.1 and 9.2, the property also holds if d = 4. We will denote by αH(O) the
constant number of H-hexes through a point of a slim dense near octagon O. Now,
consider two different collinear points x and y of S. Let μH denote the number of
H-hexes of S through the line xy. For every convex suboctagon O through xy, let
λH(O) denote the number of H-hexes of O through xy. Then the total number of
H-hexes through x is equal to μH +

∑
(αH (O) − λH (O)), where the summation

ranges over all convex suboctagons O through the line xy. By symmetry, the
number of H-hexes through y is also equal to μH +

∑
(aH(O) − λH(O)). Hence,

every two collinear points of S are contained in the same number of H-hexes.
By connectedness of S, it follows that every point of S is contained in the same
number of H-hexes. �
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Table 9.1: Slim dense near octagons and their big hexes

near octagon S vS tS big hexes H αH

L3 × L3 × L3 × L3 81 3 L3 × L3 × L3 4
W (2)× L3 × L3 135 4 L3 × L3 × L3 3

W (2)× L3 2
Q(5, 2)× L3 × L3 243 6 L3 × L3 × L3 5

Q(5, 2)× L3 2
H3 × L3 315 6 W (2)× L3 4

I3 1
DQ(6, 2)× L3 405 7 W (2)× L3 7

DQ(6, 2) 1
(Q(5, 2)⊗Q(5, 2))× L3 729 9 Q(5, 2)× L3 2

Q(5, 2)⊗Q(5, 2) 1
G3 × L3 1215 12 Q(5, 2)× L3 3

G3 1
E1 × L3 2187 12 E1 1
E2 × L3 2277 15 E2 1
E3 × L3 1701 15 Q(5, 2)× L3 6

E3 1
DH(5, 4)× L3 2673 21 Q(5, 2)× L3 21

DH(5, 4) 1
W (2)×W (2) 225 5 W (2)× L3 6

Q(5, 2)×W (2) 405 7 W (2)× L3 5
Q(5, 2)× L3 3

Q(5, 2)×Q(5, 2) 729 9 Q(5, 2)× L3 10
(Q(5, 2)⊗Q(5, 2))⊗a Q(5, 2) 2187 12 Q(5, 2)⊗Q(5, 2) 3
(Q(5, 2)⊗Q(5, 2))⊗b Q(5, 2) 2187 12 Q(5, 2)⊗Q(5, 2) 2–3

G3 ⊗Q(5, 2) 3645 15 Q(5, 2)⊗Q(5, 2) 2
G3 1

E1 ⊗Q(5, 2) 6561 15 E1 1
DH(5, 4)⊗Q(5, 2) 8019 24 Q(5, 2)⊗Q(5, 2) 5

DH(5, 4) 1
G4 8505 21 G3 4
H4 945 9 H3 5
I4 2025 13 DQ(6, 2) 8

DQ(8, 2) 2295 14 DQ(6, 2) 15
DH(7, 4) 114939 84 DH(5, 4) 85
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Table 9.2: Other hexes of the slim dense near octagons

near octagon other hexes H αH

L3 × L3 × L3 × L3 – –
W (2)× L3 × L3 – –
Q(5, 2)× L3 × L3 – –

H3 × L3 L3 × L3 × L3 3
DQ(6, 2)× L3 – –

(Q(5, 2)⊗Q(5, 2))× L3 L3 × L3 × L3 16
G3 × L3 L3 × L3 × L3 9

W (2)× L3 9
E1 × L3 L3 × L3 × L3 66
E2 × L3 W (2)× L3 35
E3 × L3 W (2)× L3 15

DH(5, 4)× L3 – –
W (2)×W (2) – –

Q(5, 2)×W (2) – –
Q(5, 2)×Q(5, 2) – –

(Q(5, 2)⊗Q(5, 2))⊗a Q(5, 2) L3 × L3 × L3 64
(Q(5, 2)⊗Q(5, 2))⊗b Q(5, 2) L3 × L3 × L3 48–64

Q(5, 2)× L3 8–0
G3 ⊗Q(5, 2) L3 × L3 × L3 24

W (2)× L3 36
Q(5, 2)× L3 7

E1 ⊗Q(5, 2) L3 × L3 × L3 220
Q(5, 2)× L3 11

DH(5, 4)⊗Q(5, 2) Q(5, 2)× L3 64
G4 W (2)× L3 36

Q(5, 2)× L3 18
H3 27

H4 W (2)× L3 10
I4 H3 7

DQ(8, 2) – –
DH(7, 4) – –
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In a completely similar way, one can show the following.

Theorem 9.21. Let S be a slim dense near polygon not containing a convex suboc-
tagon isomorphic to (Q(5, 2)⊗Q(5, 2))⊗b Q(5, 2) and let H be one of the 11 slim
dense near hexagons. Then there exists a constant αH such that every point of S
is contained in precisely αH hexes isomorphic to H.



Chapter 10

Nondense slim near hexagons

In this chapter, we discuss slim near hexagons which are not necessarily dense.
This chapter is based on the articles [42] and [43].

10.1 A few lemmas

Let S be a slim near hexagon. For every point x of S, let tx + 1 denote the total
number of lines through x. If K and L are two distinct intersecting lines of S
such that C(K, L) = K ∪ L, then C(K, L) is called a degenerate quad. If Q is a
degenerate quad, then we define tQ := 0. In this section, a quad can be either
degenerate or nondegenerate. A nondegenerate quad is isomorphic to either the
(3 × 3)-grid, W (2) or Q(5, 2). Recall that a (possibly degenerate) quad is called
big if every point has distance at most 1 from it.

Lemma 10.1. If S is a slim near polygon and if x and y are two points of S at
distance 2 from each other, then |Γ1(x) ∩ Γ1(y)| ∈ {1, 2, 3, 5}.
Proof. If |Γ1(x)∩Γ1(y)| ≥ 2, then x and y are contained in a nondegenerate quad
by Theorem 1.20. This quad is isomorphic to either L3×L3, W (2) or Q(5, 2). The
lemma now immediately follows. �
Lemma 10.2. Let Q be a big quad, let x be an arbitrary point outside Q, let x′

denote the unique point of Q collinear with x, let K1, . . . , Kk denote all the lines
of Q through x′ and let Qi := C(xx′, Ki) for every i ∈ {1, . . . , k}. Then tx =∑k

i=1 tQi . As a consequence, tx ≤ max{tQi |1 ≤ i ≤ k} · k.

Proof. Every line L through x different from xx′ is contained in a unique quad of
the form C(xx′, Ki). [If L ⊂ C(xx′, Ki), then Ki necessarily is the projection of L

on Q.] Hence tx =
∑k

i=1 tQi . �
Lemma 10.3. Let Q and R be two different intersecting quads and suppose that Q
is big.
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• If R is nondegenerate, then Q ∩R is a line.

• If R is degenerate, i.e. the join of two lines zx and zy, then Q ∩R is either
equal to {z}, zx or zy.

Proof. Let u denote a common point of Q and R. Suppose that there exists a
point v in R at distance 2 from u. Let v′ denote the projection of v on Q. Then
2 = d(v, u) = d(v, v′) + d(v′, u) = 1+d(v′, u), so u and v′ are collinear. Since v′ is
on a shortest path between v and u, v′ ∈ R. Hence Q ∩R is the line uv′. If there
exists no point v in R at distance 2 from u, then R is degenerate (i.e. R = zx∪zy)
and u = z. Obviously, Q ∩R is equal to either {z}, zx or zy. �

Lemma 10.4. Let x and y denote two points at distance 3 from each other. Put
Γ1(x) ∩ Γ2(y) = {u1, u2, . . . , utx+1} and Γ1(y) ∩ Γ2(x) = {v1, v2, . . . , vty+1}. For
every i ∈ {1, . . . , tx + 1}, let Qi = C(ui, y) and for every j ∈ {1, . . . , ty + 1}, let
Rj = C(vj , x). If A denotes the number of paths of length 3 connecting x and y,
then A =

∑tx+1
i=1 (tQi + 1) =

∑ty+1
j=1 (tRj + 1). As a consequence, tx + 1 ≤ A ≤

max{tQi + 1|1 ≤ i ≤ tx + 1} · (tx + 1) and ty + 1 ≤ A ≤ max{tRj + 1|1 ≤ j ≤
ty + 1} · (ty + 1).

Proof. Count in two different ways the pairs (u, v) with x ∼ u ∼ v ∼ y. �

10.2 Slim near hexagons with special points

10.2.1 Special points

Definition. A point x of a slim near hexagon is called special if it has distance at
most 2 from any other point.

Suppose that S is a slim near hexagon. Let X denote the set of all special
points of S.
Theorem 10.5. If x is a special point, then every nondegenerate quad contains x.

Proof. Let L1 and L2 denote two disjoint lines of a nondegenerate quad Q. Since
x has distance at most 2 from any point of Li, i ∈ {1, 2}, x has distance at most
1 from Li. It then immediately follows that x ∈ Q since Q is convex. �

Theorem 10.6. If X �= ∅, then one of the following possibilities occurs:

(I) X consists of one point;

(II) X is a line L;

(III) X = Q \ Γ2(x) for some nondegenerate quad Q and some point x ∈ Q. In
this case S consists of the quad Q and some additional lines through x.

Proof. Suppose that |X | ≥ 2.
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• Suppose that there are two special points x1 and x2 at distance 2 from each
other. Put Q := C(x1, x2). If z ∈ Γ2(Q), then d(z, x1) = 2; so z and x1

have a common neighbour u. Now, d(u, x2) = d(u, x1) + d(x1, x2) = 3, a
contradiction. Hence Γ2(Q) = ∅. If z ∈ Γ1(Q), then z is collinear with a
unique point z′ ∈ Q. Since d(z, x1) = 1 + d(z′, x1) ≤ 2 and d(z, x2) =
1 + d(z′, x2) ≤ 2, z′ is a common neighbour of x1 and x2. If L is a line
through z different from zz′, then L ⊆ Γ1(Q) and hence L projects to a line
L′ which is completely contained in Γ1(x1)∩ Γ1(x2), a contradiction. Hence,
every point z ∈ Γ1(Q) is contained in a unique line. If there exist two points
z1 and z2 outside Q such that z′1 �= z′2, then d(z1, z2) would be equal to
4, a contradiction. So, there exists a unique point x ∈ Q which is collinear
with every point outside Q. Clearly, Q must be nondegenerate. So, case (III)
occurs.

• Suppose now that every two special points are collinear, so X is part of a
line L. Let x1, x2 ∈ X with x1 �= x2 and let x3 denote the other point of L.
Every point z of S has distance at most 2 from x1 and x2, and hence has
distance at most 2 from x3. This proves that X is the whole line L. So, case
(II) occurs. �

10.2.2 Slim near hexagons of type (III)

To every slim near hexagon S of type (III), we can associate two parameters λ
and λ′:

• λ = tQ, where Q denotes the unique nondegenerate quad of S,
• λ′ is the number of lines not contained in Q.

For each value of λ ∈ {1, 2, 4} and for each value of λ′ > 0, there exists, up to
isomorphism, a unique near hexagon of type (III) with parameters λ and λ′.

10.2.3 Slim near hexagons of type (II)

If S is of type (II), then there is a unique line L = {x1, x2, x3} of special points.
By Theorem 10.5, every nondegenerate quad contains L. Now, let x denote an
arbitrary point not incident with L. Since x has distance at most 2 from each
point of L, it has distance 1 from L. Hence, x is contained in a unique line Lx

meeting L. Any other line M through x is contained in the quad C(Lx, L) which
is necessarily nondegenerate. So, every line of S disjoint with L is contained in a
unique nondegenerate quad.

We can now associate six parameters (α1, α2, α4, β1, β2, β3) to S:
• αi, i ∈ {1, 2, 4}, denotes the number of quads of order (2, i) through L.

• βi, i ∈ {1, 2, 3}, denotes the number of linesK through xi for which C(K, L) =
K ∪ L.
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If α1, α2, α4, β1, β2, β3 are natural numbers such that α1+α2+α4+β′1+β′2+β′3 ≥ 2
(put β′i equal to 0 if βi = 0 and equal to 1 otherwise), then there exists, up to
isomorphism, a unique near hexagon H(α1, α2, α4, β1, β2, β3) of type (II) with
parameters (α1, α2, α4, β1, β2, β3). For every permutation σ of {1, 2, 3}, we have
H(α1, α2, α4, β1, β2, β3) ∼= H(α1, α2, α4, βσ(1), βσ(2), βσ(3)).

10.2.4 Slim near hexagons of type (I)

The following theorem can be used to construct many near hexagons of type (I).

Theorem 10.7 (Section 2 of [53]). Let L denote a connected partial linear space
with the property that every two different lines meet in a point and that no point is
incident with all lines. Put A = {T | L has a line of size T +1}. Then there exists
a near hexagon A of type (I) such that:

(i) L(A, x∗) ∼= L with x∗ the unique special point of A;

(ii) every line of A is incident with s+ 1 points (s ∈ N \ {0}),
if and only if there exists a generalized quadrangle of order (s, T ) for every T ∈ A.

10.3 Slim near hexagons without special points

10.3.1 Examples

Let S be a finite slim near hexagon without special points. If every two points
at distance 2 from each other have at least two common neighbours, then S is
dense and hence isomorphic to either L3 × L3 × L3, W (2) × L3, Q(5, 2) × L3,
H3, DQ(6, 2), Q(5, 2) ⊗ Q(5, 2), G3, E1, E2, E3 or DH(5, 4). If every two points
at distance 2 have a unique common neighbour, then S is a generalized hexagon
of order (2, t). As we have already mentioned in Section 3.5, there are four such
generalized hexagons: one of order (2, 1), one of order (2, 8) and two nonisomorphic
ones of order 2. Besides the dense near hexagons and the generalized hexagons,
there are many other examples (of mixed type) as we will show now.

(1) Suppose that H is a slim dense near hexagon with a big quad Q′ which is
not isomorphic to Q(5, 2). Embed Q′ properly as a subquadrangle in a generalized
quadrangle Q (i.e. the (3× 3)-grid in W (2) or Q(5, 2), W (2) in Q(5, 2)). Then the
resulting incidence structure is a slim near hexagon. The following possibilities for
(H, Q′, Q) give rise to such a near hexagon: (L3×L3×L3, L3×L3, W (2)), (L3×L3×
L3, L3×L3, Q(5, 2)), (L3×W (2), L3×L3, W (2)), (L3×W (2), L3×L3, Q(5, 2)), (L3×
W (2), W (2), Q(5, 2)), (L3×Q(5, 2), L3×L3, W (2)), (L3×Q(5, 2), L3×L3, Q(5, 2)),
(H3, W (2), Q(5, 2)) and (DQ(6, 2), W (2), Q(5, 2)).

(2) Let Δ be one of the dual polar spaces DW (5, 2) or DH(5, 4). Let Q1, Q2 and
Q3 be disjoint quads of Δ such that Q3 = RQ2(Q1) and let A be a set of quads
intersecting Q1 and Q2 in a line. Put V := Q1 ∪ Q2 ∪ Q3 ∪ (

⋃
Q∈A Q). If V is a
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subspace, then the points and lines of Δ which are contained in V determine a
slim subhexagon SV . Let X denote the set of lines of Q1 which are contained in a
quad of A. In [56], all slim near hexagons SV of the above type were classified. If
Δ ∼= DW (5, 2), then we have the following possibilities for X :

(a) X is a (possibly empty) set of lines through a given point of Q1;

(b) X is a regulus of Q1;

(c) X consists of a regulus of Q1 together with one line of its opposite regulus;

(d) X consists of the six lines which are contained in a (3× 3)-grid of Q1;

(e) X consists of the lines of Q1 which meet a given line of Q1;

(f) X consists of the lines of Q1 which intersect a given line of Q1 in a unique
point;

(g) X consists of the whole set of lines of Q1;

(h) X is the complement of a spread of Q1.

If Δ ∼= DH(5, 4), then we have the following possibilities for X :

(a) X is a (possibly empty) set of lines through a given point of Q1;

(b) X is a regulus of Q1;

(c) X consists of a regulus of Q1 together with one line of its opposite regulus;

(d) X consists of the lines contained in a (3 × 3)-grid of Q1;

(e) X is a regular spread of Q1;

(f) X consists of the lines of Q1 having nonempty intersection with a given line
of Q1;

(g) X consists of the lines of Q1 which intersect a given line of Q1 in a unique
point;

(h) there exists a subquadrangle R ∼= Q(4, 2) in Q1 and X ′ consists of all lines
of R having nonempty intersection with a given line of R;

(i) there exists a subquadrangle R ∼= Q(4, 2) in Q1 and X consists of all lines of
R intersecting a given line of R in a unique point;

(j) X consists of all lines contained in a subquadrangle R ∼= Q(4, 2) of Q1;

(k) X is the whole set of lines of Q1;

(l) X consists of all 18 lines which are contained in three mutually disjoint grids
of Q1;

(m) there exists a subquadrangle R ∼= Q(4, 2) in Q1 and a spread S in R such
that X consists of all lines of R which are not contained in S.
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10.3.2 Upper bounds for the number of lines through a point

Theorem 10.8 (Section 10.4). Let S be a (possibly infinite) slim near hexagon
without special points. Suppose S contains at least one Q(5, 2)-quad. Let t + 1
denote the maximal number of lines through a given point of S.

• If there exist at least two Q(5, 2)-quads, then t+ 1 ≤ 21.

• If there exists a unique Q(5, 2)-quad Q, then t + 1 ≤ 25 and every point
outside Q is incident with at most 21 lines.

Theorem 10.9 (Section 10.5). Let S be a (possibly infinite) slim near hexagon
without special points. Suppose S contains at least one W (2)-quad, but no Q(5, 2)-
quad. For every point x of S, let tx +1 denote the total number of lines through x
and let t+ 1 denote the maximal value attained by tx + 1. We have:

• t+ 1 ≤ 45;

• if S contains a big W (2)-quad, then t+ 1 ≤ 15;

• if the point x is contained in a W (2)-quad, then tx + 1 ≤ 33;

• if the point x has distance 2 from a W (2)-quad, then tx + 1 ≤ 15;

• if the point x has distance 1 from a big W (2)-quad, then tx + 1 ≤ 7.

Theorem 10.10 (Section 10.6). Let S be a finite slim near hexagon without special
points, W (2)-quads and Q(5, 2)-quads. Then the number of lines through a given
point is at most equal to 76. If S has an order, then the number of lines through
a given point is at most equal to 33.

From Theorems 10.8, 10.9 and 10.10, we immediately obtain:

Corollary 10.11. There are finitely many finite slim near hexagons without special
points.

10.4 Proof of Theorem 10.8

In this section, we suppose that S is a slim near hexagon having at least one
Q(5, 2)-quad, but no special points. Since Q(5, 2) contains no ovoid, every Q(5, 2)-
quad is big.

Lemma 10.12. Every line K of S is contained in a nondegenerate quad.

Proof. Let Q denote an arbitrary Q(5, 2)-quad of S.
(i) If K is contained in Q, then we are done.

(ii) Suppose that K is disjoint with Q. Let x and y be arbitrary points of K
and let x′ and y′ be their respective projections on Q. Since x and y′ have
at least two common neighbours (namely x′ and y), the quad C(x, y′) is
nondegenerate. Clearly, K ⊆ C(x, y′).
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(iii) Suppose that K intersects Q in a point u. If tx = 0 for every point x of
K \ {u}, then d(x, y) = 1+d(u, y) for every point x of K \ {u} and for every
point y not incident with K. If we take for y an arbitrary point at distance
3 from u, then we obtain a contradiction. Hence, there exists a line L which
intersects K in a point different from u. By (ii), K and L are contained in a
nondegenerate quad. �
Let I be the intersection of all Q(5, 2)-quads. By Lemma 10.2, tx + 1 ≤ 21

for every point x outside I.

Lemma 10.13. If there exists a line K which is contained in at least four Q(5, 2)-
quads, then I = ∅.
Proof. Suppose that there exists a point x in I, then x lies on K. Let y denote
an arbitrary point at distance 3 from x and let z denote the unique point of K at
distance 2 from y. Now, by Lemma 10.3, C(y, z) has a line in common with each
Q(5, 2)-quad through K. Since there are at least 4 such quads, C(y, z) must be a
Q(5, 2)-quad. But C(y, z) does not contain x, a contradiction. Hence, I �= ∅. �
Lemma 10.14. Let K be a line of S which is incident with three Q(5, 2)-quads
Q1, Q2 and Q3, let x be an arbitrary point of K and suppose that there exists a
Q(5, 2)-quad Q4 through x not containing K. Then tx + 1 ≤ 21.

Proof. If x �∈ I, then we are done. So, we may suppose that x ∈ I. So, I = {x} by
Lemma 10.13. Every nondegenerate quad through K intersects Q4 in a line. So,
there are at most five nondegenerate quads through K.

• First case: There are precisely five nondegenerate quads through K.
Let A denote the set of lines through x which are contained in one of the
five nondegenerate quads through K. Since I �= ∅, there are at most three
Q(5, 2)-quads through K; hence, |A| ≤ 17. Suppose that there exists a line
U through x not belonging to A. By Lemma 10.12, U is contained in a
nondegenerate quad QU . Since QU intersects each of the quads Q1, Q2 and
Q3 in a line different from K, tQU ≥ 3. So, QU

∼= Q(5, 2). But then QU

intersects each of the five nondegenerate quads through K in a line and
tQU ≥ 5, a contradiction. As a consequence every line through x is contained
in A, implying that tx + 1 = |A| ≤ 17.

• Second case: There are precisely four nondegenerate quads through K.
Let R denote the fourth quad throughK. By Lemma 10.13,R is either a grid-
quad or a W (2)-quad. If U is a line through x which is not contained in one
of the four nondegenerate quads through K, then as before, U is contained
in a Q(5, 2)-quad QU . The quad QU uniquely determines the line U since U
is the unique line of QU through x which is not contained in Q1, Q2, Q3 and
R. Hence, tx + 1 ≤ 15 + N , where N is the total number of Q(5, 2)-quads
through x different from Q1, Q2 and Q3. By Lemma 10.13, there are at most
3 · tR ≤ 6 Q(5, 2)-quads meeting R in a line through x different from K.
Hence, N ≤ 6 and tx + 1 ≤ 21.
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• Third case: There are precisely three nondegenerate quads through K.
If N denotes the total number of Q(5, 2)-quads through x different from Q1,
Q2 and Q3, then with a similar reasoning as in the second case, we have that
tx+1 ≤ 13+2N . If N ≤ 4, then we are done. Suppose therefore that N ≥ 5.
There then exists a line K ′ in Q1 through the point x which is contained in
at least three Q(5, 2)-quads. By Lemma 10.13 it follows that K ′ is contained
in precisely three Q(5, 2)-quads. Let Q1, R1 and R2 denote these quads. By
Lemma 10.13, each of the lines R1 ∩Q1, R1 ∩Q2 and R1 ∩Q3 is contained
in at most three Q(5, 2)-quads. Hence, the number of Q(5, 2)-quads on x
which intersect R1 in a line outside Q1 ∪Q2 ∪Q3 is at least N − 4. A similar
conclusion holds for R2. We can now improve the bound tx + 1 ≤ 13 + 2N
to tx + 1 ≤ 13 + 2N − (N − 4)− (N − 4) = 21. �

Lemma 10.15. If there exist Q(5, 2)-quads Q1, Q2 and Q3 through x such that
Q1 ∩Q2 ∩Q3 = {x}, then tx + 1 ≤ 21.

Proof. Define Ki := Qj ∩Qk if {i, j, k} = {1, 2, 3}. We distinguish two cases.

• There exists a fourth Q(5, 2)-quad R through x.
Suppose that R intersects Qi, i ∈ {1, 2, 3}, in a line Li. If there exists a
line through x which is contained in at least three Q(5, 2)-quads, then we
are done by Lemma 10.14. So, suppose that there exist no line through x
which is contained in at least three Q(5, 2)-quads. If there are precisely i

Q(5, 2)-quads through x, then all these quads cover 5i− i(i−1)
2 lines through

x. Clearly, 5i− i(i−1)
2 ≤ 15. Now, let U denote an arbitrary line through x not

contained in Q1 ∪Q2 ∪Q3 ∪R, then U is contained in a nondegenerate quad
QU . Since QU meets each of the quads Q1, Q2, Q3 and R in a line, it must be
a Q(5, 2)-quad or coincide with one of the quads C(Ki, Li), i ∈ {1, 2, 3}. Since
none of the quads C(Ki, Li) is a Q(5, 2)-quad, we have tx + 1 ≤ 15+ 3 = 18.

• Q1, Q2 and Q3 are the only Q(5, 2)-quads through x.
Every line U through x not contained in Q1, Q2 and Q3 is contained in
a nondegenerate quad QU . The quad QU is not isomorphic to Q(5, 2) and
intersects each of the quads Q1, Q2 and Q3 in a line. Hence, there exists an
i ∈ {1, 2, 3} such that QU contains Ki and intersects Qi in a line. So, the
number of possibilities for QU is at most 9 = 3 × 3. Hence, at most 9 lines
through x are not contained in Q1, Q2 or Q3 and tx + 1 ≤ 12 + 9 = 21. �

Corollary 10.16. If I is the empty set or a point, then tx + 1 ≤ 21 for every point
x of S.

Lemma 10.17. If I is a line K, then tx + 1 ≤ 19 for every point x of K.

Proof. Let x denote an arbitrary point of K, let y be a point at distance 3 from
x and let z denote the unique point of K at distance 2 from y. Let i denote the
number of Q(5, 2)-quads through K. By Lemma 10.13, i ∈ {2, 3}. Let A be the
set of lines through x which are contained in one of the Q(5, 2)-quads through K,
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then |A| = 1 + 4i. Since y is not contained in a Q(5, 2)-quad, we have ty ≤ 10 by
Lemma 10.2. Put Γ1(y)∩Γ2(x) := {u1, u2, . . . , uty+1}. Take an arbitrary point uj

in Γ1(y) ∩ Γ2(x), then one of the following possibilities occurs.

• The point uj is contained in a Q(5, 2)-quad through K. There are precisely
i such points, one for each Q(5, 2)-quad through K. All these points are
contained in the quad C(z, y).

• The point uj is not contained in the quad C(z, y). There are precisely ty − δ
such points (δ := tC(y,z)). For each such point uj , the quad C(x, uj) is not
isomorphic to Q(5, 2). Since the quad C(x, uj) intersects each Q(5, 2)-quad,
it contains at most 3− i lines through x which are not contained in A.

• The point uj is contained in the quad C(z, y) and C(x, uj) is not isomorphic
to Q(5, 2). The number of such points is equal to ε := δ+1− i which is equal
to 1 if δ = i = 2 and 0 otherwise. For each such point uj, C(x, uj) contains
K and hence there are at most two lines through x in C(x, uj) which are not
contained in A.

Since each line through x is contained in one of the sets C(x, uj), we have
tx + 1 ≤ (1 + 4i) + (ty − δ)(3 − i) + 2ε. Taking into account the above-mentioned
restrictions on i, ty, δ and ε, we find that tx + 1 ≤ 19. �

Lemma 10.18. If I is a quad Q, then tx + 1 ≤ 25 for every point x of Q.

Proof. Let y be a point at distance 3 from x and let y′ denote the unique point
of Q collinear with y. Since y �∈ Q and since Q is the only Q(5, 2)-quad, we have
ty ≤ 10 by Lemma 10.2. Now, count pairs (u, v) with u, v �∈ Q and x ∼ u ∼ v ∼ y.
We have the following.

• On each of the tx−4 lines through x not contained in Q, there exists a unique
point u at distance 2 from y and for each such point u there exists a point v
in (Γ1(u) ∩ Γ1(y)) \Q.

• On each of the ty lines through y different from yy′, there exists a unique
point v at distance 2 from x and for each such point v there are at most
two points u ∈ (Γ1(x) ∩ Γ1(v)) \Q. [Notice that the projection of v on Q is
collinear with x.]

Hence tx − 4 ≤ 2ty ≤ 20. So, tx + 1 ≤ 25. �

10.5 Proof of Theorem 10.9

In this section, we suppose that S is a slim near hexagon having at least one
W (2)-quad, but no Q(5, 2)-quads and no special points.

Lemma 10.19. If Q is a big W (2)-quad of S, then tx + 1 ≤ 7 for every point
x ∈ Γ1(Q) and tx + 1 ≤ 15 for every point x ∈ Q.
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Proof. If x ∈ Γ1(Q), then tx + 1 ≤ 7 by Lemma 10.2. Suppose now that x ∈ Q.
Let y denote a point at distance 3 from x, then y ∈ Γ1(Q). Let y′ denote the
unique point of Q collinear with y. Now, count pairs (u, v) with u, v �∈ Q and
x ∼ u ∼ v ∼ y. We have the following.

• On each of the tx−2 lines through x not contained in Q, there exists a unique
point u at distance 2 from y and for each such point u there exists a point v
in (Γ1(u) ∩ Γ1(y)) \Q.

• On each of the ty lines through y different from yy′, there exists a unique
point v at distance 2 from x and for each such point v there are at most
two points u ∈ (Γ1(x) ∩ Γ1(v)) \Q. [Notice that the projection of v on Q is
collinear with x.]

Hence tx − 2 ≤ 2ty ≤ 12. So, tx + 1 ≤ 15. �
From now on we assume that no W (2)-quad is big in S. Let Q denote an

arbitrary W (2)-quad of S.
Lemma 10.20. For every ovoid O of Q, there exists a point y ∈ Γ2(Q) such that
Γ2(y) ∩Q = O.

Proof. Let x denote an arbitrary point of Γ2(Q) and consider the ovoid O′ :=
Γ2(x) ∩Q. If O′ = O, then we are done. Suppose therefore that O′ �= O. Then O
and O′ intersect in a point u. Let v denote a common neighbour of u and x and
let y denote the unique point on vx different from v and x. Clearly, Γ2(y) ∩ Q
coincides with O. �
Lemma 10.21. If x ∈ Γ2(Q), then tx + 1 ≤ 15.

Proof. Since Q has no partition in ovoids, every line through x must meet Γ1(Q).
Now, consider the ovoid Γ2(x) ∩Q = {x1, x2, x3, x4, x5}. Then every line through
x is contained in one of the quads C(x, xi), i ∈ {1, . . . , 5}. Hence tx + 1 ≤ 3 · 5 =
15. �
Lemma 10.22. If x ∈ Q, then tx + 1 ≤ 33.

Proof. Consider an ovoid O in Q not containing x and let y be a point of Γ2(Q)
such that Γ2(y) ∩ Q = O. Let x1, x2, x3 denote the three points of O collinear
with x and let x4 and x5 denote the two other points of O. Put αi := tC(y,xi) + 1.
Every line through y contains a unique point of Γ1(Q) and hence is contained
in at least one of the quads C(y, xi), i ∈ {1, 2, 3, 4, 5}. If a line K through y were
contained in two such quads, then the unique point ofK∩Γ1(Q) would be collinear
with two points of Q, contradicting the fact that Q is geodetically closed. As a
consequence, ty + 1 = α1 + α2 + α3 + α4 + α5. If α4 = 3 or α5 = 3, then by
Lemma 10.21, tx + 1 ≤ 15. Suppose therefore that that α4 �= 3 �= α5. Counting
pairs (u, v) such that x ∼ u ∼ v ∼ y yields 3(α1+α2+α3+α4+α5) = 3(ty+1) ≥
(tx − 2) + (α1 + α2 + α3) or tx + 1 ≤ 2(α1 + α2 + α3) + 3(α4 + α5) + 3. Now,
α1, α2, α3 ≤ 3 and α4, α5 ≤ 2 and so tx + 1 ≤ 33. �
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Lemma 10.23. For every point x ∈ Γ1(Q), there exists a point y ∈ Γ3(x) such that
ty + 1 ≤ 15. As a consequence, tx + 1 ≤ 45 for every point x ∈ Γ1(Q).

Proof. Let x′ denote the unique point of Q collinear with x, let O be an ovoid of Q
through x′ and let z be a point of Γ2(Q) for which Γ2(z)∩Q = O. If x �∈ C(z, x′),
then we define y := z. Clearly, d(x, y) = 3 and ty + 1 ≤ 15. If x ∈ C(z, x′), then
we distinguish the following two cases.

• There exists a point u ∈ C(z, x′) ∩ Γ2(x′) ∩ Γ2(x). Notice that u ∈ Γ2(Q).
Let y be any point in Γ2(Q) collinear with u and not contained in C(z, x′) =
C(u, x′). Clearly, y ∈ Γ3(x) and ty + 1 ≤ 15.

• C(z, x′)∩Γ2(x′)∩Γ2(x) = ∅. Then x ∼ z and C(z, x′) is the degenerate quad
xx′ ∪ xz. If tz + 1 ≥ 6, then because every line through z is contained in a
quad C(z, y′) for some y′ ∈ O, there exists a nondegenerate quad through z
intersectingQ and the required point y can be taken in this quad. If tz+1 = 5,
then by Lemma 10.4, any point y of Q ∩ Γ3(z) ∩ Γ3(x) = (Q ∩ Γ2(x′)) \ O
satisfies the required properties (ty + 1 ≤ A ≤ 3(tz + 1) = 15).

If y ∈ Γ3(x) and ty+1 ≤ 15, then again by Lemma 10.4, tx+1 ≤ 3(ty+1) = 45. �

10.6 Proof of Theorem 10.10

In this section, we suppose that S = (P ,L, I) is a finite slim near hexagon which
satisfies the following properties.

• Every two points at distance 2 have 1 or 2 common neighbours. So, there are
no W (2)-quads and no Q(5, 2)-quads.

• S has no special points.

For every point x of S, tx + 1 denotes the total number of lines through x. Put
t + 1 := max{tx + 1 |x ∈ P} and let x∗ denote a point of S for which tx∗ = t.
Since S has no special points, Γ3(x∗) �= ∅.

10.6.1 Upper bound for |Γ3(x
∗)|

Lemma 10.24. Let η denote the total number of grid-quads through x∗.

(i) We have |Γ3(x∗)| ≤ 8t2 − 16η
t+1

. In particular, |Γ3(x∗)| ≤ 8t2.

(ii) If S has an order (2, t), then η and |Γ3(x∗)| are independent of the chosen
point x∗, and |Γ3(x∗)| = 8t2 − 8η.

(iii) If x ∈ Γ3(x∗), then tx + 1 ≥ t+1
2

.

Proof. (i) Put ni := |Γi(x∗)|, i ∈ {0, 1, 2, 3}. Then n0 = 1 and n1 = 2(t + 1). We
now derive some inequalities.
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(a) There are 4η points x in Γ2(x∗) for which |Γ1(x) ∩ Γ1(x∗)| = 2 and n2 − 4η
points in Γ2(x∗) for which |Γ1(x) ∩ Γ1(x∗)| = 1. Counting pairs (x1, x2) of
points satisfying x1 ∈ Γ1(x∗), x2 ∈ Γ2(x∗) and x1 ∼ x2, gives (n2 − 4η) · 1 +
(4η) · 2 ≤ 2(t+ 1) · 2t or n2 ≤ 4t(t+ 1)− 4η.

(b) Counting pairs (y, x) of points satisfying y ∈ Γ2(x∗), x ∈ Γ3(x∗) and x ∼ y,
gives

∑
x∈Γ3(x∗)(tx + 1) ≤ (n2 − 4η) · 2t+ 4η · 2(t− 1) = 2tn2 − 8η.

(c) For every point x ∈ Γ3(x∗), let αx denote the number of grid-quadsQ through
x∗ containing a point at distance 1 from x. Obviously, αx ≤ tx+1. Counting
pairs (x, Q) with x a point of Γ3(x∗) and Q a grid-quad through x∗ such that
d(x, Q) = 1, gives

∑
x∈Γ3(x∗) αx ≤ η · 4 · 2(t− 1) = 8η(t− 1).

(d) Let x be a fixed point of Γ3(x∗). Counting pairs (y, z) of points satisfying
x∗ ∼ y ∼ z ∼ x, gives (tx +1−αx) · 1+ αx · 2 ≥ t+ 1 or tx + 1 ≥ t+1− αx.

Combining the above inequalities, we find that (t+1)n3− 8η(t− 1) ≤ (t+1)n3−∑
αx ≤

∑
(tx+1) ≤ 2tn2−8η ≤ 8t2(t+1)−8ηt−8η. So, (t+1)n3 ≤ 8t2(t+1)−16η

or n3 ≤ 8t2 − 16η
t+1 .

(ii) If S has an order (2, t), then we have equality in (a) and (b). So, we have
n2 = 4t(t+1)−4η, n3(t+1) = 2tn2−8η and n2+n3 = v−1−2(t+1), with v the
total number of points of S. Property (ii) now follows from an easy calculation.

(iii) If x ∈ Γ3(x∗), then by (d), 2(tx + 1) ≥ tx + 1 + αx ≥ t + 1, proving
property (iii). �

10.6.2 Some classes of paths in Γ3(x
∗)

Definitions.

(a) For every path γ = (x0, . . . , xk) in Γ3(x∗), we define s(γ) = x0, e(γ) =
xk, l(γ) = k, ε(γ) := (−1)k and Ω(γ) :=

⋃
0≤i≤k−1 S(x∗, xi � xi+1). Since

d(x∗, xi) = d(x∗, xi+1) = 3, d(x∗, xi � xi+1) = 2, |S(x∗, xi � xi+1)| ≤ 2 and
|Ω(γ)| ≤ 2 · l(γ).

(b) Let y∗ be a fixed point of Γ3(x∗). Let V denote the set of all paths γ =
(x0, . . . , xk) in Γ3(x∗) which satisfy the following properties:

• s(γ) = x0 = y∗,

• the k sets S(x∗, xi � xi+1), i ∈ {0, . . . , k − 1}, are mutually disjoint,
• |Ω(γ)| ≤ t

2
.

For every path γ ∈ V , we have l(γ) ≤ |Ω(γ)| ≤ 2 · l(γ). If S is a generalized
hexagon of order (2, t), then |Ω(γ)| = l(γ).

(c) For every path γ = (y∗, x1, x2, . . . , xk) ∈ V with k = l(γ) ≥ 2, we define
γ̃ := (x2, . . . , xk). We put W := {γ̃ | γ ∈ V and l(γ) ≥ 2}.
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Lemma 10.25. Let L be a line through x∗. For every x1, x2 ∈ L \ {x∗}, we define
εL(x1, x2) := +1 if x1 = x2 and εL(x1, x2) := −1 if x1 �= x2.

(a) If y1 and y2 are two different collinear points of Γ3(x∗), then L is contained
in S(x, y1 � y2) if and only if εL(pL(y1), pL(y2)) = 1.

(b) If γ is a path of V, then L ∈ Ω(γ) if and only if εL(pL(y∗), pL(e(γ))) = −ε(γ).

Proof. (a) The point y1 � y2 is the unique point of y1y2 at distance 2 from x∗.
Now, L ⊆ S(x∗, y1 � y2) ⇔ ∃u ∈ L : d(u, y1 � y2) = 1 ⇔ ∃u ∈ L : d(u, y1) =
d(u, y2) = 2⇔ ∃u ∈ L : u = pL(y1) = pL(y2)⇔ εL(pL(y1), pL(y2)) = 1.

(b) If γ = (x0, . . . , xk), then εL(pL(y∗), pL(e(γ))) = Πk−1
i=0 εL(pL(xi), pL(xi+1)). If

L �∈ Ω(γ), then εL(pL(xi), pL(xi+1)) = −1 for all i ∈ {0, . . . , k−1} and hence
εL(pL(y∗), pL(e(γ))) = (−1)k = ε(γ). If L ∈ Ω(γ), then εL(pL(xi), pL(xi+1))
= −1 for all but one value of i and hence εL(pL(y∗), pL(e(γ))) = (−1)k−1 =
−ε(γ). �

Lemma 10.26. If γ1 and γ2 are two paths in V with e(γ1) = e(γ2), then Ω(γ1) =
Ω(γ2) and ε(γ1) = ε(γ2).

Proof. By (b) of Lemma 10.25, it follows that:

• if ε(γ1) = ε(γ2), then Ω(γ1) = Ω(γ2);

• if ε(γ1) �= ε(γ2), then Ω(γ1) = Ω(γ2) (i.e. the complement of Ω(γ2) in the set
of lines through x∗).

Now, |Ω(γ1)|, |Ω(γ2)| ≤ t
2
and so the situation Ω(γ1) = Ω(γ2) cannot occur. �

Definitions. Put E := {e(γ)|γ ∈ V}. For every point x of E, we define Ω(x) := Ω(γ)
and ε(x) := ε(γ) where γ is any path of V with e(γ) = x. For all a, l ∈ N, we define
E(a, l) as the set of all points x ∈ E for which there exists a path γ ∈ V satisfying
e(γ) = x, l(γ) = l and |Ω(γ)| = a. For every nonempty subset A of N and every
l ∈ N, we define E(A, l) :=

⋃
a∈A A(a, l) and El := E(N, l).

Lemma 10.27. Let l, l′, a, a′ ∈ N.

(a) E(a, l) = ∅ if a > t
2

or if a �∈ {l, l + 1, . . . , 2l}. Hence, El := E({l, l +
1, . . . , 2l}, l).

(b) If E(a, l) ∩ E(a′, l′) �= ∅, then a = a′ and l − l′ is even.

(c) If El ∩ El′ �= ∅, then l′ − l is even, l′ ≤ 2l and l ≤ 2l′.

Proof. (a) This follows from the fact that |Ω(γ)| ≤ t
2
and l(γ) ≤ |Ω(γ)| ≤ 2 · l(γ)

for every γ ∈ V .
(b) If x ∈ E(a, l) ∩ E(a′, l′), then a = |Ω(x)| = a′ and (−1)l = ε(x) = (−1)l′ .
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(c) If El ∩ El′ �= ∅, then E(a, l) ∩ E(a′, l′) �= ∅ for a certain a ∈ {l, . . . , 2l} and
a certain a′ ∈ {l′, . . . , 2l′}. But then l − l′ is even, l′ ≤ a′ = a ≤ 2l and
l ≤ a = a′ ≤ 2l′. �

Lemma 10.28. Let x1 and x2 be two different collinear points of E.

(i) If ε(x1) = −ε(x2), then Ω(x2) = Ω(x1)ΔS(x∗, x1 � x2) (i.e. Ω(x2) is the
symmetric difference of Ω(x1) and S(x∗, x1 � x2)).

(ii) If ε(x1) = ε(x2), then Ω(x2) = Ω(x1)ΔS(x∗, x1 � x2). Moreover, |Ω(x1)|
= |Ω(x2)| = n if t = 2n+ 1 and |Ω(x1)|, |Ω(x2)| ∈ {n− 1, n} if t = 2n.

Proof. Let L be an arbitrary line through x∗.

(i) If ε(x1) = −ε(x2), then by Lemma 10.25, we have

L ∈ Ω(x2) ⇔ εL(pL(y∗), pL(x2)) = −ε(x2)
⇔ (εL(pL(y∗), pL(x2)) = −ε(x2) and pL(x2) = pL(x1))

or (εL(pL(y∗), pL(x2)) = −ε(x2) and pL(x2) �= pL(x1))
⇔ (εL(pL(y∗), pL(x1)) = ε(x1) and pL(x2) = pL(x1))

or (εL(pL(y∗), pL(x1)) = −ε(x1) and pL(x2) �= pL(x1))
⇔ (L �∈ Ω(x1) and L ∈ S(x∗, x1 � x2))

or (L ∈ Ω(x1) and L �∈ S(x∗, x1 � x2))
⇔ L ∈ Ω(x1)ΔS(x∗, x1 � x2).

Hence, Ω(x2) = Ω(x1)ΔS(x∗, x1 � x2).

(ii) If ε(x1) = ε(x2), then we have

L ∈ Ω(x2) ⇔ εL(pL(y∗), pL(x2)) = −ε(x2)
⇔ (εL(pL(y∗), pL(x2)) = −ε(x2) and pL(x2) = pL(x1))

or (εL(pL(y∗), pL(x2)) = −ε(x2) and pL(x2) �= pL(x1))
⇔ (εL(pL(y∗), pL(x1)) = −ε(x1) and pL(x2) = pL(x1))

or (εL(pL(y∗), pL(x1)) = ε(x1) and pL(x2) �= pL(x1))
⇔ (L ∈ Ω(x1) and L ∈ S(x∗, x1 � x2))

or (L �∈ Ω(x1) and L �∈ S(x∗, x1 � x2))
⇔ L ∈ Ω(x1)ΔS(x∗, x1 � x2).

Hence, Ω(x2) = Ω(x1)ΔS(x∗, x1 � x2). Now, |Ω(x1)| ≤ t
2 , |Ω(x2)| ≤ t

2 , |S(x∗, x1 �
x2)| ≤ 2 and so |Ω(x1)| = |Ω(x2)| = n if t = 2n+1 and |Ω(x1)|, |Ω(x2)| ∈ {n−1, n}
if t = 2n. �
Definitions. For every a, l ∈ N, we define N(a, l) := |E(a, l)| and Nl := |El|.
Obviously, N(0, 0) = 1 and N(1, 1) + N(2, 1) = ty∗ + 1 if t ≥ 4. In the following
section we will derive inequalities involving the values N(a, l) and Nl.
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10.6.3 Some inequalities involving the values N(a, l) and Nl

Definitions.

(a) Suppose that x is a point of E. Let a = |Ω(x)|, let K1, . . . , Ka denote the a
elements of Ω(x) and let ui, i ∈ {1, . . . , a}, denote the unique point of Ki at
distance 2 from x. Then we define Vx as the set of lines through x which are
not contained in

⋃a
i=1 S(x, ui).

(b) For every l ∈ N and every a ∈ {l, l + 1, . . . , 2l}, we will now define a num-
ber g(t, l, a). If S is a generalized hexagon of order (2, t), then we define
g(t, l, a) := t + 1 − l. If S has order (2, t) but is not a generalized hexagon,
then we define g(t, l, a) := t+ 2− 2a if a = 2l �= 0 and g(t, l, a) := t+ 1− 2a
otherwise. If S has no order, then we define g(t, l, a) := t+3−3a

2
if a = 2l �= 0

and g(t, l, a) := t+1−3a
2 otherwise.

Lemma 10.29. If x ∈ E(a, l), then |Vx| ≥ g(t, l, a).

Proof. Let u1, . . . , ua be as above. Suppose that |Γ1(ui) ∩ Γ1(x)| = 1 for precisely
a1 values of i ∈ {1, . . . , a}. Then

|Vx| ≥ tx + 1− a1 − 2(a− a1).

If a = 2l �= 0, then we can improve this lower bound. Then there exists a path
(y∗, . . . , x′, x) ∈ V with x′ ∈ E(a − 2, l − 1). Without loss of generality, we may
suppose that Ω(x)\Ω(x′) = {ua−1, ua}. Since xx′ ∈ S(x, ua)∩S(x, ua−1), we then
have that |Vx| ≥ tx + 2− a1 − 2(a− a1).

If S is a generalized hexagon of order (2, t), then a = l = a1 and hence
|Vx| ≥ t+1−l = g(t, l, a). If S has order (2, t), then tx+1−a1−2(a−a1) ≥ t+1−2a.
In the general case, we count pairs (y, z) with x∗ ∼ y ∼ z ∼ x and we obtain
a1 · 1 + (a− a1) · 2 + (t+ 1− a) · 1 ≤ (tx + 1) · 2. Hence, tx + 1− a1 − 2(a− a1) ≥
t+1
2 − 3

2a+ a1
2 ≥ t+1−3a

2 . The lemma now immediately follows. �
Lemma 10.30. Let x ∈ E(a, l) with a ≤ t

2 − 2 if S is not a generalized hexagon
and a = l = t

2 − 1 if S is a generalized hexagon of order (2, t). Let K ∈ Vx

and let xK denote the unique point of K \ {x} at distance 3 from x∗. Then xK ∈
E(a+1, l+1)∪E(a+2, l+1) if S is not a generalized hexagon and xK ∈ E(l+1, l+1)
if S is a generalized hexagon. Moreover, S(x∗, x � xK) is disjoint with Ω(x) and
Ω(xK) = Ω(x) ∪ S(x∗, x � xK).

Proof. Suppose that L is a common line of S(x∗, x � xK) and Ω(x). The unique
point of L collinear with x � xK has distance 2 from x and so it coincides with
one of the points ui, i ∈ {1, . . . , a}, which we defined above. But then the line K
would be contained in S(x, ui), a contradiction. So, S(x∗, x�xK)∩Ω(x) = ∅. Let γ
denote a path of V with l(γ) = l and e(γ) = x. If we add xK to this path, then we
obtain a path γ′ with l(γ′) = l+1 and e(γ′) = xK . Since S(x∗, x�xK)∩Ω(x) = ∅
and |Ω(γ′)| = |Ω(x)| + |S(x∗, x � xK)| = a+ |S(x∗, x � xK)| ≤ t

2
, γ′ belongs to V .

So, Ω(xK) = Ω(γ′) = Ω(x)∪S(x∗, x�xK), xK ∈ E(l+1, l+1) if S is a generalized
hexagon and xK ∈ E(a+ 1, l+ 1) ∪ E(a+ 2, l+ 1) otherwise. �
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Definitions.

(a) For every l ∈ N, put g(t, l) := min{g(t, l, a) | l ≤ a ≤ 2l} = g(t, l, 2l). So,
g(t, l) = t+1− l if S is a generalized hexagon of order (2, t), g(t, l) = t+2−4l
if S has order (2, t) but is not a generalized hexagon, and g(t, l) = t+3−6l

2
if

S has no order.

(b) If S is a generalized hexagon, then we define l∗ := � t
2�. If S has an order

(2, t), but is not a generalized hexagon, then we define l∗ := � t
4
�. If S has no

order, then we define l∗ := min{� t
4�, � t+8

6 �}.
Lemma 10.31. (i) For every l ∈ {0, . . . , l∗}, El �= ∅.
(ii) Suppose that l∗ ≥ 2. Then for every point x in E2 and every l ∈ {2, . . . , l∗},

there are at least
∏l−1

i=2 g(t, i) paths γ ∈ W such that s(γ) = x and e(γ) ∈ El.

Proof. Let γ denote a path of V with l(γ) ≤ l∗ − 1. Put x = e(γ) and a = |Ω(x)|.
If S is a generalized hexagon of order (2, t), then a = l(γ) ≤ l∗− 1 ≤ t

2 − 1. If S is
not a generalized hexagon, then a ≤ 2 · l(γ) ≤ 2l∗− 2 ≤ t

2 − 2. Since g(t, l(γ), a) ≥
g(t, l(γ)) ≥ g(t, l∗−1) > 0, there exists a line K ∈ Vx by Lemma 10.29. By Lemma
10.30, the unique point xK in K \ {x} at distance 3 from x∗ extends γ to a path
γ′ ∈ V whose length is equal to l(γ) + 1. Since g(t, l(γ), a) ≥ g(t, l(γ)), we can
extend γ in at least g(t, l(γ)) ways. The lemma now easily follows. �

Definitions. For every point x of E(a, l), l ≥ 2, let δ1(x), respectively δ2(x), denote
the number of points of E(a− 1, l− 1), respectively E(a− 2, l− 2), collinear with
x.

Lemma 10.32. (i) Suppose that S is a generalized hexagon. If x ∈ E(l, l), l ≥ 2,
then δ1(x) ≤ l and δ2(x) = 0. If x ∈ E(2, 2), then δ1(x) = 1.

(ii) Suppose that S is not a generalized hexagon. If x ∈ E(a, l), l ≥ 2, then
δ1(x) + 2δ2(x) ≤ 2a. As a consequence, δ1(x) ≤ 2a and δ2(x) ≤ a. If x ∈
E(a, 2), then δ1(x) ≤ 2 and δ2(x) ≤ 2.

Proof. Put Ω(x) = {K1, . . . , Ka} (with a = l in the case of generalized hexagons)
and let ui, i ∈ {1, . . . , a}, denote the unique point of Ki at distance 2 from x.

Suppose that x′ is a point of E(a − 1, l − 1) ∪ E(a − 2, l − 1) collinear with
x. Then ε(x) = −ε(x′) and so Ω(x) = Ω(x′) ∪ S(x∗, x � x′) by Lemma 10.28.
Since Ω(x) > Ω(x′) and |S(x∗, x � x′)| ≤ 2, we have Ω(x′) ∩ S(x∗, x � x′) = ∅ and
S(x∗, x � x′) ⊆ {K1, . . . , Ka}. If Ki ∈ S(x∗, x � x′), then the line xx′ is contained
in S(x, ui).

Now, counting pairs (K, u) satisfying (i) u ∈ {u1, . . . , ua}, (ii) K is a line
through x containing a point of E(a−1, l−1)∪E(a−2, l−1) and (iii) K ⊆ S(x, u)
gives 2a ≥ δ1(x)+2δ2(x). If S is a generalized hexagon, then we have that a ≥ δ1(x)
and δ2(x) = 0.

If l = 2, then any point of E(a−1, 1)∪E(a−2, 1) collinear with x is a common
neighbour of x and y∗. Since there are at most two such common neighbours, we
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have δ1(x) ≤ 2 and δ2(x) ≤ 2. In the case of generalized hexagons, we have
δ1(x) = 1. �

Lemma 10.33. If t ≥ 2(a+ 2), then

• N(a, 1) · g(t, 1, a) ≤ 2(N(a+ 1, 2) +N(a+ 2, 2)),

• N(a, l) · g(t, l, a) ≤ N(a+1, l+1) · (2a+2)+N(a+2, l+1) · (a+2) for every
l ≥ 2.

If S is a generalized hexagon of order (2, t), then

• N(1, 1) · g(t, 1) ≤ N(2, 2) if t ≥ 4,

• N(l, l) · g(t, l) ≤ N(l + 1, l+ 1) · (l + 1) if l ≥ 2 and t ≥ 2l+ 2.

Proof. This follows from Lemmas 10.29, 10.30 and 10.32. �

Definitions.

(a) Let a, l ∈ N with l ≥ 2. If E(a, l) �= ∅, then we put M(a, l) equal to
maxx∈E(a,l) λx, where λx denotes the number of paths γ ∈ W with e(γ) = x.
If E(a, l) = ∅, then we put M(a, l) equal to 0. If S is a generalized hexagon
of order (2, t), then M(a, l) = 0 if a �= l.

(b) If S is a generalized hexagon of order (2, t), then we define Δl := l!
2
for every

l ≥ 3. If S is not a generalized hexagon, then we define

Δl := max
{(2al)(2al−1) · · · (2a3)

2(al−a2)−(l−2)

∣∣∣ a2 = {2, 3, 4} and
ai − ai−1 ∈ {1, 2} if 3 ≤ i ≤ l

}

for every l ≥ 3. If S is not a generalized hexagon, then one calculates that
Δ3 = 10, Δ4 = 120, Δ5 = 1680, Δ6 = 26880, Δ7 = 483840, Δ8 := 10644480,
etc.

(c) We define

• f0(t) := 1;

• f1(t) := t+ 1 if S has order (2, t) and f1(t) := t+1
2

otherwise;

• f2(t) := (t + 1)t if S is a generalized hexagon of order (2, t), f2(t) :=
(t+1)(t−2)

2 if S is a near hexagon of order (2, t) and f2(t) :=
(t+1)(t−3)

8 if
S has no order;

• for every i ≥ 3, we define fi(t) :=
f2(t)·Qi−1

j=2 g(t,j)

Δi
.

Lemma 10.34. (i) If E(a, 2) = ∅, then M(a, 2) = 0. If E(a, 2) �= ∅, then M(a, 2)
= 1. If l ≥ 3 and a ≥ 2, then M(a, l) ≤ (2a)max{M(a−2,l−1)

2
, M(a−1, l−1)}.

(ii) Let S be a generalized hexagon of order (2, t). If l∗ ≥ 2, then M(2, 2) = 1
and M(l, l) ≤ l ·M(l− 1, l − 1) for every l ≥ 3.
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(iii) M(a, l) ≤ Δl for every l ≥ 3.

Proof. (i) We still need to prove that M(a, l) ≤ (2a)max{M(a−2,l−1)
2

, M(a −
1, l− 1)} for every l ≥ 3 and every a ≥ 2. Obviously, this holds if E(a, l) = ∅.
Suppose therefore that E(a, l) �= ∅. For every point x ∈ E(a, l),

λx ≤ δ1(x) ·M(a− 1, l− 1) + δ2(x) ·M(a− 2, l− 1)

= δ1(x) ·M(a− 1, l− 1) + 2δ2(x) · M(a−2,l−1)
2

≤ (δ1(x) + 2δ2(x)) ·max{M(a−2,l−1)
2

, M(a− 1, l− 1)}
≤ (2a)max{M(a−2,l−1)

2
, M(a− 1, l− 1)}.

(The latter inequality follows from Lemma 10.32.) So,M(a, l) = max{λx |x ∈
E(a, l)} ≤ (2a)max{M(a−2,l−1)

2
, M(a− 1, l− 1)}.

(ii) If x ∈ E(l, l) with l ≥ 3, then λx ≤ δ1(x) ·M(l− 1, l− 1) ≤ l ·M(l− 1, l− 1).
(iii) This follows from (i), (ii) and the definition of Δl. �
Lemma 10.35. For every l ∈ {0, . . . , l∗}, we have Nl ≥ fl(t).

Proof. Clearly, N0 = f0(t) = 1. If l∗ ≥ 1, then N1 = ty∗ + 1 which is at least
equal to f1(t) by Lemma 10.24. If l∗ ≥ 2, then N2 ≥ N1·g(t,1)

κ , where κ = 1 if S is
a generalized hexagon of order (2, t) and κ = 2 otherwise. So, N2 ≥ f1(t)·g(t,1)

κ =
f2(t). If l∗ ≥ 3, then Nl ≥ fl(t) for every l ∈ {3, . . . , l∗} by Lemmas 10.31, 10.34
and the definition of fl(t). �

10.6.4 The proof of Theorem 10.10

We will use the following lemma to derive an upper bound for t.

Lemma 10.36. If the sets El1 , . . . , Elk (k ≥ 1, 0 ≤ l1 < l2 < · · · < lk ≤ l∗ and
lk ≥ 3) are mutually disjoint, then t ≤ �R�, where R is the greatest real root of
the polynomial f(X) := fl1(X) + fl2(X) + · · ·+ flk(X)− 8X2 ∈ Q[X ].

Proof. By Lemmas 10.24 and 10.35, fl1(t) + fl2(t) + · · · + flk(t) ≤ |El1 | + · · · +
|Elk | = |El1 ∪ · · · ∪ Elk | ≤ |Γ3(x∗)| ≤ 8t2 or f(t) ≤ 0. Now, deg(f) = lk ≥ 3 and
the coefficient of X lk in f(X) is strictly positive. So, limT→+∞ f(T ) = +∞ and
t ≤ R. �

(A) The case of generalized hexagons

Suppose that t ≥ 8. Then l∗ = � t
2� ≥ 4 and f0(t) = 1, f1(t) = t + 1, f2(t) =

(t + 1)t, f3(t) =
(t+1)t(t−1)

3
, f4(t) =

(t+1)t(t−1)(t−2)
12

. Since El = E(l, l) for every
l ∈ {0, . . . , 4}, the sets E0, E1, E2, E3, E4 are mutually disjoint by Lemma 10.27.
So, we can apply Lemma 10.36 and we find that t ≤ �R� = �8.10 · · · � = 8.

As a consequence, any finite generalized hexagon of order (2, t) satisfies t ≤ 8.
This is precisely the bound predicted by the Haemers-Roos inequality, see Theorem
1.28.



10.7. Slim near hexagons with an order 243

(B) The case of near hexagons with an order

We will prove that t ≤ 33. Suppose that t ≥ 30. Then l∗ = � t
4 � ≥ 7. By

Lemma 10.27, the sets E0, E1, E2, E3, E6 and E7 are disjoint. One calculates
that f0(t) = 1, f1(t) = t + 1, f2(t) =

(t+1)(t−2)
2 , f3(t) =

(t+1)(t−2)(t−6)
20 , f6(t) =

(t+1)(t−2)(t−6)(t−10)(t−14)(t−18)
53760

, f7(t) = (t+1)(t−2)(t−6)(t−10)(t−14)(t−18)(t−22)
967680 . By

Lemma 10.36, t ≤ �R� = �33.77 · · · � = 33.
The maximal known value for t is 11, attained for the near hexagon E1.

(C) The case of near hexagons without an order

We will prove that t ≤ 76. Suppose that t ≥ 50. Then l∗ = min{� t
4
�, � t+8

6
�} ≥ 9.

By Lemma 10.27, the sets E0, E1, E2, E3, E7 and E8 are disjoint. One calculates
that f0(t) = 1, f1(t) = t+1

2
, f2(t) =

(t+1)(t−3)
8

, f3(t) =
(t+1)(t−3)(t−9)

160
, f7(t) =

(t+1)(t−3)(t−9)(t−15)(t−21)(t−27)(t−33)
123863040 , f8(t) = 1

5449973760 (t + 1)(t − 3)(t − 9)(t −
15)(t− 21)(t− 27)(t− 33)(t− 39). By Lemma 10.36, t ≤ �R� = �76.80 · · · � = 76.

We have considered other possibilities for the sets El1 , . . . , Elk , but we have
not found better upper bounds than the ones given above.

10.7 Slim near hexagons with an order

In this section S = (P ,L, I) denotes a near hexagon of order (2, t). Since S has two
intersecting lines, we necessarily have t+ 1 ≥ 2. Let v denote the total number of
points of S. Define n0 := 1, n1 := 2(t+1), n2 := 1

3v+2t−1 and n3 := 2
3v−4t−2.

By Theorem 1.2, we have

Lemma 10.37. For every i ∈ {0, 1, 2, 3}, |Γi(x)| = ni.

Lemma 10.38. No point of S is special.

Proof. Suppose that S has a special point x. Let y be a point at distance 2 from x
and put Q := C(x, y). Every line through y contains a unique point nearest to and
hence collinear with x. So, tQ + 1 = ty + 1 = t+ 1 ≥ 2 and Q is a nondegenerate
quad. Now, since t = tQ, no point u of Q is collinear with a point outside Q, which
is impossible. �

Lemma 10.39. S is dense if and only if every local space is linear.

Proof. Suppose that the local space at a point x is not linear. Then there exist
two lines K1 and K2 incident with x such that C(K, L) is a degenerate quad. If xi,
i ∈ {1, 2}, is a point of Ki \K3−i, then K1 ∩K2 is the unique common neighbour
of x1 and x2. So, S is not dense.

Conversely, suppose that S is not dense. Then there exist two points x1 and
x2 at distance 2 from each other which have exactly 1 common neighbour z. Since
C(zx1, zx2) is a degenerate quad, the local space at z is not linear. �
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Theorem 10.40. If S contains a Q(5, 2)-quad, then it is dense and hence isomorphic
to either Q(5, 2)× L3, Q(5, 2)⊗Q(5, 2), G3, E3 or DH(5, 4).

Proof. Since every Q(5, 2)-quad is big, we have

v = 27[1 + 2(t− 4)] = 54t− 189. (10.1)

By Lemma 10.37, we then have

n2 = 20t− 64, (10.2)
n3 = 32t− 128. (10.3)

Let x denote an arbitrary point of S. Let x be contained in αx grid-quads, βx W (2)-
quads and γx Q(5, 2)-quads. The number of points y ∈ Γ2(x) for which C(x, y) is a
grid-quad, a W (2)-quad, a Q(5, 2)-quad or a degenerate quad is respectively equal
to 4αx, 8βx, 16γx or n2−4αx−8βx−16γx. Counting pairs (z, y) with y ∈ Γ2(x) and
x ∼ z ∼ y yields 4t(t+1) = (n2−4αx−8βx−16γx)+(4αx)·2+(8βx)·3+(16γx)·5.
Together with (10.2) this implies that:

αx + 4βx + 16γx = t2 − 4t+ 16. (10.4)

Counting pairs {K, L} of lines through x, we obtain:

αx + 3βx + 10γx ≤ t(t+ 1)
2

, (10.5)

with equality if and only if the local space at x is linear.

(a) First, suppose that γx = 0. From (10.4) and (10.5), it then follows that (t −
7)2 ≤ 1. So, t ∈ {6, 7, 8}. If t ∈ {6, 8}, then we must have equality in (10.5) which
implies that Sx is linear. If t = 7, then αx = 1 and βx = 9 by (10.4) and (10.5).
Again we have equality in (10.5) and so Sx is linear.

(b) Next, suppose that γx ≥ 1. From equations (10.4) and (10.5), we obtain

βx ≥ t2 − 9t+ 32
2

− 6γx. (10.6)

We now derive an upper bound for βx. Let Q denote an arbitrary Q(5, 2)-quad
through x. By Lemma 10.3, every W (2)-quad or Q(5, 2)-quad through x different
from Q intersects Q in a line. Now, counting pairs (K, L) of lines through x not
contained in Q, we find that 2βx + 12(γx − 1) ≤ (t− 4)(t− 5), or that

βx ≤ t2 − 9t+ 32
2

− 6γx. (10.7)

From inequalities (10.6) and (10.7), we see that we must have equality in (10.5).
So, Sx is linear.

Since every local space is linear, S is dense. The theorem now follows from
Theorem 7.1. �
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Theorem 10.41. If S contains a big W (2)-quad, then it is dense and hence iso-
morphic to either W (2)× L3, DQ(6, 2) or H3.

Proof. Since none of the near hexagons Q(5, 2) × L3, Q(5, 2) ⊗ Q(5, 2), G3, E3,
DH(5, 4) contains a big W (2)-quad, S cannot contain a Q(5, 2)-quad by Theorem
10.40. Since there is a big W (2)-quad, we have

v = 15[1 + 2(t− 2)] = 30t− 45. (10.8)

By Lemma 10.37, we then have

n2 = 12t− 16, (10.9)
n3 = 16t− 32. (10.10)

Let x denote an arbitrary point of S. Let the point x be contained in αx grid-
quads and βx W (2)-quads. The number of points y ∈ Γ2(x) for which C(x, y) is
a grid-quad, a W (2)-quad or a degenerate quad is respectively equal to 4αx, 8βx

or n2 − 4αx − 8βx. Counting pairs (z, y) with y ∈ Γ2(x) and x ∼ z ∼ y yields
4t(t+1) = (n2−4αx−8βx)+(4αx) ·2+(8βx) ·3. Together with (10.9) this implies
that:

αx + 4βx = t2 − 2t+ 4. (10.11)

Counting pairs {K, L} of lines through x, we obtain

αx + 3βx ≤ t(t+ 1)
2

. (10.12)

From (10.11) and (10.12), it then follows that

βx ≥ t2 − 5t+ 8
2

. (10.13)

So, βx �= 0 and there exists a W (2)-quad Q through x. Since |Γ0(Q)|+ |Γ1(Q)| =
15[1 + 2(t− 2)] = v, Q is big. By Lemma 10.3, every other W (2)-quad through x
intersects Q in a line. Now, counting pairs (K, L) of lines through x not contained
in Q, we find that 2(βx − 1) ≤ (t− 2)(t− 3), i.e.

βx ≤ t2 − 5t+ 8
2

. (10.14)

From inequalities (10.13) and (10.14), we see that we must have equality in (10.12).
So, Sx is linear. Since every local space is linear, S is dense. The theorem now
follows from Theorem 7.1. �

Theorem 10.42. If S contains a big grid-quad, then S is isomorphic to either
L3 × L3 × L3, W (2)× L3 or Q(5, 2)× L3.
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Proof. Let Q be a big grid-quad of S. We have

v = 9[1 + 2(t− 1)] = 18t− 9.

Suppose R is a W (2)-quad of S. If R is disjoint from Q, then πQ(R) is a
subquadrangle of Q isomorphic to W (2), a contradiction. Hence, R intersects Q
in a line and t+ 1 ≥ 4. Since

18t− 9 = v ≥ |R|+ |Γ1(R)| = 30t− 45,

t+ 1 ≤ 4. Hence, t+ 1 = 4 and R is big. By Theorem 10.41, S ∼= W (2)× L3.
Suppose R is a Q(5, 2)-quad of S. If R is disjoint from Q, then πQ(R) is a

subquadrangle of Q isomorphic to Q(5, 2), a contradiction. Hence, R intersects Q
in a line and t+ 1 ≥ 6. Since

18t− 9 = v ≥ |R|+ |Γ1(R)| = 54t− 189,

t+ 1 ≤ 6. Hence, t+ 1 = 6 and R is big. By Theorem 10.40, S ∼= Q(5, 2)× L3.
Suppose now that S does not contain W (2)-quads nor Q(5, 2)-quads. Then

t + 1 ≤ 3 by Lemma 10.2. Hence, t + 1 = 3 and v = 27. By Lemma 10.37,
n2 = 12. Now, let x denote an arbitrary point of S. Suppose x is contained in αx

grid-quads. Counting pairs of points (z, y) with y ∈ Γ2(x) and x ∼ z ∼ y yields
4t(t+ 1) = (n2 − 4αx) + 4αx · 2. Hence αx = 3. So, the local space at x is a linear
space. By Lemma 10.39, S is dense. By Theorem 7.1, S ∼= L3 × L3. �



Appendix A

Dense near polygons of order
(3, t)

In this appendix, we will briefly discuss the known results regarding the classifica-
tion of dense near 2d-gons of order (3, t). In the following sections, we will discuss
the generalized quadrangles, the near hexagons, the near octagons and the near
2d-gons with a nice chain of convex subpolygons. We refer to [31], [47], [50], [51],
[52] and [82] for more details.

A.1 Generalized quadrangles of order (3, t)

Definition. Let ζ denote a symplectic polarity of PG(3, q). The totally isotropic
points and lines of PG(3, q) define a generalized quadrangle W (q). For every point
x of PG(3, q), we can define the incidence structure P(W (q), x) with points the
points of PG(3, q) \ xζ and with lines the lines of PG(3, q) not contained in xζ

which either contain x or are totally isotropic (natural incidence). P(W (q), x) is
a generalized quadrangle of order (q − 1, q + 1), see [80] or [82]. If q is odd, then
P(W (q), x) is the so-called Ahrens-Szekeres generalized quadrangle AS(q) ([1]).

Theorem A.1 ([67], [10], [82, 6.2]). Every (possibly infinite) generalized quadrangle
of order (3, t) is isomorphic to either the (4×4)-grid L4×L4, W (3), Q(4, 3), Q(5, 3)
or P(W (4), x).

We will now discuss the ovoids of the five generalized quadrangles of order
(3, t).

• L4 × L4 has 24 ovoids. Fans and rosettes of ovoids do exist.

• By [94] (see also [82, 1.8.4]), W (q), q odd, has no ovoid. In particular, W (3)
does not have ovoids.
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• If π is a hyperplane of PG(4, q) intersecting Q(4, q) in a nonsingular elliptic
quadric, then π∩Q(4, q) is an ovoid of Q(4, q). If q is prime, then every ovoid
of Q(4, q) is obtained in this way, see [3]. In particular, every ovoid of Q(4, 3)
is an elliptic quadric. It follows that Q(4, 3) has rosettes of ovoids, but no
fans of ovoids.

• Let Π∞ be a PG(2, 4) which is embedded as a hyperplane in a projective
space Π and let H be a hyperoval of Π∞. The points of Π \ Π∞ and the
lines L of Π for which |L ∩ Π∞| = 1 and L ∩ Π∞ ⊆ H define a generalized
quadrangle T ∗2 (H) isomorphic to P(W (4), x), see [82]. If α is a plane of Π
intersecting Π∞ in a line disjoint with H, then the affine points in α form an
ovoid of T ∗2 (H). By [81], every ovoid of T ∗2 (H) is obtained in this way. As a
consequence, T ∗2 (H) has fans of ovoids, but no rosettes of ovoids.

• By [88] or [94] (see also [82, 1.8.3]), no generalized quadrangle of order (s, s2),
s ≥ 2, has ovoids. In particular, Q(5, 3) has no ovoid.

A.2 Dense near hexagons of order (3, t)

For the finite dense near hexagons of order (3, t), we have an “almost complete”
classification.

Theorem A.2 (Main Theorem of [31]). Let S be a finite dense near hexagon of
order (3, t). If S is classical or glued, then it is isomorphic to either L4×L4×L4,
W (3)×L4, Q(4, 3)×L4, T ∗2 (H)×L4, Q(5, 3)×L4, DW (5, 3), DQ(6, 3), DH(5, 9),
the unique glued near hexagon of type T ∗2 (H) ⊗ T ∗2 (H) or the unique glued near
hexagon of type Q(5, 3) ⊗ Q(5, 3). If S is not classical nor glued, then only quads
isomorphic to the (4× 4)-grid or to Q(4, 3) occur. Moreover, there exist constants
a and b such that every point of S is contained in a grids and b Q(4, 3)-quads.
If v denotes the total number of points of S, then (v, t, a, b) is equal to either
(5848, 19, 160, 5), (6736, 21, 171, 10), (8320, 27, 120, 43) or (20608, 34, 595, 0).

For an alternative description of the glued near hexagon T ∗2 (H)⊗T ∗2 (H), we
refer to [54].

Definition. A non-classical and non-glued near hexagon of order (3, t) is called
exceptional of type (I), (II), (III), respectively (IV), if (v, t, a, b) is equal to (5848,19,
160,5), (6736,21,171,10), (8320,27,120,43), respectively (20608,34,595,0).

Conjecture. Every dense near hexagon of order (3, t) is classical or glued and hence
is isomorphic to one of the 10 examples mentioned in Theorem A.2.

The valuations of the 10 known dense near hexagons of order (3, t) have
been classified in [51]. They are either classical, semi-classical, ovoidal, extended
or semi-diagonal. In the following table we list for each of the near hexagons the
number of nonisomorphic valuations.
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In the following table, we list the number of nonisomorphic spreads of symmetry
for each classical and glued near hexagon of order (3, t) ([50]).

Regarding the existence of spreads of symmetry in the exceptional near hexagons
of order (3, t), one can say the following.

Theorem A.3 ([50]). An exceptional near hexagon of order (3, t) has no spreads of
symmetry.

A.3 Dense near octagons of order (3, t)

Theorem A.4 ([52]). Let S be a finite dense near octagon of order (3, t) with the
property that every hex is classical or glued, then S is isomorphic to one of the
following 28 near octagons: L4×L4×L4×L4, L4×L4×W (3), L4×L4×Q(4, 3),
L4×L4×T ∗2 (H), L4×L4×Q(5, 3), L4×DW (5, 3), L4×DQ(6, 3), L4×DH(5, 9),
L4 × (T ∗2 (H) ⊗ T ∗2 (H)), L4 × (Q(5, 3)⊗ Q(5, 3)), W (3) ×W (3), W (3) × Q(4, 3),
W (3)×T ∗2 (H), W (3)×Q(5, 3), Q(4, 3)×Q(4, 3), Q(4, 3)×T ∗2 (H), Q(4, 3)×Q(5, 3),
T ∗2 (H)×T ∗2 (H), T ∗2 (H)×Q(5, 3), Q(5, 3)×Q(5, 3), DH(5, 9)⊗Q(5, 3), (Q(5, 3)⊗
Q(5, 3)) ⊗a Q(5, 3), (Q(5, 3) ⊗ Q(5, 3)) ⊗b Q(5, 3), (T ∗2 (H) ⊗ T ∗2 (H)) ⊗a T ∗2 (H),
(T ∗2 (H)⊗ T ∗2 (H))⊗b T ∗2 (H), DW (7, 3), DQ(8, 3), DH(7, 9).

Near Hexagon semi-cl. ovoid. ext. semi-diag.

L4 × L4 × L4 1 1 1 –
W (3)× L4 – – 1 –
Q(4, 3)× L4 1 – 2 –
T ∗2 (H)× L4 – 1 2 –
Q(5, 3)× L4 – – 1 –
DW (5, 3) – – 1 –
DQ(6, 3) – – – –
DH(5, 9) – – – –

Q(5, 3)⊗Q(5, 3) – – – 1
T ∗2 (H) ⊗ T ∗2 (H) – 1 1 1

Near Hexagon spr. of sym.

L4 × L4 × L4 1
W (3)× L4 1
Q(4, 3)× L4 1
T ∗2 (H)× L4 2
Q(5, 3)× L4 2
DW (5, 3) –
DQ(6, 3) –
DH(5, 9) 1

Q(5, 3)⊗Q(5, 3) 2
T ∗2 (H) ⊗ T ∗2 (H) 2
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Theorem A.5 ([50]). Let S be a finite dense near octagon of order (3, t) having
a big hex which is classical or glued, then S is isomorphic to one of the 28 near
octagons mentioned in Theorem A.4.

Corollary A.6. Let S be a finite dense near octagon of order (3, t) with a nice
chain of convex subpolygons, then S is isomorphic to one of the 28 near octagons
mentioned in Theorem A.4

Theorem A.7 ([50]). Let S be a finite dense near octagon of order (3, t) having a
big hex H which not classical nor glued, then S ∼= H × L4.

Theorem A.8 ([52]). Let S be a finite dense near octagon of order (3, t) without
big hexes. Then all quads are isomorphic to L4 ×L4 and all hexes are isomorphic
to L4 × L4 × L4 or to an exceptional near hexagon of type (IV ).

A.4 Some properties of dense near 2d-gons of order
(3, t)

Theorem A.9 ([52]). Let S be a finite dense near polygon of order (3, t) and let
Q be one of the five generalized quadrangles of order (3, t). Then there exists a
constant α such that every point of S is contained in α quads isomorphic to Q.

Theorem A.10 ([52]). Let S be a finite dense near polygon of order (3, t) and
let H be a dense near hexagon of order (3, t) isomorphic to either W (3) × L4,
Q(4, 3)× L4, T ∗2 (H)× L4, DW (5, 3), DQ(6, 3), DH(5, 9), T ∗2 (H)⊗ T ∗2 (H) or an
exceptional near hexagon of type (I), (II) or (III). Then there exists a constant
α such that every point of S is contained in α hexes isomorphic to H.

Theorem A.11 ([52]). Let S be a finite dense near polygon of order (3, t). If S does
not contain convex suboctagons of type (Q(5, 3) ⊗ Q(5, 3)) ⊗ Q(5, 3), then every
point of S is contained in the same number of L4×L4×L4-hexes, the same number
of Q(5, 3)× L4-hexes and the same number of Q(5, 3)⊗Q(5, 3)-hexes.

Theorem A.12 ([52]). Let S be a finite dense near polygon of order (3, t). Then
there exists a constant α such that every point of S is contained in α exceptional
hexes of type (IV ).
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A.5 Dense near polygons of order (3, t) with a nice

chain of convex subpolygons

Corollary A.6 can be generalized. Define

C2 := {T ∗2 (H)},
Ci :=

⋃
2≤j≤i−1

Cj ⊗ Ci+1−j if i ≥ 3,

C := C2 ∪ C3 ∪ · · · ,
D2 := {DH(5, 9)},
Di := {DH(2i− 1, 9)} ∪

⋃
2≤j≤i−1

Dj ⊗ Di+1−j if i ≥ 3,

D := D2 ∪ D3 ∪ · · · ,
N := {O, L4} ∪ {DW (2n− 1, 3) |n ≥ 2} ∪ {DQ(2n, 3) |n ≥ 2} ∪ C ∪ D.

Let N× denote the set of all near polygons which are the direct product of k ≥ 1
elements of N .
Theorem A.13 ([47]). A dense near polygon of order (3, t) has a nice chain of
convex subpolygons if and only if it is isomorphic to an element of N×.

Conjecture. Every dense near polygon of order (3, t) has a nice chain of convex
subpolygons and hence is isomorphic to an element of N×.
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